
Analytic Combinatorics: Complex-analytic Methods and Applications

Analytic Combinatorics: Complex-analytic
Methods and Applications

Bernhard Gittenberger

TU Wien

April 23rd, 2026



Analytic Combinatorics: Complex-analytic Methods and Applications

The saddle point method

The saddle point method
Typical application in combinatorics:

fn = [zn]f (z) =
1

2πi

∮
γ

f (z)
zn+1 dz

Lemma

If f (z) is a generating function which is not a polynomial, its
radius of convergence R is larger than zero, and
limz→R− f (z) = ∞, then

lim
z→0+

f (z)
zn+1 = lim

z→R−

f (z)
zn+1 = ∞ =⇒ ∃! ζ ∈ (0,R) : g′(ζ) = 0

where g(z) = f (z)z−n−1.

Proof: (f (z)z−n−1)′′ > 0 for 0 < z < R, hence it is convex.



Analytic Combinatorics: Complex-analytic Methods and Applications
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Corollary (Saddle point bound)

f analytic at z = 0, fn ≥ 0, radius of convergence R. Assume
limz→R− f (z) = ∞ and that f (z) is not a polynomial. Let ζ be
the unique positive solution of xf ′(x)

f (x) = n + 1. Then

fn = [zn]f (z) ≤ f (ζ)
ζn

Proof: ζ is saddle point if
(

f (z)
zn+1

)′
= 0:

(
f (z)
zn+1

)′
=

f ′(z)
zn+1−(n+1)

f (z)
zn+2 = 0 ⇐⇒ zf ′(z)

f (z)
= n+1 ⇐⇒ z = ζ.

Choose γ to be the circle |z| = ζ and use the estimate∣∣∣ f (z)
zn+1

∣∣∣ ≤ f (ζ)
ζn+1 for the integration.
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Proof idea:

Example

f (z) = ez =⇒ zf ′(z)/f (z) = z = n + 1

1
2πi

∮
|z|=n+1

ez

zn+1 dz =
en+1

(n + 1)n ≍
√

n
n!

.
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The saddle point method

Idea of the saddle point method to compute
∫ B

A ef (z) dz:
(Note: saddle points of ef (z) and of f (z) coincide!)

Choose integration contour
through a saddle point.
Cut off the tails.
Approximate the integrand:

f (z) = f (ζ)+
1
2

f ′′(ζ)(z−ζ)2+O(ηn)

ηn → 0 uniformly.
Add new tails, using the
simplified integrand:∫

γ
≍
∫ ∞

−∞
e−|f ′′(ζ)|z2/2 dz
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The saddle point method

Example (Stirling’s formula revisited)

n! ∼ nn

en

√
2πn

1
n!

= [xn]ex =
1

2πi

∮
ex

xn+1 dx =
1

2πrn

π∫
−π

ereiθ
e−inθ dθ

reiθ = r + iθr − θ2

2
r + O

(
θ3r
)

ereiθ ∼ er exp

(
iθr − θ2

2
r
)
, as r → ∞, uniformly for θ = o(r−1/3)
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The saddle point method

Example (Stirling’s formula revisited – cont’d)

∣∣∣ereiθ
∣∣∣ = eℜ(reiθ) = er cos θ

cos θ ∼ 1 − θ2

2
, θ small

=⇒
∣∣∣ereiθ

∣∣∣ ≤ er exp

(
−
θ2

0
2

r

)
, as r → ∞,

uniformly for θ0 ≤ |θ| ≤ π
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Example (Stirling’s formula revisited – cont’d)

If x = reiθ, then with δ(r) = r−2/5

ex ∼ er eiθr−θ2r/2, as r → ∞, uniformly for |θ| ≤ δ(r)

and

|ex | = O

(
er exp

(
− r1/5

2

))
= o

(
er
√

r

)
, r → ∞, |θ| ≥ δ(r)

Hence

π∫
−π

ereiθ
e−inθ dθ =

δ∫
−δ

ereiθ
e−inθ dθ

︸ ︷︷ ︸(
er ·
√

2π/r
)

e−(r−n)2/2r+O
(

e−Cr1/5
)
+

∫
|θ|≥δ

ereiθ
e−inθ dθ

︸ ︷︷ ︸
o(er/

√
r)
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The saddle point method

Example (Stirling’s formula revisited – cont’d)

We get

rn[xn]ex ∼ er
√

2πr
exp

(
−(r − n)2

2r

)
for r → ∞ and uniformly for all integers n.

Inserting r = n =⇒ Stirling’s formula.
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Large powers
Large powers appear frequently in combinatorial enumeration:

A = Seqk (B), then

[zn]A(z) = [zn]B(z)k .

If f (z) = zϕ(f (z)) then by Lagrange inversion we get

[zn]f (z) =
1
n
[zn−1]ϕ(z)n.
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Theorem

Let f (z) =
∑

n≥0 fnzn, fn ≥ 0, suppose there are n1 < n2 < n3
such that fn1 fn2 fn3 > 0 and gcd(n2 − n1,n3 − n1) = 1.
Then, for all ε > 0,

fn,k = [zn]f (z)k =
f (ρ)

ρn
√

2πσ2k

(
exp

(
− r2

2σ2k

)
+ O

(
k− 1

2+ε
))

,

as k → ∞ and uniformly for µ and r such that n = µk + r and
µ ∈ [a,b], where a > 0 and b > 0. ρ and σ2 are given by

ρf ′(ρ)
f (ρ)

= µ, σ2 = µ− µ2 +
ρ2f ′′(ρ)

f (ρ)
.

Proof: Use Cauchy’s integral formula with |z| = ρ, ρ being the
saddle point of f (z)k

zµk+1 .
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Then, as µk + 1 ∼ n, we get

fn,k ∼ 1
2π

∫ π

−π
f
(
ρeit
)k

ρ−ne−itn dt

The maximum of |f
(
ρeit) | is at t = 0, thus for δ > 0 there is

0 < α < 1 such that ∣∣∣f (ρeit
)∣∣∣ ≤ αf (ρ)

when ρ ∈ [ρa, ρb] and δ ≤ |t | ≤ π.
We choose ρa, ρb so that ρ ∈ [ρa, ρb] is equivalent to µ ∈ [a,b].
Moreover,

log f
(
ρeit
)
= log f (ρ) + iµt − σ2t2

2
+ g(t3)

and choose δ so small that |g(t3)| < σ2t2

3 , uniformly for
ρ ∈ [ρa, ρb], if |t | < δ.
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fn,k =
1

2π

∫ δ

−δ
f
(
ρeit
)k

ρ−ne−int dt + O
(

f (ρ)kρ−nαk
)

=
f (ρ)k

2πρn

(∫ δ

−δ
exp

(
−irt − σ2k

2
t2 + kg(t3)

)
dt + O

(
αk
))

=
f (ρ)k

2πρn

∫ k− 1
2 +ε

/σ

−k− 1
2 +ε

/σ
exp

(
−irt − σ2k

2
t2 + O

(
k− 1

2+3ε
))

dt

+ O
(
αk
)
+ O

(
δ exp

(
−k2ε

6

))
Now substitute u =

√
σ2k · t and obtain

fn,k =
f (ρ)k

2πρn
√
σ2k

∫ kε

−kε

exp

(
−i

r√
σ2k

u − u2

2

)(
1 + O

(
k− 1

2+3ε
))

du.
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fn,k =
f (ρ)k

2πρn
√
σ2k

∫ kε

−kε

exp

(
−i

r√
σ2k

u − u2

2

)(
1 + O

(
k− 1

2+3ε
))

du.

Finally, use

∫ ∞

−∞
e−Cx2−Dx dx =

exp
(

D2

4C

)
√

C

∫ ∞

−∞
e−v2

dv︸ ︷︷ ︸
=
√
π

with
C =

1
2

and D =
ir√
σ2k

.
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Hayman admissible functions

Hayman admissible functions

yn = [xn]y(x) =
1

2πi

∫
|x |=r

y(x)
xn+1 dx

If y(x)x−n is concentrated at a saddle point ζn:

yn ∼ y(ζn)ζ
−n
n√

2πσ2(ζn)
, (n → ∞)

where

σ2(ζ) =

[
∂2

∂v2 log y(ζev )

]
v=0

=
ζ2y ′′(ζ)

y(ζ)
−
(
ζy ′(ζ)

y(ζ)

)2

+
ζy ′(ζ)

y(ζ)
.
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Definition (Hayman admissible function)

1 f (x) analytic in |x | < R, positive in (R0,R)

2 ∃δ : (R0,R) → (0, π) such that in (R0,R):

f
(

reiθ
)
∼ f (r) exp

(
iθa(r)− θ2

2
b(r)

)
, r → R,

uniformly for |θ| ≤ δ(r), where
a(r) = rf ′(r)/f (r),b(r) = ra′(r)

3 In (R0,R)

f
(

reiθ
)
= o

(
f (r)√
b(r)

)
, r → R,

uniformly for δ(r) ≤ |θ| ≤ π

4 b(r) → ∞ as r → R.
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Theorem (Hayman 1956)

Let f (x) be H-admissible (∈ HR). Then, as r → R, we have

fn =
f (r)

rn
√

2πb(r)

(
exp

(
−(a(r)− n)2

2b(r)

)
+ o(1)

)
,

uniformly for all integers n.

Examples: ex , eex
, exp

(
1

1−x

)
are admissible.

Corollary

Let f (z) ∈ HR, then
fn ∼ f (ζn)√

2πb(ζn)ζn
n

where ζn is defined by a(ζn) = n.

Remark: For sufficiently large n, ζn is unique.
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Proof: Let δ = δ(r)

fnrn =
1

2π

∫ 2π−δ

−δ
f (reiθ)e−inθ dθ

=
1

2π

∫ δ

−δ
f (reiθ)e−inθ dθ︸ ︷︷ ︸

I1

+
1

2π

∫ 2π−δ

δ
f (reiθ)e−inθ dθ︸ ︷︷ ︸

I2

Clearly, I2 = o
(

f (r)√
b(r)

)
.

I1 =
f (r)
2π

∫ δ

−δ
exp

(
i(a(r)− n)θ − b(r)

2
θ2
)
(1 + o(1)) dθ

=
f (r)
2π

(∫ δ

−δ
exp

(
i(a(r)− n)θ − b(r)

2
θ2
)

dθ + o

(
1√
b(r)

))
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Remaining part:

f (r)
2π

∫ δ

−δ
exp

(
i(a(r)− n)θ − b(r)

2
θ2
)

dθ

|f (reiδ)|
f (r)

∼ e−b(r)δ2/2 = o

(
1√
b(r)

)
=⇒ b(r)δ2 → ∞

Substitute y = θ
√

b(r)/2:

I1 ∼ f (r)
π
√

2b(r)

∫ δ
√

b(r)/2

−δ
√

b(r)/2
exp

(
−y2 + iy

a(r)− n√
b(r)

√
2

)
dy

∼ f (r)
π
√

2b(r)

∫ ∞

−∞
exp

(
−y2 + iy

a(r)− n√
b(r)

√
2

)
dy︸ ︷︷ ︸

√
π exp(−(a(r)−n)2/(2b(r)))
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Consequences:
Admissible functions have at least exponential growth, their
maximal modulus is on the positive real line.
"Distribution" of partial sums asymptotically Gaussian, i.e.,

∑
n≤a(r)+ω

√
2b(r)

anrn ∼ f (r)√
π

ω∫
−∞

e−t2
dt .

Growth of derivatives: f (k)(r) ∼ f (r)(a(r)/r)k , as r → R.
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Theorem (Closure Properties, Hayman 1956)

1 p(x) real polynomial, ep(x) =
∑

anxn, almost all an
positive, then ep(x) ∈ H

2 f1(x), f2(x) ∈ H =⇒ efi (x) ∈ H and f1(x)f2(x) ∈ H
3 f (x) ∈ HR, p(x) polynomial with positive leading coefficient

and p(R) > 0 =⇒ f (x)p(x) ∈ HR

4 f (x) ∈ H and g(x) = O
(
f 1−δ

)
=⇒ f (x) + g(x) ∈ H

Remark: Maple packages by Salvy et al. (Algolib)
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Example (Stirling’s formula)

Find asymptotic of n!:

1
n!

= [zn]f (z) = [zn]ez

ez ∈ H,

a(r) =
rf ′(r)
f (r)

= r , b(r) = ra′(r) = r .

Saddle point equation: a(ζn) = n.
This implies ζn = n and thus

fn =
1
n!

∼ 1√
2πb(ζn)

f (ζn)

ζn
n

=
1√
2πn

en

nn .
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Example (Bell numbers)

ez ∈ H, likewise ez − 1 ∈ H and thus f (z) = eez−1 ∈ H.
This function corresponds to Set(Set(Z) \ {ε}).

We get

a(r) =
rf ′(r)
f (r)

=
rer f (r)

f (r)
= rer , b(r) = ra′(r) = r(1 + r)er ,

Saddle point equation: ζneζn = n.
Taking logarithms and then using ζn = log n − log ζn gives

ζn ∼ log n − log log n + o(1).

Thus

Bn = n![zn]f (z) ∼ n!√
2πζ2

neζn
· eeζn−1

ζn
n

∼ n!
e
√

2πn log n
· en/ log n

ζn
n
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Example (Involutions)

An involution is a permutation with no cycles of length 3 or
more. Thus

f (z) = ez+ z2
2 =

∑
n≥0

fn
zn

n!
∈ H

We compute

a(r) = r + r2, b(r) = r + 2r2, ζ2
n + ζn = n

and so ζn =
√

n − 1
2 + 1

8
√

n + O(n−3/2).

This implies

f (ζn) = eζn+
1
2 ζ

2
n = e

1
2 (ζn+n) = exp

(√
n

2
− 1

4
+ O(n−1/2)

)
and b(ζn) = ζn + 2ζ2

n ∼ 2ζ2
n ∼ 2n.
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Example (Involutions – cont’d)

ζn
n =

(√
n − 1

2
+

1
8
√

n
+ O(n−3/2)

)n

= nn/2
(

1 − 1
2
√

n
+

1
8n

+ O(n−2)

)n

= nn/2 exp

(
n

[(
− 1

2
√

n
+

1
8n

)
− 1

2

(
− 1

2
√

n
+

1
8n

)2

+O
(

1
n3/2

)])

= nn/2 exp

(
−
√

n
2

+ O
(

n−1/2
))

∼ nn/2e−
√

n/2

Thus
fn
n!

∼ f (ζn)√
2πb(ζn)ζn

n
∼

exp
(n

2 +
√

n − 1
4

)
2nn/2

√
πn
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