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Abstract

A significant amount of research in Architectural Geometry has dealt with skins
and structures which follow a quadrilateral layout with double curvature. In many
cases, such quad networks are computationally accessed by quad meshes which obey
various constraints. These may concern planarity of faces, supporting structures
which follow specific curvature paths, conditions on node angles, static equilibrium
and others.

In this paper we draw the attention to a new way of computing such constrained
quad meshes. The new methodology is based on the diagonal meshes of a quad
mesh and the checkerboard pattern of parallelograms one obtains by subdividing a
quad mesh at its edge midpoints. The new approach is easy to understand and
implement. It simplifies the transfer from the familiar theory of smooth surfaces to
the discrete setting of quad meshes. This is illustrated with planar quad meshes and
asymptotic nets, in particular with those exhibiting a constant node angle.

The application of such networks has advanced fabrication-aware-design in the ar-
chitectural practice. Looking at asymptotic nets specifically, we list their potentials
and challenges for the construction of strained gridshells. The benefits of constant
node angles are highlighted along different construction methods in timber and steel.
We conclude with current developments, looking at less-restricted and transformable
asymptotic structures, and how they are designed.

Keywords: Quad meshes, mesh optimization, constrained meshes, asymptotic
curves, construction-aware design, gridshells
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1 Introduction

Architectural skins are frequently based on quadrilateral meshes which are aligned
with panel boundaries and the support structure. Various construction constraints
lead to specific types of underlying quad meshes. This has been a topic of numerous
papers on architectural geometry. For an overview, we refer to Pottmann et al.
(2015). The most prominent examples are meshes with planar quads (PQ meshes),
in particular those whose panels are nearly rectangular. Those “principal meshes”
enjoy a number of favorable properties for architectural applications, but they are
also important from a purely geometric perspective (see Liu et al. (2006); Pottmann
et al. (2007); Bobenko and Suris (2008)). Geometrically speaking, they follow the
principal curvature lines of an underlying smooth reference surface.

Another important type of meshes, which however only exist on surfaces with
negative Gaussian curvature, are asymptotic meshes or A-nets. These are quad
meshes with planar vertex stars, i.e., a vertex and its four connected neighbors lie in
a plane (see Bobenko and Suris (2008)). Such meshes follow the asymptotic curves
(curves with vanishing normal curvature) of a smooth reference surface. They form
the basis of asymptotic gridshells, which can be manufactured from planar straight
metal strips (Schling (2018); Schling et al. (2018); see Fig. 1).

In this paper we would like to draw the attention to a new way of computing such
constrained quad meshes. The new methodology is based on the diagonal meshes
of a quad mesh and emerged in work of Jiang et al. (2019) on certain checkerboard
patterns of rectangles which approximate surfaces. It is easier to deal with than
previous methods, especially from a computational perspective. Moreover, it allows
one to transfer certain concepts from the classical setting of smooth surfaces to
quad meshes in a rather straightforward way.

In particular we deal with discrete intersection angles, called node angles, which
we understand in the following sense: A fair quad mesh can be seen as a discrete
version of a network of curves on a smooth surface. The network curves intersect
each other at an angle which may or may not depend on the location. Here, we
mostly deal with the latter case of a constant angle. For example, the network
of principal curvature lines on a surface has a right intersection angle. Discrete
versions of it are the principal meshes mentioned above. We will call them PQ
meshes with a right node angle, which is meant as a discrete counterpart of the
smooth setting. In fact, for a conical or circular mesh, usually none of the four
edges meeting at a vertex (node) will do so under right angle. However, under
refinement and by keeping the defining property, the mesh will converge to an
orthogonal curve network, namely the principal curvature lines. In the present
paper, we will study other node angles than right ones as well. Finding proper
discrete expressions has not been easy with previous approaches, but is very simple
with the present technique.

Finally, we look at the application of such meshes in architecture. Focusing on
asymptotic networks we discuss the benefits of constant node angles along di Cerent
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Figure 1: Asymptotic Gridshells have enjoyed international popularity in academic and commercial
projects. Top Row: INSIDE/OUT Pavilion at the TUM Campus in Munich (Schling et al. (2017)).
Second Row: Left: Workshops at Chalmers University in Gothenburg (2019 and 2020) (Adiels et al.
(2019)); Middle: Steel Structure at the National Taiwan University of Science and Technology
(Shih et al. (2019)); Right: Super Succah, Sculpture at the Sea, Bondi, Sydney (Maxwell (2019)).
Bottom Row: First permanent Asymptotic Canopy for the Intergroup Hotel in Ingolstadt in
collaboration with Brandl Steel, Eitensheim (Schling and Schikore (2020)).
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construction methods in timber and steel. Node angles may also be used as design
parameters. We introduce recent and future projects with variable node-angles that
create freeform and transformable asymptotic structures.

1.1 Overview and contributions

We provide alternative discrete models for quad meshes which are of interest
in architecture. Our approach uses the two diagonal meshes of a quad mesh
(control mesh) and a checkerboard pattern of parallelograms which arises
from the control mesh by subdivision at edge midpoints.

We show how to design and optimize PQ meshes and A-nets with a specific
focus on controlling the node angle. In particular, we discuss PQ meshes
with a constant node angle that needs not be a right angle. Among these
structures, we find checkerboard patterns from “white” planar faces and
“black” rhombi which are similar to each other (scaled versions of each other).
They appear as a discrete model of a class of surfaces which extends the well-
known isothermic surfaces. The latter can be represented by checkerboard
patterns from black squares and white planar faces.

We discuss A-nets with a constant node angle, thereby simplifying a recent
approach by Jimenez et al. (2020).

We show how to solve rationalization problems with the structures mentioned
above.

We use the node angle as a design tool in form-finding processes.

We illustrate our work by real projects and fabricated models.
1.2 Related work

The idea of checkerboard patterns and the closely related concept of working with
a pair of meshes previously appeared in various special cases in pure mathematics.
Kenyon (2002) uses it in connection with discrete complex analysis, while Bobenko
et al. (2016) and Techter (2020) employ mesh pairs to express right angles for
discrete versions of the orthogonal system of confocal quadrics.

Following up on checkerboard patterns by Jiang et al. (2019), Jiang et al. (2020)
present a new approach to discrete developable surfaces and isometric deformations,
a topic which is also of high interest in architecture. The discrete developable
surfaces therein are more flexible than previous versions, among which the dis-
crete orthogonal geodesic nets by Rabinovich et al. (2018) are probably the most
interesting ones.

The optimization framework which we employ in our research is not considered a
contribution, as we simply follow Tang et al. (2014) and Jiang et al. (2019).
2 Theory and computation

General setup. Our structures are derived from a quad mesh C, called control mesh.
Inserting edge midpoints in a not necessarily planar quadrilateral and connecting
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them, one obtains a parallelogram (Fig.2, left). By the intercept theorem, its edges
are parallel to the diagonals of the quad and have half their length. Performing this
mid-edge subdivision in all quads of C, we obtain a checkerboard (CB) pattern P
with one family of planar quads (we call them the black ones) being parallelograms
(Fig.2, middle). The other (white) quads are in general not planar, but they are
scaled versions with factor 1/2 of a face in one of the two diagonal meshes D;, D,
of C (Fig. 2, right; and Fig. 11, middle).

Figure 2: Left: The edge midpoints of a quad form the vertices of a parallelogram whose edges are
parallel to the diagonals of the quad and of half their length. Middle: These parallelograms form a
checkerboard pattern. Right: The diagonals of a quad mesh (yellow) can be arranged in two quad
meshes (red, blue). Each white face in the checkerboard pattern is a scaled version (with factor
1/2) of a face in one of the two diagonal meshes.

As discussed in more detail by Jiang et al. (2019), the black parallelograms provide
first order information on the discrete surface parameterization which is represented
by the pattern P, and in fact also by both of the diagonal meshes D1, D,. For
example, if the parallelograms are rectangles, P and D1, D, can be considered as
discrete orthogonal nets.

A key observation is the following one: Node angles measure discrete intersection
angles of mesh polylines. In each quad of the control mesh, the two edges of the
mesh pair (D1, D>) are the diagonals of that quad. They may be seen as discrete
surface tangents and their angle is easily computed. Hence, in our discrete model
node angles appear as angles between diagonals in the quads of the control mesh.

Planar quads and constant angle. If we want a CB-pattern from planar quads,
we also have to make the white faces planar. This implies that both diagonal
meshes D1, D, have to be PQ meshes. So far, there is no advantage of using two
meshes. However, it becomes apparent if want the planar quads to be as rectangular
as possible. Then, all parallelograms in the pattern P have to be rectangles. This
is expressed via the additional constraint that each quad of the control mesh C
has to possess orthogonal diagonals. Note that this condition is simpler than the
ones involved in circular meshes or conical meshes which have been used previously
to obtain PQ meshes whose faces are as rectangular as possible (principal meshes).
While the CB-pattern itself lacks a bit in terms of smoothness, each of the two
diagonal meshes is a principal mesh, with all advantages that come with it, e.g.,
the existence of a torsion free support structure (see also Jiang et al. (2019)). The
node axes of the support structure are easily computed. The axes for the vertices of
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