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AEC definition

Let 7 a language and K a class of 7-structures. We say that (K, <x) is an
Abstract Elementary Class (AEC) if and only if:
@ < is a partial order over KC and refines the C relation.
@ (K, <) is closed under isomorphisms.
© There is a Cardinal s, called the Lowenheim-Skolem number of IC,
such that for all M € K and all A C |M| there is N € K such that
A C|N| and ||N|| > &.
Q For all My, M>, N € K such that My, My <x N and M; C Ms,
then My <x Ms.
© For every increasing and continuous <j-chain (M;);<., we have:
o M, :=|J M; ek.
e For all il<<aa, M; <x U M,.
o If N € K is such that M; <x N, then M,M; <x N.
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o If T is a first order theory, then (Mod(T'), <) is an AEC with
LS(K) = No.

o Ifp €Ly, o, and A C L, ., a countable fragment that contains 1,
then (Mod(¢),<a) is an AEC with LS(K) = Xy.

@ (Mazari-Armida 23)Classes of abelian groups and modules using the
pure subgroup or module relation.

\

Definition
Let f: M — N be an embedding, f is a K-embedding if f[M] <x N
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Shelah’s Presentation Theorem

@ Shelah's Presentation Theorem
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Shelah’s Presentation Theorem

Shelah’s Presentation Theorem and the EM-functor

Theorem (Sh:87)

Let K = (K, <k) be an AEC with Léwenheim-Skolem number k in a
vocabulary T such that |7| < k. Then, there exists a vocabulary 7/ O
with |7'| = K, a first order 7'-theory T' and a set I" of quantifier free
T'-types such that

K={M'"|.: M"E T and omits all the types in T''}.

Furthermore,
Q IfM',N'ET' are such that that omit all the types in I and
M' C N’, then M’ |.<x N' |, and,

Q@ IfM,N € K are such that M <x N, then there are expansions M’
of M and N’ of N to 7’ such that M', N' E T', omit all the types in
IV and M’ C N'.
(K, <x) = (PC(T",T"),C)
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Shelah’s Presentation Theorem

Extracting indiscernibles

Definition 11.5. Let ¢ be an EM blueprint. Let I..J be a linear orders, let 4 be
a limit ordinal and let (a; : j € J) be a sequence. We say that (@; : j € J) is
(@, I')-strictly indiscernible if:

(1) J is infinite.

(2) For some o, for all j £ .J. d; € * EM (I, ®).

(3) There : j £ J) and a sequence of terms g such that
a; = pla}) for all j € Jand (@) : j € J) is quantifier-free indiscernible in
the vocabulary of linear orders inside .

exists a sequence (a)

We call {@; : j € J) (@, I)-strictly indiscernible over A if {@;a : j € J) is (®,1)-
strictly indiscernible for some (any) enmumeration @ of A.

Theorem 11.7 {Strict indiscernible extraction). Let K be an AEC with arbitrarily
large models and let LS{K) < # < A be cardinals with # regular. Let k < # be a
(possibly finite) cardinal. Let ® £ Tygk) K] be an EM blueprint for K.

Let N := EM_ (k)(A ®). Let M £ K<pg(k) be such that M <g N. Let (@ 2 i< 0)
be a sequence of distinct elements such that for all i < #, a; € *|N|.

If 85 < @ for all fy < #, then there exists w C @ with |w| = # such that (@, : i € w)
is (@, A)-strictly indiscernible over M.
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Relational Presentation Theorem

@ Relational Presentation Theorem
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Relational Presentation Theorem
Relational Presentation Theorem

Theorem (BaBol7)

Let (IC,<x) be an AEC with Léwenheim-Skolem number k in a
vocabulary 7. Then there exists an expansion of T by predicates of arity k
and a T' 1'-theory in L(gny+ ..+ Such that

K={M | MET}

Furthermore
Q@ IfM’', N'ET aresuch that M' C N’, then M’ [, <x N’ |..

@ IfM,N € K are such that M <x N, then there are expansions M’
of M and N' of N to 7/ such that M',N' =T" and M’ C N'.

(’Cv —</C) = (PCT(T/)v g)

Theorem (BaBol7)

Let k be a strongly compact cardinal and let (K, <x) be an AEC with
K<k IfK has AP, JEP..., then K>, has AP, JEP....
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Leung’s Axiomatization

@ Leung’s Axiomatization
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Leung’s Axiomatization
Leung's Axiomatization

Theorem (Le23)

Let A\ = k + I2(k,K) where I5(k, K) is the number of non-isomorphic
pairs (M, N) such that M <x N and bought have cardinality LS(K).
There is oxc € L+ o+ (w - w)(7) such that

(K, <x) = ({M € 7 — structures|M E ox }, <a).

This is used to simplify some resoults and extend it to other contexts.

Nicolds Najar Salinas (UNAL) Axiomatizations of AECs July 16, 2025



The semantic-syntactic correspondence

@ The semantic-syntactic correspondence
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The semantic-syntactic correspondence
The correspondence

Definition (Galois Morlization, Vas16)

Let « be an infinite cardinal and let (K, <) be an AEC. The (< r)-Galois
Morlization of (I, <) is (K, <), an AEC in a < k-ary language 7
extending 7 such that:
0 K=K and <c==p.
Q@ For all p € ga-S<#(0; C), there exists R, € 7 such that C F R, [b] iff
p = ga-tp(a/0; C).
Q tpa(b/4;C) := {¢(z;a) € qf-Lyx(7)- formulasjla € Ay CFE
Ylbsal}.
Q qf-Ly-S<"(A;C) := {tpa(b/A; C)|b € |C]}.

Fact (The semantic-syntactic correspondence, Vas16)

K is (< k)-tame iff ga-tp(b/A; C) — tpa(b/A; C) from ga-S<F(A;C) to
qf-Ly x-S<"(A;C) is a bijection.
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The semantic-syntactic correspondence
Order Property

Definition

We say that K has the (k1, ko, )-order property of length p if there are
A C|C| with |A| <0, (@i < p) where @; €1 |C| and (b;|i < ) where
b; €2 |C| such that if ig < jo < p, i1 < j1 < p, then

ga-tp(@iybj, /A; C) # ga-tp(aj, by, /A; C).

\

If K has AP and is k-tame, then IC is A-stable iff does not have the
(K1, k2, A)-order property.

\
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The semantic-syntactic correspondence
Independence property

Definition
Let X be a cardinal.

ded(\) = sup{k : there is a linear order of size x which has a dense

subset of size A}.

Let pu:= Jigrsyy+- If K is < Ro-tame, C C |C| with

|C| = X > 03(LS(K)) and |ga-S*(C;C)| > Ded()), y

Ded(M\)?" = Ded()), then there are )(Z,7) € qf — Ly x(7),

(@ € |C|:i < p) y (bw € |C|: w C p) such that C k ip[as; by iff i € w.
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Shelah-Villaveces Axiomatization

@ Shelah-Villaveces Axiomatization
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Canonical tree

Canonical tree
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The formulas
The formulas

We define by induction on v < A" formulas ¢n () in Ly+ .+ for all
n<wand N € §,.

Q Ifv=0:

@ Ifn=0, then @y o(Tn) :=T.
@ Forn >0, let onon(Tn):

= A Diagl(N) where Diagli(N) :=
{O(Tags oos Tapy) QO vey W1 < K-y (T ooy xak ,) is an
atomic or negation of an atomic formula and N F p(ag,,...,a5, )}
Q If vy=p+41, then
(PN,%n(fn) = VZM \/ Hf:n

N=<xN', N'eSp+1

(PN’,B,n—H xn-{-l /\ \/ Zo = X§
<K §<k-(n+1)

@ If v is a limit ordinal, then N o (Tn) == A ©N g (Tn)

B<y
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The formulas
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The formulas
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The sentence

The sentence

Let X =a(k)Tt. We have vy ri10 € Lyt o+

Theorem (Shelah-Villaveces 2022)
M € K if and only if M F g 110

Proof sketch.
Notice that M E g 511 if and only if for all v < X and all A € [|M]]",
M E on.1[A] for some N € S;.

Left to right: induction on v < A. Use coherence and Lowenheim-Skolem.
Right to left: show that

S:={M* C M| there are N € S; with enumeration (a|o < k) and

f: N =M such that M E oy a[(f(ag)le < K)]}

is a directed system. Use a complicate combinatorial principle. ]
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The sentence

Syntactic substructure criteria

Theorem (Shelah-Villaveces 2022, N.S. 2023)

Q M <x Mo,
Q ifa € |My|=F then there are My <x My, Ng € Sy with enumeration
(af|a < k) and fz : Ng = Mg such that
@ a < |Mz|S" and
@ M F on, x1l(falag)|a < k).
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The sentence
Syntactic substructure criteria

N N

M

(K, =) = (Mod(¢x), <a)
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The sentence

A game to know if M € K: Gagc(M)

Let M be a 7(K)-structure. Remember that A = Jy(x)™" and
k = LS(K). The states of the game are pairs («, 7) where o < X and
m: N — M is a K-embedding for N € §,, and n < w.
Starting stage: is (), 0).
Further stages: At stage (o, 7):
@ Player I: picks an ordinal & < X and a tuple @ € |M|".
@ Player Il: picks N’ € 8,11 and a K-embedding 7’ : N — M such
that V <x N’ and

m' =mU{(ni,m;) i€k -n,k-(n+1))}

M € K iff player Il has a wining strategy in the game G aspc(M).

July 16, 2025
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Wath we have

@ Wath we have
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Wath we have

What we have

S. P. Th. R.P. Th . S-V. Ax. S.S. C
M Large Cardinals
black box

(K, =<x)
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Thank you! :
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