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g-Ary Digital Expansion
qg > 2 ... integer basis of digital expansion in N
N ={0,1,...,q— 1} ... set of digits

neN—

n=>» gj(n) ¢’ with €;(n) € N.

720

Sum-of-digits function

sq(n) = ) gj(n)

>0




Thue-Morse Sequence

11— (—1)52(n)

tn >

b = 0 if so(n) is even,
"1 1 if so(n) is odd.



Thue-Morse Sequence

— (=1)s2(n)
, _1- (1)

2



Thue-Morse Sequence

— (=1)s2(n)
, _1- (1)

2

01



Thue-Morse Sequence

— (=1)s2(n)
, _1- (1)

2

0110



Thue-Morse Sequence

— (=1)s2(n)
, _1- (1)

2

01101001



Thue-Morse Sequence

— (=1)52(n)
, _1- (1)

2

0110100110010110



Thue-Morse Sequence

— (=1)s2(n)
, _1- (1)

2

01101001100101101001011001101001



Thue-Morse Sequence

1 — (=1)32(n)

tn >

011010011001011010010110011010011001011001101---



Thue-Morse Sequence

1 — (=1)32(n)
- 2

tn

011010011001011010010110011010011001011001101---

toky, =1—tn (0<n <2



Thue-Morse Sequence

1 — (=1)32(n)

tn >

011010011001011010010110011010011001011001101---

toky, =1—tn (0<n <2
or

tog, = tg, top4+1 = 1 — 1t



Frequency of Letters

Hin<Nith=0}=#{n<N:t,=1}4+O(1)
=g+mn

equivalently

H{n < N :sp(n) =0mod 2} = #{n < N :sp(n) =1 mod 2} 4+ O(1)
=2 +0()



Subsequences of the Thue-Morse Sequence

(ng)r>0 increasing sequence of natural numbers

Problem:
#{k < K : tn, =0} =7777
Equivalently
#{k < K : sp(ng) =0 mod 2} =7777
Examples:
e np. —ak—+b

e n;. = k-th prime p;

o n;, = k2 etc.



Linear Subsequences

Gelfond 1967,/1968

m,s ... positive integers with (s,q—1) = 1.

N
—> |#{n < N :n=¢modm, sq(n)EtmOds}z—-l-O(N)\)
ms

with 0 < A < 1.

In particular:

#{k < K : sp(ak +b) =0 mod 2}=#{k<KZtak+b=O}
=2 +0(K™)




Linear Subsequences

Z xSQ(n)y’rL: H <1+$y25>
(<L

n<2L

Corollary 1  e(z) ;= e2™®

#{n <2l :n=0mod m, sq(n) =t mod s}
1 m=tsl il it i 2
= goe(—a—;)g (1+6<;+$>>
2L
=" +00""

ms



Uniform Distribution modulo 1

Corollary 2 « irrational, h # O integer

—> Y elhasy(n)) =1+ e(ha))L = o(21).
n<2Ll

With a little bit more effort:

> e(hasa(n)) = o(N)

n<N

Weyl's criterion = |as>(n) uniformly distributed modulo 1.

By assuming certain Diophantine approximation properties for o these
bounds also imply estimates for the discrepancy Dy (as>(n)).



Gelfond’s Problems

Gelfond 1967/1968

1. q17q27---7Qd22, (Q’Laq]) =1 fori#jr (mj7QJ_l) = 1

#{n < N :sg;(n) =£; modm;, 1<j<d}= ol + O(N1T)
mi---my
#{primes p < N : s¢(p) =¢ mod m} = m(N) + O(Nl_n)

3. (m,g—1) =1, P(z) € N[z]:

#{n < N :sq(P(n)) =¢mod m} = g + O(N1™)




Gelfond’s Problems

Gelfond 1967/1968

1. q1,92,---,94 > 2, (g3,q;) = 1 for i = j, (mj,q; —1) = 1: Kim 1999

N

#{n < N :sq.(n) =4, modm;, 1<j<d} = + O(N1™T)
ml o o o md
2. (m,q— 1) = 1: Mauduit, Rivat 2005+
N
#{primes p < N : s¢(p) =¢ mod m} = m(N) + O(N1™)
3. (m,g—1) =1, . Mauduit, Rivat 2007+ for P(z) = z?

#{n < N : sq(n?) =¢mod m} = N + O(NL—)
m




Gelfond’s 15t Problem

Besineau 1972: solution without error terms

Kim 1999: bounds on exponential sums:

(e(z) = 2™ ||z|| = r;:li£ lx — k| ... distance to the nearest integer)
c
1
N > elaisq (n) + agsg(n) + - - + agsq,(n))
n<N

d
< exp (—nlogN > g — 1)aj||2) ,

j=1
(aj € Q: Kim, a; € R: Drmota, Larcher)



Gelfond’s 15t Problem

Applications of Kim’s method
Drmota, Larcher 2001: q1,92,...,93 > 2, (g;,q;) = 1fori# j, aq,...,aq
irrational:

(@181 (R, - .., agsgy(n)), <o € R uniformly distributed mod 1.

Thuswaldner, Tichy 2005: q1,q2,...,99 > 2, (g;,q;) = 1 for i # j.

For d > 2F the number of representations of
N=af+ +af with s (z;)=¢ modm;1<;<d
IS asymptotically given by

svy r(1+3)
my-mg T (9)

Nil4+0 <N%—1—’7) .



Gelfond’s 24 Problem

Mauduit, Rivat 20054: o real number

=Y A(m)e(asq(n))| < exp (—nlog N|(g — Dal?)

N n<N

Corollary

e(asg(p))| < exp (—nlog N||(g — 1)a?)

(N)p<N

Applications

e (« irrational —

(asq(p))p orime IS uniformly distributed mod 1.



Gelfond’s 24 Problem

Applications (cont.)

e Set a = j/m + discrete Fourier analysis —

L tn

m(N)

#{primes p < N : s4(p) = £ mod m} = +Oo(N1m
Thue-Morse sequence —
N
#{primes p < N : t, =0} = m(N) + Oo(N1—M)




Gelfond’s 24 Problem

Gaussian primes
g = —a -+ ... basis for digital expansion in Z[i] (a € {1,2,...})

N =1{0,1,...,a%} ... digit set

z €L = |z = Z ej(2) ¢’ | with gj(z) eN
j=>0

sq(z) = > €;(z) ... sum-of-digits function
720

Drmota, Rivat, Stoll 2007+

Suppose that a > 28 such that ¢ = —a + ¢ is prime,
i.e. a € {36, 40, 54, 56, 66, 74, 84, 90, 94,...}. Then
1
N/log N

> e(asq(z)) < exp (—77 log N||(a2 + 2a + 2)a||2) :
|2|2< N,z prime



Gelfond’s 374 Problem

Mauduit, Rivat 1995, 2005 1 <c¢ <

O~

#{n < N : s¢([n°]) =¢ mod m} ~ %

Dartyge, Tenenbaum 2007: There exists C > 0 with

#{n < N:s4(n®) =¢modm}>CN

Drmota, Rivat 2005: ssM(n) = S €;(n), s5MN(n) = 3 e(n):
j<A >\

L
#{n < 2L : s5H(n2) = 0 mod 2} ~ %

L
#{n < 2L : sEH(12) = 0 mod 2} ~ 2?



Gelfond’s 374 Problem

Mauduit, Rivat 2007+

1

o 2 elasg(n?)) < (log N)* exp (—nlog N||(q — 1)a?)

n<N

Applications

o #{n<N: Sq(n2> =/mod m} = % + O(N1™M)

o #{n<N:tn2=O}=g—l—O(N>‘)

o (asq(n?))p>0 is uniformly distributed modulo 1



Global Results

Central limit theorem for s;(n):

1 _ 2 _ 1
N . #{TL < N: Sq(n) < Hq |quN + y\/o-q |quN} — Cb(y) + O (W) )
where
1 y o _1,2 distribution function of
PW) = \/%/—ooe 2 dt the normal distribution
and
_q—1 2. ¢°—1
= 5=
Hq > q 12

Remark (¢ = 2)

LL Z eitSQ(n) —
2 n<2L

(1 -+ et

L
2) —> CLT



Global Results

Central limit theorem for s;(q): Bassily, Katai

% #{p < N 5q(p) < pglogy N +yy/og 109y N} = @ (y) +o(1) |

Central limit theorem for s;(n?): Bassily, Katai

1
N #H#{n < N : sq(nz) < 2pglog, N + y\/20§ log, N} = ®(y) + o(1)

Remark. The results also hold for sq(P(n)) and sq(P(p)) if P(x) in a
non-negative integer polynomial.



Local Results for all n

#{n < N : sq(n) = k}

N k — uglog, N)?
_ (ex0 (- 5 o) 4+ 00 1) E+9)),
\/27r0q2 logy N 202 logy N

Remark: This asymptotic expansion is only significant if
1
‘k — g IogqN| < C(log N)2

Note that Y, n sq¢(n) ~ pglog, N.



Local Results for all n

More precise results (only stated for ¢ = 2) Mauduit, Sarkozy

#{n < N :sq(n) =k} =F (IojN’ [e]e] N> ([long N]) <1 +O (Iong)) ’

uniformly for elogo N < k < (1 —¢)logo N, where F(z,t) is analytic in
x and periodic in t.

Proof is based on an representation of the form

S 2520 = F(z,1095 N)(1 + )'©92
n<N
and a saddle point analysis applied to the integral in Cauchy’s formula.



Local Results for primes

Drmota, Mauduit, Rivat 2007+: (k,gq—1) =1

#{primes p < N : sq(p) = k}

_ _ 2
— q 1 W(N) (QXD (_ (k /éq logq N) ) + O((Iog N)—%“F&)) :
©(qg— 1) \/27'('0'3 logy, N 205 logy N

where

Remark: This asymptotic expansion is only significant if
1
\k — g log, N| < C(log N)2

Note that ﬁzpd\f sq(p) ~ pqlogy N.



Local Results for primes

This result does NOT apply for k =2 and k£ = [logs p] (for ¢ = 2):

p is Fermat prime <= s>(p) = 2.

p is Mersenne prime <=  s>(p) = [logs p].



Local Results for squares

Drmota, Mauduit, Rivat 2007+:

#H{n < N : sq(nQ) = k}

N k — 2uqlog, N)? 1
- (exp (—( . ) >+O((Iog N)‘§+5)>-
\/47m§ logy N 402109y N

Remark: Again this asymptotic expansion is only significant if
1
‘k — 2u4l0g, N‘ < C(log N)2

which is the significant range.



Local Results for squares

Dividing the sum-of-digits function into 2 parts:
s2(n?) = s;_11(n?) + s> (n?):
s(ep(n?) = s(n® mod 2%) = 3}~ £;(n?)
j<k
collects the first k£ digits and
2 n? 2
S[Zk](n ) == o= Z gj(n®)
j=>k

and remaining digits.



Local Results for squares

Drmota, Rivat 2005

Am(k — m)? k _
s <2 sy = m) = (M) (140 (k1))

uniformly for (1 —1/v/24¢e)k <m < (1 —¢)k.

o #n<2ispye)=mp=G( ") (:2) (1+0 (k1))

k—m
uniformly for (£1/(1+&1)+e)k <m < (§2/(1+&2) —<)k, where &1 =
25/6 _1=0.78179... and & = 1+v2+/2(1 + V2) = 4.61158....
and G(x) is a continuous function.




Idea of the proof for primes

Lemma 1 For every fixed integer q > 2 there exist two constants
c1 > 0, ¢co > 0 such that for every k with (k,q—1) =1

> e(asq(p)) < (log N)3N1—eill(a=Dal?
p<N p=k mod g—1

1
uniformly for real a with ||(¢ — 1)al| > co(log N) ™ 2.

Remark. This is a refined version of the previous estimate by Mauduit
and Rivat.



Idea of the proof for primes

Lemma 2 Suppose that 0 < v < % and 0 <n < % Then for every k
with (k,q— 1) = 1 we have

()
> e(asq(p)) =

p<N, p=k mod ¢—1 ©(g—1)
X (e_2w2a20§|09q]\7 (14+ O (|la])) + O (Jo| (log N)u))

e(apqlogy N)

1
uniformly for real o with |a| < (log N)"™2.



Idea of the proof for primes

Lemma 1 4+ 2 imply the result

Set
S(a) ;= Z e(asq(p))| and Sp(a) = Z e(asq(p)).

p<N p<N, p=k mod q—1

Then by using sq(p) =p mod (¢ — 1) we get

1
=50

#{p < N :5¢(p) =k} = / S(a)e(—ak) do

1
2(q—1)

1

2(g—1)
=(qg—1) / ( Z e(asq(p))> e(—ak) da

1 p<N, p=k mod g—1
2(q—1)

1
=(¢g—1) /2(q11) Sr(a) e(—ak) da.
- 2(g-1)




Idea of the proof for primes

We split up the integral

1

2(q—1)
[ = | /
sy [lal<Uog N)1=1/2 | |(log N)171/2<|a|<1/(2(q—1))

From Lemma 1 we get an upper bound for the second integral

/ S,.(a) e(—ak) da < (log N)2 N e—c1(a=1)?(log N)="
m(N)

< :
log N




Idea of the proof for primes

Set

k — uglog, N
a :=1t/(2moq/logy N) and |A, = w;?qmg qN .
q q

Then by Lemma 2 we an asymptotic expansion for the first integral:
Si(a)e(—ak) da

/Ialé(log N)n-1/2
_ 7w(N)
(g —1) Jja|<(log N)1-1/2

+0O <7T(N) |

2 2 2
e(a(uglogy N —k)) e 2T 70g 1094 N (1 4+ O

14
a|<(log N)1—1/2 |af (log N) doz)

1 T(N) /OO G122 4y 1 o (W<N)e—27rzo§(log N)277>

- ©0(q — 1)27T0q,/logqN —00
m(N) m(N)
+0 ((ogx) +© (Gogye—m)

_ 1 () —A72/2] 4 S R, B >
@(q—l)\/QwaglogqN< v~ |+ Ollog V)2 )




Idea of the proof for primes

Proof idea of Lemma 1

Lemma 1 For every fixed integer q > 2 there exist two constants
c1 > 0, ¢co > 0 such that for every k with (k,q—1) =1

. e(asq(p)) < (log N)3N1—eillla—Dall?
p<N p=k mod g—1

1
uniformly for real o with ||(¢ — 1)a|| > co(log N) 2.



Idea of the proof for primes

Proof idea of Lemma 1: Vaughan’s method

Let ¢ >2, 2>¢% 0<B1<1/3,1/2<B5< 1. Let g be an arithmetic
function. Suppose that uniformly for all real numbers M < x and all
complex numbers am, by such that |am| <1, |bp| < 1, we have

,max > > g(mn)] < U for M <zP  (type D).,
g <=1 M em<M |gm<nst

> > ambpg(mn)| < U for 2Pl < M < 2P2  (type II)
Then

> A(n)g(n)| < U (log ).
x/q<n<x




Idea of the proof for primes

Proof idea of Lemma 1: Type I - sums

For ¢ > 2, x > 2, and for every « such that (¢ — 1)a € R\ Z we have

xmaqu E Z e(asq(mn))| <4 21— rq(@) log x
aM <USTT M/q<m<M L <n<t

for 1 < M < z1/3 and

0 < kg(a) := min (%,%(1 — ’Yq(Oé)))

where 0 < y4(a) < 1 is defined by

¢"1(%) = max <1 max \/Spq(Oé + 1) pg(a + qt))
with

__ | |sinmqt| /| sinzt| if t € R\ Z,
pq(t) = { q if t € Z.



Idea of the proof for primes

Proof idea of Lemma 1: Type II - sums

For ¢ > 2, there exist (81, B> and § verifying 0 < § < 81 < 1/3 and
1/2 < B> < 1 such that for all a with (¢ — 1)a € R\ Z, there exist
£4(a) > 0 for which, uniformly for all complex numbers by, with |b,| < 1,
we have

> S bpe(asg(mn))| <q (u+ v)g(t=28a(@)uty),

gh—l<m<gh |gv 1 <n<g¥

whenever

L4
— 0 < < 0.
B1 S Bo +

y =



Idea of the proof for primes

Proof idea of Lemma 1: Methods
e Van-der-Corput Inequality
e Neglecting “large” digits — periodic structure
e Discrete Fourier analysis with Fourier terms

F\(h,a) = g Y e (asq(u) — huq_A) :
0<u<g?



Idea of the proof for primes

Proof idea of Lemma 2:

Lemma 2 Suppose that O < v < % and 0 <n < % Then for every k
with (k,q— 1) = 1 we have

5 e(asy(p)) = —)

p<N, p=k mod g—1 e(g—1)

y (e—%za%g 999N (1 4 0 (Ja])) + O (|a| (Iog N)V))

e(apqglogy N)

1
uniformly for real o with |a| < (log N)"™ 2.



Idea of the proof for primes

Proof idea of Lemma 2: Interpretation as sum of random vari-
ables

SN =Snvm) =s¢(p) = D> €;).
j<logy N
Lemma 2 is equivalent to

it(Sy— o212 42 2] 2|
p1(t) 1= E et (SN —Lug) /(Lo 12 — —12/2 <1+o< >>+o
1 VIog N (log N)%—u

that is uniform for |t| < (log N)".



Idea of the proof for primes

Proof idea of Lemma 2: Truncation of digits

L =1log,N, ! = #{j € Z: LY <j<L-1IL" = L-2L"+ 0(1)
(O<1/<%),

Ty =TNn(p) = > gilp) = > Dj|

LVY<j<L—-L¥ LVY<j<L—-L*¥

po(t) =E et (TN—L'1q)/(L'o§) /2

We have, uniformly for all real ¢t

o1() — pa()] = O ( 1 )
(log N)27¥




Idea of the proof for primes

Proof idea of Lemma 2: Approximation by sum of iid random
variables

Z; (j > 0) iid random variables with range {0,1,...,¢g — 1} and

1
P{Zj =/{} = —.
q
TN = Z Zj .

LV<j<L-L¥

We have

ETN = L/,LLq and VTN = L/O'g
and

—  it(TN—L'pg) (Le2)Y2 _ 422 |
03(t) :=FEe q q e (1—|—O<\/m

1
uniformly for |t| < (log N)2. (This is the classical central limit theo-
rem.)




Idea of the proof for primes

Proof idea of Lemma 2: quantification

We have uniformly for real t with |t| < L"

~

p2(t) — w3(B)| = O ([tle+"")

where 0 < 2n < k <v. and c; > 0 is a constant depending on nn and «.

This estimate directly proves Lemma 2.

Remark: Taylor' theorem gives for random variables X,Y:

: : \d
Eeti . Eeth — Sj Sj (Ztl) (E Xd _E Yd>
d<D 0<d<D al

n o('t‘ E|x|P - E|Y|D\+|—E|Y|D>



Idea of the proof for primes

Proof idea of Lemma 2: comparision of moments

We have uniformly for 1 <d < L/

d d
i Tn — L'pg _T TN — L'ug 10 ((ﬁ) L(%+u)de—C4LV>
2 2 ’
\/L/O'q \/L/O'q Oq

which can be reduced to compare frequencies
Pr{Djl,M — 61, ceey Djd,N — Ed}
= PI‘{Zjl ={1,..., Zjd = Ed} + O ((4Ly)de_C4Lu>

Recall:

Tv'= 2. Dj Tni= > 7
LV <j<L—L¥ L <j<L—L¥



Idea of the proof for primes

Proof idea of Lemma 2: comparision of moments

Proof of this property uses

e exponential sum estimats over primes

D€ (gp> < (logz)®zq /2

p<zx

e Erdds-Turan inequality

1 H 111
Discrepancy of <L — —|—e(h
P \' (3371) f7, + hgl h Ne( wn)

e trivial observation:

B n d d+1
ej(n) =d <= {qj+1}€[;’ . )

Y



Open problem

Cubes:

distribution properties of sq(n3) 777

General problem:

Let S be a set of natural numbers that are determined by congruence
conditions and bounds on the exponents of the prime factorization.

What is the distribution of (sq(n))necs 77

Examples: primes, squares, cubes, square-free numbers etc.



T hank You!



