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Singularity analysis for implicit functions

Theorem (Implicit function theorem)

If F(z,y) is analytic, F(zo, yo) = 0, Fy(2o, yo) # 0, then there is
a unique analytic function y(z), defined in a neighbourhood of
Zg such that F(z,y(z)) = 0.

Thus, the solution of a function can only have a singularity at zy
if Fy(Zo,yo) = 0. Then

F(z,y) =F(zo, yo) + Fz(20, Y0)(z — 20) + Fy (20, Y0)(¥ — ¥0)
L Pz 00)ly = ¥0)?
2

Fz2(20,¥0)(z — 20)?
+ 2

+ Fyz(20, Yo)(¥ — Yo)(z — 20)

+0(lz= 2P +1y - %l*)
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Theorem

Assume that F(z, y) is analytic and that y(z) is a solution of the
functional equation F(z,y) = 0. Moreover, F(zy, yy) =0,
Fy(20,%0) = 0, Fz(20, Yo0) # 0, and Fyy (2o, yo) # 0. Then, locally
around zy, the function y(z) admits the expansion

Proof (sketch): Considerations of the previous slide ~~ main
term
bootstrapping ~~ error term

220F;(20, o)

Z)=Yt ,/1—+O<’1—
(2)= o Fyy(zod’o 20

asz — zp.

OJ
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Applications

The practical procedure is as follows:

Preparation:

a) Locate the dominant singularities.
b) Check for analytic continuation.

Determine the singular expansions.
Apply transfers.

In case of more than one dominant singularity: Collect
contributions and sum up
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Example (Motzkin trees)

M=Z4+ZXM+ZxMxM,
thus M(z) = z(1 + M(z) + M(z)? and

1-z-/(1+2)(1-32)
M(z) = 2z
Singularities are at z = —1 and z = 1/3.
Analytic continuation possible. For z — 1/3 we have

M(z) =1 —+v3V1 -3z + O((1 — 32)%?)

Apply transfer:
—v3-3"

— nnp=5/2y _
Mp ns/zr(_%)JrO(Sn )

3"V/3
— == ++0(3"n"%/?
2V ( )
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Example (2-regular graphs)
Recall

g = Set(Cyc(u)
and

>3(2))

z 22
(2) = 1 [ 1 —z—z—2 _&: ¢
gl2)=ep |3z 87, > :

as well as

-z
V4 22
e i T =34 <1 —(z-1)+ %(z— 1)2+O<(z— 1)3>> :
Thus ,
e 2 % - e3/4
Vi-z
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Example (2-regular graphs — cont’d)

2

e it e
= +0(V1-2z
Vi—-z 1=z (Vi-2)
Applying transfers gives
gn  e34n1/2 o
Z"g(z) == = ——~—+0(n
20@) = 5 = 55 (n=*/?)
and s
nle 1
= 1+40(=)]).
on="0 (1+0(3))
More precisely:
nle=3/4

5 1 S
In=""Jzn <1_8n+128n2+o<n ))
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Example (Children’s rounds)

R = set(Z xCyc(2))

R(z) = exp (Zlog ] iz> =(1-2)"7%
Simplifying gives

Thus

1 1
R(z) = TP (—(1 —Z)Iog1 —Z)
1 1 o 1
= L — log +O(\/1—z)
1-—Zz 1-2z

R(z) has singularity at z = 1 and is analytic in C \ [1, c0).
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Example (Children’s rounds — cont'd)

Remark: Better estimate is

r”:1—1+o<'°g”>
n! n

In general: m, k € N then

1 (log n)k—1
—z T pmH

[2"](1 — )" logX 1
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Example (Permutations with all cycles of odd length)

F = set(Cycou(Z))

Thus
log 11 —log 735 1, 1+z
f(z) = exp 5 = exp §|0g1—z
14z
V1 -z

Singularities are z = +1,
f(z) is analyticon C \ ((—o0, —1] U [1, 00)).
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Example (Permutations with all cycles of odd length — cont’d)

The singular expansions are

f(z) = #\fﬁz 7\/74—0(\ z|3/2),asz—>1,
f(z) = \%\/1 +z—|—O<|1 +z|3/2), asz— —1.

and hence we get

o Vrn o 2v2rm

AR R
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Example (Number of cycles in a random mapping)

Let B =,~qBnwhere B, ={f:{1,...,n} = {1,...,n}},
equipped with the uniform distribution.
Clearly: |Bn| = n".
Functional digraph of an ell??ment of Bog: @
2@

20

We see that 016
B = Set(Cyc(T)), where T = ZxSet(T).
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Example (Number of cycles in a random mapping — cont’d)

When marking cycles, then
B = set(ucyc(T)), whereT = Zxset(T).

Thus, with by, x = # functional digraphs with n vertices and k

nodes, the bivariate GF B(z,u) = 3" ,-0 > s bnkUF Z; satisfies

_ 1 _ 26T
B(z,u) = exp <u|og T T(z)) ,  Where T(z) = ze"\?).
The average number of cycles in 3, is then

1 n! d
o> Kbk = 12" B(z,u)|

u=1 '
k>0
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Example (Number of cycles in a random mapping — cont’d)

Since
1 1

- 1-T(@) BT-T(2)

d
—B
—B(z,u)

we are searching for

l![zn] 1 lo 1
T2 BT -T2
To find the singularities, we must solve

F(z,T)=T-ze" =0, Fr(z,T)=1-2ze" =0,

which has only one solution: zy =1/e, To = T(2) = 1.
We find F;(1/e,1) = —e, Frr(1/e,1) = —1 and thus

T(z)=1-V2Vy1-ez+0O(1-ez), asz— 15.
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Example (Number of cycles in a random mapping — cont’d)

Hence

n._ . 1 | 1
P Tk

n__, 1 1
~ —|[z lo
n”[ ]\@\/1 — ez g\@\H—ez

2rne” e—n[z”] 1 1 1
V2 A=z 2 81
1
1 5—1
N\/Wn~—~nzi1logn
2 T(3)

—1I n
_20g
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Example (Pdlya trees)

P = {o} x MSet(P)
Thus
P(z) = zexp (Z F’(Iz’)) = 26" Q(2)
>1

Searching for dominant singularities: The above equation
implies p < 1 < 1, thus Q(z) is analytic for |z| = p.

The system P = ze”Q, 1 = ze” Q has one solution (p, 1).
P(p) = 1 implies pe = 1/Q(p) < 1 and thus p < 1/e.

Comparing with the GF for the Catalan numbers:
P(1/4) < C(1/4) =1/2 < 1 implies p > 1/4.
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Example (Pélya trees — cont'd)
We have F(z, P(z)) = 0 with F(z, P) = zePQ — P.

2pFz(p, 1) z
PO R VT

We compute Fpp(p, 1) = (zePQ)(p,1) = 1 and

0 (26PQ— P) = p(pe@ + Q)

pFZ(p71):p§
=1+ P
Thus 1=z
V2. /1 i>p/ii 1 ,->P”i
[2"P(2) = I+ S0P 14502 PWr

r—12vm N =
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Example (Extremal parameters:
Average height of binary trees (sketch))

By = 0, By = {0}, Bri1 = {0} U{o} x By x By
and thus By(z) =1, Bxky1(2) =1+ ZB/((Z)2

> h(# trees w. height h) = " (# trees w. height > h)

h>0 h>0
= [2"]) (Bx(2) — Bn(2))
h>0
f(2)
. fn fn
— average height = ———— ~ —Vmnd

15 (2n—2) 4n

n—1
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Example (Extremal parameters:
Average height of binary trees (sketch) — cont'd)

Flajolet & Odlyzko 1982 showed:

f(z) = 2log +0 ((1 - 4z)1/4+f)

1
1-4z
2
-ng _ = —5/4+¢

= average height = v/7n+ O (n1/4+€>
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Example (Extremal parameters:
Longest cycle in a permutation (sketch))

A...cyclic permutations, GF A(z) = log (= = 3 &
i>1

B...all permutations, GF B(z) = X9, because B = Set(A)

k—1

longest cycle length less than k: GF By(z) = exp (Z 7)
j=1

Thus consider

f(z) = ] 1Zkzo<1 — exp (ijl))
> j=

Rem.: f, = E(length of longest cycle in 5,)
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Example (Extremal parameters:
Longest cycle in a permutation (sketch) — cont’d)

Substitute z=e !, thent 2 0=2z—>1,z~1—
ooeftu o0 AH—U

Z el e
NSt E—au=] S-4
2 T=1 /k w /k u

j>k >k t
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Example (Extremal parameters:
Longest cycle in a permutation (sketch) — cont'd)

Substitute z=e !, thent 4 0 =—=2z—1,z~1—t:

| —1 oo p—tu 00 A—U
Z.—tze.wt/ © du—/ ° qu
J /] Kk tu kU
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Example (Extremal parameters:
Longest cycle in a permutation (sketch) — cont’d)

Substitute z=e !, thent 2 0=2z—>1,z~1—

2 et 00 g—tu o g—U
.th.Nt/ du:/ ~—du
J ] k ke U
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Example (Extremal parameters:
Longest cycle in a permutation (sketch) — cont’d)

Substitute z=e !, thent 2 0=2z—>1,z~1—

2 et 00 g—tu o g—U
.th.Nt/ du:/ ~—du
J ] k ke U

=k j>k
o0 o0 —u
(1 - 2)f(z) = 1/ <1 ~exp (—/ © du)) dx
t 0 X u
constant C
C
— f(Z)N > anCn.
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