A BIVARIATE ASYMPTOTIC EXPANSION OF COEFFICIENTS OF POWERS OF GENERATING FUNCTIONS

Michael Drmota

Technical University of Vienna

Abstract. The aim of this paper is to give a bivariate asymptotic expansion of the coefficient y_{nk} = [x^n]y(x)^k, where y(x) = ∑ y_nx^n has a power series expansion with non-negative coefficients y_n ≥ 0. Such expansions are known for^k_n ∈ [a, b] with a > 0. In the first part we provide two versions of full asymptotic series expansions for y_{nk} and in the second part we show how to generalize these expansions to the case^k_n ∈ [0, b] if y(x) has an algebraic singularity of the kind y(x) = g(x) − h(x) √ 1 − x/x_0. A concluding section provides extensions to multivariate asymptotic expansions and applications to multivariate generating functions. As a byproduct we get a remarkable identity for Catalan numbers.

1. Introduction

In many purposes it is interesting to know something about the coefficient

y_{nk} = [x^n]y(x)^k, (1.1)

where y(x) = ∑ n≥0 y_nx^n is the generating function of a non-negative sequence y_n ≥ 0.

For example, if y(x) is the probability generating function of a discrete random variable X with P[X = n] = y_n (n ≥ 0) then y(x)^k is the probability generating function of the sum Z = X_1 + · · · + X_k, where X_i (i = 1, . . . , k) are independent identically distributed random variables with P[X_i = n] = y_n. It is well known that asymptotic expansions for y_{nk} can be used to prove the central limit theorem for discrete random variables (see [GK, p 74 ff]). There it suffices to know the behaviour of y_{nk} for n = EX · k + O(k^{1/2+ε}). Furthermore y_{nk} has an obvious combinatorial interpretation in the case where y_n ∈ Z denotes the number of certain combinatorial objects charaterized by n ≥ 0 (see [MM]^1).

In section 2 we will recall and generalize these results, where^n_k is contained in a fixed interval [a, b] with a > 0. The asymptotic main term for y_{nk} is given by y(ρ)^k ρ^n √ 2πσ^2k , (1.2)

where ρ > 0 satisfies n k = ρy^′(ρ) y(ρ) (1.3)

1Actually the author was motivated to write this paper by reading [MM] and [Go1]. 1

and σ^2 is calculated by

σ^2 = n k − ( n k )_2 + ρ^2y^{′′}(ρ) y(ρ) . (1.4)

The main purpose is to provide two versions of full asymptotic series expansions for y_{nk}.

It is clear that such asymptotic expansions need not remain true for “small” k because we generally need no regularity assumption for y_n except y_n ≥ 0. However there are examples, where the main asymptotic term (1.2) is significant for each k.

Let y(x) = (1 − √ 1 − 4x)/2. Then the main asymptotic term is given by f(ρ)^k ρ^n √ 2πσ^2k = k (2πn(2n − k)(n − k))^12 (2n − k)^{2n−k} (n − k)^{n−k}n^n (1.5)

(which is surely significant for^k_n ∈

[_1 4 , 1 − ε ] ). On the other hand we get by Lagrange’s inversion formula

y_{nk} = [x^n]y(x)^k = k n [u^{n−k}] ( u y^{−1}(u) )_n

= k n [u^{n−k}](1 − u)^{−n}. (1.6)

Now φ(u) =^u_{y−1(u)} =^1_{1−u} has again non-negative coefficients and the asymptoic main term of^k_n [u^{n−k}]φ(u)^n (which is surely significant for^k_n ∈ [ −^1_2 ,^1_2 ] ) has exactly the same shape as (1.5). Hence (1.5) is the asymptotic main term for k ≤ (1 − ε)n. Furthermore in this example we can check our considerations directly by using (1.6) and Stirling’s formula to get y_{nk} = k n [u^{n−k}](1 − u)^{−n} = k n ( 2n − k − 1 n − k )

= k (2πn(2n − k)(n − k))^12 (2n − k)^{2n−k} (n − k)^{n−k}n^n ( 1 + O ( 1 n − k )) (1.7)

for k < n. In [MM] the relation y_{nk} =^k_n [u^{n−k}]φ(u)^n has been used to obtain asymptotic expansions by a hidden saddle point method. Furthermore note that y(x) is the solution of the functional equation y = xφ(y). It is well known that solutions y(x) of functional equations of the kind F (x, y) = 0, satisfying some regularity conditions, usually have an algebraic singularity x_0 > 0 on the real axis of the kind y(x) = g(x) − h(x) √ 1 − x x_0

, (1.8)

where g(x) and h(x) are analytic and non-zero around x_0.

In Section 3 we will discuss functions having such an algebraic singularity and will show that the asymptotic main term (1.2) is significant for “small” k in this case, too.

A BIVARIATE ASYMPTOTIC EXPANSION OF COEFFICIENTS OF POWERS OF GENERATING FUNCTIONS3

A concluding section provides extensions to multivariate asymptotic expansions and applications to multivariate generating functions.

It should be mentioned that the frame work of asymptotic series expansions for [x^n]y(x)^k was established (probably) essentially by I. J. Good [Go1], [Go2]. But especially in [Go2] only a formal setting is used and no error term resp. a range for n, k is provided. An overview of results concerning [x^n]y(x)^k can be found in [Ga]

2. Two Versions of Asymptotic Expansions First we state and discuss a little bit modified theorem due to [Go1].

Theorem 1. Let y_n ≥ 0 be a sequence of non-negative real numbers such that

d = gcd{n | y_n > 0} = 1 (2.1)

and y(x) = ∑ n≥0 y_nx^n be the generating function of y_n with positive radius of con-

vergence R > 0. Let a > lim_{r→0}^{ry′(r)}_{y(r)} and b < lim_{r→R}^{ry′(r)}_{y(r)} . Then the coefficient y_{nk} = [x^n]y(x)^k can be approximated by the following asymptotic series expansion (M ≥ 0)

y_{nk} = y(ρ)^k ρ^n √ 2πσ^2k 1 + ∑ 1≤K≤M a_K k^K + O ( k^{−(M+1)} ) (k → ∞) (2.2)

uniformly for^n_k ∈ [a, b], where ρ = ρ^n_k is (uniquely) defined by n k = ρy^′(ρ) y(ρ) (2.3)

and σ^2 = σ^2(ρ) is given by

σ^2 = ρy^′(ρ) y(ρ) − ( ρy^′(ρ) y(ρ) )_2 + ρ^2y^{′′}(ρ) y(ρ) = n k − ( n k )_2 + ρ^2y^{′′}(ρ) y(ρ) . (2.4)

Set κ_l = κ_l(ρ) = [ ∂^l ∂u^l log y(ρe^u) ] u=0 , (l ≥ 1) (2.5)

then a_K = a_K (ρ) can be calculated by

a_K = ∑ S≥0 (−1)^S

(2S)!

(2κ_2)^S S! ∑ p_3 +p_4+···=S−K 3p_3 +4p_4 +···=2S 1 p_3! (κ_3 3! )_{p3} 1

p_4! (κ_4 4! )_{p4} · · · . (2.6)

Remark 1. Note that it is no real restriction that d = gcd{n | y_n > 0} = 1. If d > 1 then our theorem applies for y(x) = y(x^{1/d}). Furthermore the lower bound

A = lim_{r→0}^{ry′(r)}_{y(r)} for a is not only natural in a formal sense. Moreover A is the zero-order of y(x) at x = 0. Hence y_{nk} = 0 for^n_k < A. □

Remark 2. It is clear that κ_l = κ_l(ρ) are the coefficients of the Thiele expansion

y(ρe^u) = y(ρ) exp ( κ_1t + κ_2 2! t^2 + · · · ) . (2.7)

Note that κ_1(ρ) =^n_k and κ_2(ρ) = σ^2. In order to show that σ^2 > 0 observe that y_n ≥ 0 implies y(ρ) − |y(ρe^{it})| ≥ ct^2 (for some c > 0 and sufficiently small t). Hence κ_2 = σ^2 > 0. On the other hand we get d dr ( ry^′(r) y(r) ) = y^′(r) y(r) + ry^{′′}(r) y(r) − ry^′(r)^2 y(r)^2 = κ_2 r > 0, which implies that the mapping r →^{ry′(r)}_{y(r)} is strictly increasing. Thus it is clear that ρ = ρ^n_k is uniquely defined by (2.3) for^n_k ∈ [a, b]. □

Remark 3. Since a_K = a_K (ρ) depends continuously on ρ it is apparent that the asymptotic series expansion (2.2) can be rewritten to

y_{nk} ∼ y(ρ)^k ρ^n √ 2πσ^2k 1 + ∑ N≥1 b_N n^N (n → ∞), (2.8)

where b_N = κ^N_1 a_N . For the moment this is only a trivial remark but it will turn out that both asymptotic series expansions, (2.2) and (2.8), can be proven independently. Furthermore the proof of (2.8) can be used to extend the result to “small” k if y(x) has an algebraic singularity (see Section 3). □

Remark 4. As mentioned in the introduction it is sometimes sufficient to know something about y_{nk}, where n = μk + r and μ is fixed (or where k = μn + r and μ is fixed). Since (2.2) is a bivariate asymptotic expansion we immediately get by Taylor approximation that the asymptotic main term of y_{nk} must be given by y(ρ_μ)^k ρ^n_μ √ 2πσ^2k exp ( − r^2 2σ^2k )

resp. by y(ρ_μ−1 )^k (ρ_μ−1 )^n √ 2πσ^2k exp ( − r^2 2μ^3σ^2n ) . However, it is possible to get full asymptotic series expansions for y_{nk} in these cases generalizing (2.2) and (2.8). The results are stated in the following Theorem. □

A BIVARIATE ASYMPTOTIC EXPANSION OF COEFFICIENTS OF POWERS OF GENERATING FUNCTIONS5

Theorem 2. Let y_n and y(x) = ∑ n≥0 y_nx^n be as in Theorem 1. Then the coefficient

y_{nk} = [x^n]y(x)^k can be expanded by the asymptotic series expansion (M ≥ 0) y_{nk} = y(ρ)^k ρ^n √ 2πσ^2k ( exp ( − r^2 2σ^2k ) ( 1 + ∑ 1≤L≤M ∑ K−^R_2 =^L_2 a_{K,R} r^R k^K )

+ O ( k^{− M +12} ) ) (k → ∞) (2.9)

uniformly for all μ ∈ [a, b] and all real r such that n = μk + r is a positive integer, where ρ = ρ_μ is defined by μ = ρy^′(ρ) y(ρ) , σ^2 = σ^2(ρ) is given by σ^2 = μ − μ^2 + ρ^2y^{′′}(ρ) y(ρ) , and a_{K,R} can be calculated by a_{K,R} = ∑ S≥0 (−1)^S

(2S + R)! 2^S R!S!κ^{S+R}_2 · · ∑ p_3 +p_4+···=S+R−K 3p_3 +4p_4 +···=2S+R 1 p_3! ( κ_3 3! )_{p3} 1

p_4! (κ_4 4! )_{p4} · · · . (2.10)

(κ_l = κ_l(ρ) is defined in (2.5).) On the other hand we have (M ≥ 0) y_{nk} = ky(ρ)^k nρ^n √ 2π(−κ_2)n ( exp ( − r^2 2(−κ_2)n ) ( 1 + ∑ 1≤L≤M ∑ N−^R_2 =^L_2 b_{N,R} r^R n^N )

+ O ( n^{− M +12} ) ) (n → ∞) (2.11) uniformly for all μ ∈

[_1 b ,^1_a ] and all real r such that k = μn + r is a positive integer, where ρ = ρ_μ−1 is defined by μ = y(ρ) ρy^′(ρ) , κ_l(ρ) (l ≥ 1) are defined by ∑ m≥1 κ_m(ρ) m! ( ∑ l≥1 κ_l(ρ) l! t^l )_m = t, (2.12)

and b_{N,R} are given by b_{N,R} = (−1)^{N+R} ∑ S≥0 (−1)^S

(2S + R)! 2^SR!S!κ^{S+R}_2 ·

· ∑ p_3+p_4 +···=S+R−K 3p_3 +4p_4+···=2S+R 1 p_3! ( κ_3 3! )_{p3} 1 p_4! ( κ_4 4! )_{p4} · · · . (2.13)

Remark 5. Note that a_{K,R} (resp. b_{N,R}) are only present for 0 ≤ R ≤^3_2 K (resp. for 0 ≤ R ≤^3_2 N) and that both expansions, (2.9) and (2.11), generalize (2.2) and (2.8). Hence b_K = b_{K,0} = κ^K_1 a_{K,0} = κ^K_1 a_K which is not apparent at a first glance. Furthermore if y^{−1}(w) denotes the inverse function of y(x) locally around x = ρ then κ_l(ρ) can be calculated by

κ_l(ρ) = [ ∂^l ∂v^l log y^{−1}(y(ρ)e^v ) ] v=0 (2.14)

which is of course equivalent to (2.12). Especially we have κ_1 = κ^{−1}_1 and κ_2 = −κ_2κ^{−3}_1 . □ Remark 6. Although the coefficients a_{K,R} (resp. b_{N,R}) are explicitely given it needs some effort to calculate them term by term. In [Go1]

a_1 =

3λ_4 − 5λ^2_3 24 and a_2 =

168λ_3λ_5 + 385λ^4_3 − 630λ^2_3λ_4 − 24λ_6 + 105λ^2_4 1152 have been calculated, where λ_l abbreviates κ_l/σ^l. (Compare also with [Da], whereas (2.10) can be found in [GK].) Furthermore it should be noted that (see [Go2] for a formal setting) ∑ K,R a_{K,R} r^R k^K = ∑ m≥0 (−1)^mk^{− m2} ν_m(k)H_m(k^{12} r),

where H_m(x) denotes the m-th Hermite polynomial defined by

H_m(x) = (−1)^me^{x2} d^m dx^m e^{−x2} and ν_m(k) is given by ∑ m≥0 v_m(k)x^m = exp ( k ∑ l≥3 κ_l l! x^l )

or explicitely by ν_m(k) = ∑ S≥0 A_{S,m}k^S , where A_{S,m} is defined in (2.16). □ Proof. Since Theorem 1 is a special case of Theorem 2 we only have to prove the latter one. First we will prove (2.9). In this case we can proceed similarly to [GK] by using the usual saddle point method. Let μ ∈ [a, b] of equivalently ρ = ρ_μ ∈ [ρ_a, ρ_b], where 0 < ρ_a < ρ_b < R. Then we have by Cauchy’s formula y_{nk} = 1 2πi ∫ |x|=ρ y(x)^k x^{n+1} dx = 1 2π ∫_π −π y(ρe^{it})^kρ^{−n}e^{−int} dt. (2.15)

A BIVARIATE ASYMPTOTIC EXPANSION OF COEFFICIENTS OF POWERS OF GENERATING FUNCTIONS7

Since y_n ≥ 0 and d = gcd{n | y_n > 0} = 1 we have |y(x)| = y(|x|) if and only if x is real and non-negative. Furthermore κ_l(ρ) is bounded for ρ ∈ [ρ_a, ρ_b]. Thus by continuity there exists some δ > 0 and some α with 0 < α < 1 such that |y(ρe^{it})| ≤ αy(ρ) uniformly for ρ ∈ [ρ_a, ρ_b] and δ ≤ |t| ≤ π and that | | | | | ∑ m≥3 κ_m(ρ) m! (it)^m | | | | | < σ^2(ρ)t^2 6 uniformly for ρ ∈ [ρ_a, ρ_b] and |t| ≤ δ. Hence we get for any positive ε <^1_2

y_{nk} = 1 2π ∫_δ −δ y(ρe^{it})^kρ^{−n}e^{−int} dt + O ( y(ρ)^kρ^{−n}α^k )

= y(ρ)^k 2πρ^n (∫_δ −δ exp ( −irt − σ^2k 2 t^2 + ∑ m≥3 κ_m(ρ) m! k(it)^m ) dt + O ( α^k ) )

= y(ρ)^k 2πρ^n ( 1 √ σ^2k k^ε∫

−k^ε exp ( −i r 2 √ σ^2k u − u^2 2 + ∑ m≥3 κ_m(ρ) σ^mm! k^{1− m2} (iu)^m ) du

+ O ( δe^{−k2ε/6} ) + O ( α^k ) ) ,

where we have estimated the integrals for δ ≤ |t| ≤ π and k^{−1/2+ε}/σ ≤ |t| ≤ δ and have substituted u = √ σ^2kt. Set A_{P,Q} = κ^{− Q2}_2 ∑ p_3+p_4 +···=P 3p_3 +4p_e+···=Q 1 p_3! ( κ_3 3! )_{p3} 1

p_4! ( κ_4 4! )_{p4} · · · . (2.16)

Then we have exp ( ∑ m≥3 κ_m(ρ) σ^mm! k^{1− m2} (iu)^m )

= ∑ Q 2 −P ≤^M_2 A_{P,Q} k^{P − Q2} (iu)^Q + O ( u^M k^{−M +1 2} )

for sufficiently small u. Obviously ∑ Q 2 −P ≤^M_2

is a finite sum since A_{P,Q} = 0 for

Q > 3P . Hence we get

y_{nk} = y(ρ)^k 2πρ^n ( 1 √ σ^2k ∞∫ −∞ exp ( −i r 2 √ σ^2k u − u^2 2 ) ∑ Q 2 −P ≤^M_2 A_{P,Q}k^{P − Q2} (iu)^Q du

+ O ( k^{− M +22} )) .

Since ∫_∞ −∞ e^{−iαu− u22} u^L du = e^{− α22} ∫_∞ −∞ e^{− v22} (v − iα)^L dv

= √ 2πe^{− α22} ∑ 0≤2l≤L ( L 2l ) (2l)! 2^ll! (−iα)^{L−2l} we immediately get (2.9).

In order to prove (2.11) we will use a different path of integration n Cauchy’s formula (2.15). Since y^′(x) > 0 for real x > 0 there exists an analytic function z(w) which equals the inverse function y^{−1}(w) of y(x) locally around any ρ ∈ [ρ_a, ρ_b]. For −δ ≤ t ≤ δ (where δ > 0 will be chosen sufficiently small) we use the path

t → w ( y(ρ)e^{it} ) = ρ exp ( ∑ m≥1 κ_m m! (it)^m )

and then the cut circle |x| = ρ, δ ≤ |arg(x)| ≤ π, where w(y(ρ)e^{iδ} ) = ρe^{iδ} . Since κ_2 = −σ^2μ^3 < 0 there exists some β > 1 such that |w(ρe^{it})| ≥ βρ uniformly for ρ ∈ [ρ_a, ρ_b]. Furthermore we can assume (by choosing δ > 0 sufficiently small) that max δ≤t≤π | y(ρe^{it}) | = y(ρe^{iδ} ). Hence we get

y_{nk} = k 2πn ∫_δ −δ y(ρ)^k ρ^n exp ( irt + κ_2 2 nt^2 − ∑ m≥3 κ_m m! n(it)^m ) dt

+ O ( y(ρ)^k ρ^nβ^n ) , where we have used ∫ y(x)^k x^{n+1} dx = 1 n ∫ y(x)^{k−1} x^n y^′(x) dx − y(x)^k nx^n = k n ∫ w^{k−1} z(w)^n dw − y(x)^k nx^n . So we can proceed as above to prove (2.11). □

3. Functions with algebraic singularities Let y(x) satisfy a functional equation F (x, y) = 0 such that

F (x_0, y_0) = 0 F_y(x_0, y_0) = 0 F_{yy}(x_0, y_0) ≠ 0 F_x(x_0, y_0) ≠ 0,

A BIVARIATE ASYMPTOTIC EXPANSION OF COEFFICIENTS OF POWERS OF GENERATING FUNCTIONS9

where y_0 = y(x_0) and (x_0, y_0) is a regular point of the analytic function F (x, y). Then by Weierstrass’ preparation theorem it follows that y(x) has a local representation of the form y(x) = g(x) − h(x) √ 1 − x x_0

, (3.1)

where g(x) and h(x) are analytic around x_0 and satisfy g(x_0) = y_0 and h(x_0) = (_{x0Fx} 2F_{yy} )_{1/2} . Such functional equations quite often appear by transforming recurrent relations for a sequence y_n to relations for the generating function y(x) = ∑ n≥0 y_nx^n.

For example, let F (x, y) = y −^1_{1−y} . Then y_n = [x^n]y(x) = [x^n]^1_2 (1 − √ 1 − 4x) denotes the number of planted plane rooted trees of size n and y_{nk} = [x^n]y(x)^k the number of forests of size n with k components. As indicated in the introduction in this case it is possible to get a bivariate asymptotic expansion for y_{nk} which works even for “small” k, i.e. there is a uniform expansion valid for^k_n ≤ 1−ε and not only for ε ≤^k_n ≤ 1 − ε. In this section we will show how to obtain this result generally for functions y(x) with an algebraic singularity of the kind (3.1). Theorem 3. Let y_n ≥ 0 and y(x) = ∑ n≥0 y_nx^n be as in Theorem 1 such that there

is only one singularity on the circle of convergence |x| = x_0 > 0 and that y(x) can be locally represented as y(x) = g(x) − h(x) √ 1 − x x_0

, (3.2)

where g(x) and h(x) are analytic functions around x_0 which are real and positive for real x. Furthermore suppose that y(x) can be continued analytically to |x| < x_0 + δ, x ∉ [x_0, x_0 + δ) (for some δ > 0). Then the asymptotic series expansion (2.11) for y_{nk} = [x^n]y(x)^k holds uniformly for μ ∈ [ 0,^1_a ] and all real r such that k = μn + r is a positive integer.

Remark 7. Note that the case where μ = 0 and k = r ≥ 1 is fixed can be treated by Darboux’s theorem [Db], too. Hence Theorem 3 generalizes Darboux’s theorem in some sense. □ Proof. Since y(x) satisfies the relation (g(x) − y)^2 = h(x) ( 1 −^x_{x0} ) it follows by the implicit function theorem that there exists an “inverse” function z(w) of y(x), which is analytic around y(x_0) and satisfies z^′(y(x_0)) = 0 and z^{′′}(y(x_0)) ≠ 0. This implies that we can define κ_l(ρ) even for ρ = x_0 by

κ_l(x_0) = [ ∂^l ∂v^l log w(y(x_0e^v) ] v=0 . Furthermore it shows that κ_l(ρ) is continuous at ρ = x_0. Hence we can consider the integral k 2πn ∫ w=y(ρ)e^{it} |t|≤n^{− 1}2^{+ε}

w^{k−1} z(w)^n dw

= k 2πn n^{− 1}2^{+ε}∫

−n^{− 1}2^{+ε} y(ρ)^k ρ^n exp irt + κ^2 2 nt^2 − ∑ m≥3 κ_m m! n(it)^m dt and can derive an asymptotic series expansion of the kind (2.11) which is uniform for ρ ∈ [x_0 − ε, x_0]. Furthermore we have y_{nk} = k 2πn ∫ w=y(ρ)e^{it} |t|≤n^{− 1}2^{+ε}

w^{k−1} z(w)^n dw

− 1 2πn y(x)^k x^n | | | x=ρ^′ e^{iδ′}

x=ρ^′ e^{−iδ′} (3.3) + 1 2πi ∫ |x|=ρ^′ δ^′≤arg(x)≤π y(x)^k x^{n+1} dx, (3.4)

where ρ^′ = |z(y(ρ)e^{in1/2+ε} | and δ^′ = arg(z(y(ρ)e^{in1/2+ε} ). First observe that ρ^′ ≥ ρ(1 + cn^{2ε−1}) (for some c > 0) uniformly for ρ ∈ [x_0 − ε, x_0]. Hence we can estimate (3.3) by O ( y(ρ)^k nρ^n e^{−c′n2ε} )

uniformly for ρ ∈ [x_0 − ε, x_0]. In order to estimate (3.4) it would be useful verify a condition of the kind max |x|=ρ^′ δ^′ ≤|arg(x)|≤π |y(x)| = |y(ρ^′e^{iδ′} )| (3.5)

for all ρ ∈ [x_0 − ε, x_0] (where ε > 0 is chosen appropriately). In fact this can be managed by the following observations.

First the representation (3.2) ensures that there exists some δ_1 > 0 such that the mapping t → |y(re^{it})| (0 < t < δ_1) strictly decreases for r ∈ [x_0 − δ_1, x_0 + δ_1]. Since y_n ≥ 0 and d = gcd{n | y_n > 0} = 1 there exists some δ_2 < δ_1 such that max |x|=r δ_2≤|arg(x)|≤π |y(x)| = | |y(re^{iδ}2 ) | |

for all r ≤ x_0. Hence by continuity there are δ_3, δ_4 > 0 with δ_3 < δ_1 such that max |x|≤x_0+δ_3 δ_2 ≤|arg(x)|≤π |y(x)| ≤ y(x_0)(1 − δ_4).

Now choose δ_5 < δ_2 such that max x_0≤r≤x_0+ε | y(re^{iδ5} ) | > y(x_0)(1 − δ_4).

Thus we get (3.5) if ρ^′ < x_0 + δ_3 and δ^′ < δ_5 which is surely the case for sufficiently small but fixed ε > 0 and n ≥ n_0(ε). This proves (2.11) for μ ∈ [0, ε^′] for some ε^′ > 0 whereas the case μ ≥ ε^′ is covered by Theorem 2. So we are done. □

It should be noted that there exists a much simpler proof for the case μ = 0 when you are not interested in the full asymptotic series expansion.

A BIVARIATE ASYMPTOTIC EXPANSION OF COEFFICIENTS OF POWERS OF GENERATING FUNCTIONS11

Theorem 4. Let y_n ≥ 0 and y(x) as in Theorem 3. Then we have y_{nk} = kg(x_0)^{k−1}h(x_0) 2n^32 √ πx^n_0 ( exp ( − k^2 4n ( h(x_0) g(x_0)

)_2) + O ( n^{− 12} ) ) (3.6)

uniformly for k ≤ C^n_{log2 n} , where C > 0 is sufficiently small.

Remark 8. Note that this theorem does not provide an asymptotic formula for all k. (In Theorem 3 the range for r = k is not restricted.) But this is no real restriction since the asymptotic main term is relevant just for k = O( √ n) □ Proof. For simplicity we will assume that the radius of convergence x_0 = 1. We will use Cauchy’s formula y_{nk} = ∫ γ y(x)^k x^{n+1} dx, where the path of integration γ = γ_1 ∪ γ_2 ∪ γ_3 ∪ γ_4 consists of four parts:

γ_1 = { x = 1 + t n | | | | |t| = 1, ℜt ≤ 0 }

γ_2 = { x = 1 + t n | | | 0 < ℜt ≤ log^2 n, ℑt = 1 }

γ_3 = γ_2

γ_4 = { x | | | | |x| = | | | |1 + log^2 n + i n | | | | , arg(1 + log^2 n + i n ) ≤ | arg(x)| ≤ π } . Let k ≤ C^n_{log2 n} . Then we have for x ∈ γ_1 ∪ γ_2 ∪ γ_3

y(x)^kx^{−(n+1)} = g(x)^k ( 1 − h(x) g(x) √ 1 − x )_k x^{−(n+1)} = g(1)^k exp ( − k √ n h(1) g(1)

(−t)^{12} − t ) · · ( 1 + O ( |t|^2 n ) + O ( k|t| n ) + O ( k |t|^{32} n^32 )) .

Let λ =^{k√}_n^{h(1)}_{g(1)} . Then it is an easy exercise to obtain ∫ γ^′ e^{−λ√−t−t} dt = λ 2 √ π e^{− λ22} + O ( e^{− log2 n} ) , where γ^′ = {t | |t| = 1, ℜt ≤ 0} ∪ {t | 0 < ℜt ≤ log^2 n, ℑt = ±1}, by using the substitution u^2 = t. Furthermore we have ∫ γ^′ | | |e^{−λ√−t−t}t^L | | | dt = OL(1) uniformly for λ ≥ 0 since ℜ √ −t > 0 for t ∈ γ^′, and ∫ γ_4 y(x)^k x^{n+1} dx = O ( g(1)^ke^−(^{1− kn h(1)g(1)} )^{log2 n} ) since we can assume that sup |x|=r,x≠r |y(x)| = lim_{t→0} | |y(re^{it}) | | .

for 1 ≤ r ≤ 1 + δ (where δ > 0 is chosen sufficiently small). Hence we get (3.6) uniformly for k ≤ C^n_{log2 n} . □

As a byproduct of our asymptotic series expansions (2.9) and (2.11) applied to functions of the form (3.2) we get a remarkable identity for Catalan numbers

C_n = 1 n ( 2n − 2 n − 1 ) . (3.7)

Corollary. For K ≥ 1 we have ∑ S≥1 (−1)^S

(2S)! 2^{2S} S! ∑ p_3 +p_4 +···=S−K 3p_3+4p_4 +···=2S 1 p_3!

C^{p3}_3 1 p_4!

C^{p4}_4 · · · = 0. (3.8)

Proof. Let y(x) = 1− √ 1 − x. From a_K (ρ) = κ_1(ρ)^{−K} b_K (ρ) and lim_{ρ→1} b_K (ρ) = b_K (1) it follows that lim_{ρ→1} a_K (ρ) = 0. Now κ_l(ρ) ∼ 2^{1−2l}

(2l − 2)! (l − 1)!

(1 − ρ)^{12 −l} (ρ → 1)

implies

κ^{− S2}_2 1 p_3! (κ_3 3! )_{p3} 1 p_4! ( κ_4 4! )_{p4} · · · ∼ 1 2^{S+K} (1 − ρ)^{− K2} 1 p_3!

C^{p3}_3 1 p_4!

C^{p4}_4 · · ·

(ρ → 1)

for p_3 + p_4 + · · · = S − K and 3p_3 + 4p_4 + · · · = 2S. So (3.8) follows from

0 = lim_{ρ→1} a_K (ρ)

∼ lim_{ρ→1}(1 − ρ)^{− K2} ∑ S≥0 (−1)^S

(2S)!

2^{2S+K} S! · · ∑ p_3 +p_4+···=S−K 3p_3 +4p_4 +···=2S 1 p_3!

C^{p3}_3 1 p_4! C^{p4}_4 · · · .

□

A BIVARIATE ASYMPTOTIC EXPANSION OF COEFFICIENTS OF POWERS OF GENERATING FUNCTIONS13

4. Extensions and Generalizations There are several possibilities to extend or generalize the asymptotic series expansions obtained above. For example in [Go1] an asymptotic expansion for [x^{n1}_1 · · · x^{nm}_m ]y(x_1, . . . , x_m)^k that generalizes (2.2) is proved. It is clear that we can extend this result to the case n_l = μ_lk + r_l (1 ≤ l ≤ m) in order to generalize (2.9) (compare also with [BR] and [Go2], where a formal setting without error terms has been established). We will use the notations n = (n_1, . . . , n_m) for an m-dimensional multiindex of non-negative integers, |n| for the sum n_1 + · · · + n_m, n! for n_1!n_2! · · · n_m!, and x = (x_1, . . . , x_m) for an m-dimensional complex variable and the abbreviation x^n = x^{n1}_1 · · · x^{nm}_m .

Theorem 5. Let m ≥ 1, n an m-dimensional multiindex, and y_n ≥ 0 an (m-fold) sequence of non-negative real numbers such that almost all multiindices n can be represented as a finite linear combination of the set {n | y_n > 0} with positive integers as coefficients. Suppose that the generating function y(x) = ∑ n y_nx^n represents an analytic function around x = 0 and let A be a compact subset of the region of convergence of y(x) containing only points with real positive components. Then the coefficient y_{nk} = [x^n]y(x)^k can be approximated by the following asymptotic series expansion (M ≥ 0)

y_{nk} = y(ρ)^k ρ^n √ (2π)^m|Σ(ρ)|k ( exp ( − 1 2k rΣ(ρ)^{−1}r^′ ) ·

· ( 1 + ∑ 1≤L≤M ∑ K−^S_2 =^L_2 ∑ |R|=S a_{K,R} r^R k^K )

+ O ( k^{− M +12} ) ) (k → ∞)

(4.1)

uniformly for all μ with ρ_μ ∈ A and all r with real components such that n = kμ+r is a multiindex, where ρ = ρ_μ = (ρ_1, . . . , ρ_m)_{(μ1 ,... ,μm)} is defined by

μ_j = ρ_j y_{xj} (ρ) y(ρ) (j = 1, . . . , m) (4.2)

and the m × m-matrix Σ = Σ(ρ) = (s_{ij} (ρ)_{1≤i,j≤m}) is given by

s_{ij} (ρ) = [ ∂^2 ∂u_i∂u_j y(ρ_1e^{u1} , . . . , ρ_me^{um} ) ] u=1 . Generally let κ_l(ρ) be defined by

κ_l(ρ) = [ ∂^{|l|} ∂u^l y(ρ_1e^{u1} , . . . , ρ_me^{um} ) ] u=1 (4.3)

then a_{K,R} can be expressed formally by ∑ K,R a_{K,R} r^R k^K = ∑ m (−1)^mk^{− |m|2} ν_m(k)H_m(k^{12} r, Σ^{−1}), (4.4) where H_m(x, C) denotes a generalized Hermite polynomial defined by

H_m(x, C) = (−1)^m exp ( 1 2 xCx^′ ) ∂^m ∂x^m exp ( − 1 2 xCx^′ )

and ν_m(k) is given by ∑ m v_m(k)x^m = exp k ∑ |l|≥3 κ_l l! x^l

or explicitely by ν_m(k) = ∑ S≥0 A_{S,m}k^S , where A_{S,m} is defined by

A_{S,m} = ∑ |l_3|=3,|l_4 =4|,... |p_{l3} |+|p_{l4} |+···=S 3p_{l3} +4p_{l4} +···=m

1 p_{l3} !

( κ_{l3} 3! )_{pl3} 1 p_{l4} ! (κ_{l4} 4! )_{pl4} · · · .

Remark 9. Although the representation for a_{K,R} (due to [Go2]) is explicit, more detailed formulas are rather involved. For example, I. J. Good [Go1] has evaluated a_{1,00} to

a_{1,00} = 1 24 (3λ_{40} − 12λ_{31}α + 6λ_{22}(1 + 2α^2) − 12λ_{13}α

+ 3λ_{04} − 5λ^2_{30} − 9λ^2_1(1 + 4α^2) − 9λ^2_{12}(1 + 4α^2) − 5λ^2_{03} + 30λ_{30}λ_{21}α − 6λ_{30}λ_{12}(1 + 4α^2) + 2λ_{30}λ_{03}α(3 + 2α^2) + 18λ_{21}λ_{12}α(3 + 2α^2) − 6λ_{21}λ_{03}(1 + 4α^2) + 30λ_{12}λ_{03}α),

where λ_{rs} = κ_{rs}κ^{r2}_{02}κ^{s2}_{20} |Σ|^{r+s}2 ,

α = λ_{11} √ λ_{20}λ_{02} , and |Σ| = κ_{20}κ_{02} − κ_{11}. □ Remark 10. It should be further mentioned that it also possible to evaluate the coefficient [x^n]f(x)y(x)^k

by exactly the same methods when f(x) is assumed to posses a convergent powers series expansion. This property leads to multivariate asymptotic expansions for the coefficients of multivariate generating function of special types. Let

a(x) = ∑ n a_nx^n = ∑ n≥0 φ_n(x_2, . . . , x_m)x^n_1

A BIVARIATE ASYMPTOTIC EXPANSION OF COEFFICIENTS OF POWERS OF GENERATING FUNCTIONS15

be a multivariate generating function and suppose for a moment that x_2 > 0, . . . , x_m > 0 are fixed. Then the radius of convergence of a(x) (considered as a power series in x_1) is given by

R(x_2, . . . , x_m) = ( lim sup n→∞ φ(x_2, . . . , x_m)^{1n} )_{−1} .

Hence there will many cases where φ(x_2, . . . , x_m) has an representation of the kind

φ(x_2, . . . , x_m) = c_nf(x_2, . . . , x_m)R(x_2, . . . , x_m)^{−n}(1 + o(1)).

Hence we can use (4.1) to obtain a multivariate asymptotic expansion for a_n. For example, let a(x) be the solution of a functional equation F (x, a) = 0 (where F is an analytic function satisfying some additional conditions, see [Dr]). Suppose that there are positive real x_0, a_0 = a(x_0) such that

F (x_0, a_0) = 0, F_a(x_0, a_0) = 0.

F_{aa}(x_0, a_0) ≠ 0, and F_{x1} (x_0, a_0) ≠ 0.

Then we get by Weierstrass’ preparation theorem that a(x) admits the representation a(x) = g(x) − h(x) √ 1 − x_1 γ(x_2, . . . , x_m) (4.5)

locally “around” the hypersurface x_1 − γ(x_2, . . . , x_m) = 0. γ(x_2, . . . , x_m) (and α(x_2, . . . , x_m)) are the solutions of the equations F (γ, x_2, . . . , x_m, α) = 0 F_a(γ, x_2, . . . , x_m, α) = 0 which exist by the implict function theorem. (Surely γ(x_{0,2}, . . . , x_{0,m}) = x_{0,1}, compare also with (3.1).) Hence by [FO] (for details see [Dr])

φ_n(x_2, . . . , x_m) = h(γ(x_2, . . . , x_m), x_2, . . . , x_m) 2 √ πn^32 γ(x_2, . . . , x_m)^{−n}· · (1 + o(1)) (n → ∞). □ The results of section 3 can be applied for functions admitting a reprensentation of the kind (4.5) to evaluate the coefficient [x^n]y(x)^k even for small k. Theorem 4 can only be used for k ≥ εn_j (j = 1, . . . , m) for some ε > 0. On the other hand the method presented in Remark 10 only works for fixed k ≥ 1. The following theorem fills the gap between.

Theorem 6. Let m ≥ 1 and let y(x) be the generating function of the sequence y_n satisfying the assumptions of Theorem 5. Furthermore assume that y(x) admits a represention of the kind (4.5), where γ(x_2, . . . , x_m) is an analytic function which is positive and real for positiv and real x_2, . . . , x_m and satisfies γ_{xj} (x_2, . . . , x_m) ≠ 0 for j = 2, . . . , m. Additionaly assume that (γ(x_2, . . . , x_m), x_2, . . . , x_m) is the only singulatiy of y(x) for |x_1| ≤ γ(x_2, . . . , x_m) if x_2, . . . , x_m are positive and real and that y(x) has an analytic continuation to |x_1| ≤ γ(x_2, . . . , x_m)(1 + ε), x_1 ∉ [γ(x_2, . . . , x_m), γ(x_2, . . . , x_m)(1 + ε)) for some ε > 0. Then the coefficient y_{nk} = [x^n]y(x)^k can be approximated by the following series expansion (M ≥ 0)

y_{nk} = y(ρ)^k ρ^n √ (2π)^m(−|Σ(ρ)|)n_1 ( exp ( − 1 2k rΣ(ρ)^{−1}r^′ ) ·

· ( 1 + ∑ 1≤L≤M ∑ N_1−^S_2 =^L_2 ∑ |R|=S b_{N1,R} r^R n^{N1}_1 )

+ O ( n^{− M +12}_1 ) ) (n_1 → ∞)

(4.6) uniformly for 0 ≤ μ_1 ≤ b_1, a_j ≤ μ_j ≤ b_j , 0 < a_j < b_j (j = 2, . . . , m) and for all r ∈ R^m such that k = n_1μ_1 + r_1, n_j = n_1μ_j + r_j (j = 2, . . . , m) are positive integers, where b_1 and the intervals [a_j , b_j ] must be chosen in a way that there exists a (unique) solutions ρ = (ρ_1, . . . , ρ_m) = ρ_μ of

μ_1 = y(ρ) ρ_1y_{x1} (ρ)

μ_j = ρ_j y_{xj} (ρ) ρ_1y_{x1} (ρ) (j = 2, . . . , m). Let κ_m = κ_m(ρ) be defined by ∑ |l|≥1 κ_l l! ( ∑ |m|≥1 κ_m m! t^m )_{l1} t^{l2}_2 · · · t^{lm}_l = t_1,

where κ_l = κ_l(ρ) are defined in (4.3), then m × m-matrix Σ(ρ) is given by

Σ(ρ) = (κ_l(ρ))_{|l|=2}

and b_{N1,R} can be determined similarly to (4.4).

Note that (4.6) can be applied for fixed k ≥ 1 (i.e. μ_1 = 0, r_1 = k) and therefore generalizes the methods presented in [Dr] for the solutions of functional equations.

References

[BR]E. A. Bender and L. B. Richmond, Central and Local Limit Theorems Applied to Asymptotic Enumeration II: Multivariate Generating Functions, J. Coombinatorial Th., Ser. A 34 (1983), 255–265.

A BIVARIATE ASYMPTOTIC EXPANSION OF COEFFICIENTS OF POWERS OF GENERATING FUNCTIONS17

[Da]H. E. Daniels, Saddlepoint Approximations in Statistics, Ann. Math. Statistics 25 (1954),

631–650.

[Dr]M. Drmota, Asymptotic Distributions and a Multivariate Darboux Method in Enumeration

Problems, J. Combinatorial Th., Ser. A, to appear.

[Db]G. Darboux, Mémoire sur l’ approximation des fonctions de trés grande nombres, et sur une

classe étendu do développement en série, J. Math. Pures et Appliquées 4 (1978), 5–56. [FO]Ph. Flajolet and A. Odlyzko, Singularity Analysis of Generating Functions, SIAM J. Dicr.

Math. 3 (1990), 216–240.

[Ga]D. Gardy, Some Results on the Asymptotic Behaviour of Coefficients of Large Powers of

Funtions, L.R.I. Research Report n^o 769, August 1992.

[Go1]I. J. Good, Saddle-Point Methods for the Multinomial Distribution, Ann. Math. Statistics 28

(1957), 861–881.

[Go2]I. J. Good, The Multivariate Saddle Point Method and Chi-Squared for the Multinomial

Distribution, Ann. Math. Statistics 31 (1960), 535–548.

[GK]D. H. Greene and D. E. Knuth, Mathematics for the Analysis of Algorithms (2^{nd} edition),

Birkhäuser, Boston-Basel-Stuttgart, 1982.

[MM]A. Meir and J. W. Moon, The Asymptotic Behaviour of Coefficients of Powers of Certain

Generating Functions, Europ. J. Combinatorics 11 (1990), 581–587.

Department for Discrete Mathematics Technical University of Vienna Wiedner Hauptstraße 8–10/118 A-1040 Vienna, AUSTRIA