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The saddle point method

Typical application in combinatorics:

Lemma

If f(z) is a generating function which is not a polynomial, its
radius of convergence R is larger than zero, and
lim, ,p_f(z) = oo, then

f(2) . f(2)

lim = lim
70+ ZN+1 z—R— ZN+1

=00 = 3¢ (0,R): g(¢)=0

where g(z) = f(z)z="1,

Proof: (f(z)z="~1)" > 0for 0 < z < R, hence itis convex.  [J
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Corollary (Saddle point bound)

f analytic at z = 0, f, > 0, radius of convergence R. Assume

lim,_,p_f(z) = oo and that f(z) is not a polynomial. Let { be

the unique positive solution of X;(f(’)‘) =n+1. Then

f, =[2"f(z) < Cfr(ﬂ

Proof: ¢ is saddle point if (;ﬂ%)l =0:

< ) )l = f/(z)—(n+1) 2) oo 21(z) _ 1 z=¢(.

Zn+1 Zn+1 Zn+2 - f(z)

Choose ~ to be the circle |z| = ¢ and use the estimate

% < Cfﬁ—ﬂ for the integration.

O
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Proof idea:

Example

f(z) =€ = zf(2)/f(z)=z=n+1

1 e? e \/n

— ——dz= ——— =< .
270 Jiz=ny1 21 (n+1)" " n
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Idea of the saddle point method to compute [, f(?) dz:
(Note: saddle points of e/(?) and of f(z) coincide!)

m Choose integration contour
through a saddle point.

m Cut off the tails.
m Approximate the integrand:

1(2) = F(C)+ " (C)(z—CP+Onn)

nn — 0 uniformly.

m Add new tails, using the
simplified integrand:

/X/OO o I1(0122/2 45
ol —00
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Example (Stirling’s formula revisited)

nn
n' ~ —v2rn
en

1_ max 1 ex _ 1 [ rel® —ino
H_[x]e_z—m. x”+1dx_27rr"/e e """ db

) 92
0 __ iy 3
re” =r—+ifr 2r+0<0 r)

_ 2
e’ ~ e exp <i9r — 2r> , as r — oo, uniformly for = o(r=/3)
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Example (Stirling’s formula revisited — cont'd)

‘erem _ em‘:(re”’) _ ercosG

92
cosf ~1— ok 0 small

%

i0
— ’e’e' ’ < e exp ;

r|,asr— oo,

uniformly for g < |6| <7
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Example (Stirling’s formula revisited — cont'd)

If x = re?, then with §(r) = r=2/°

e ~ e 12y o0 10| < 8(r)

and

= O exp [T (5 01> 5(r)

e’ = € exp|—— =0o(—), r—o0,|f>0d(r
2 ﬁ)

Hence

T )
o _; o _; 0 _j
/ere’ e in do = /ere’ e in6 do + / ere’ e in6 do
- 3 013

(€/-\/2m/r)e=(r=n?/2r o(e/VT)
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Example (Stirling’s formula revisited — cont'd)

We get

r"[x"e* ~ \/Zr?r exp <_(rZrn)2>

for r — oo and uniformly for all integers n.

Inserting r = n = Stirling’s formula.
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Large powers

Large powers appear frequently in combinatorial enumeration:
m A = Seqgy(B), then
[2"A(2) = [2"]B(2)".

m If f(z) = z¢(f(z)) then by Lagrange inversion we get

(271f(2) = L[z "lo2)"
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Theorem

Letf(z) = ano f,z", f, > 0, suppose there are ny < N> < n3
such that fn, fn,fn, > 0 @and ged(np — ny,nz — ny) = 1.
Then, for all e > 0,

o= 2 =~ (0 (5 ) + O (4)).

as k — oo and uniformly for i and r such that n = uk + r and
u € [a, b], where a> 0 and b > 0. p and o2 are given by

pf(p) _ _ PP (p)
AR

Proof: Use Cauchy’s integral formula with |z| = p, p being the
saddle point of ;fj)ﬁ
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Then, as uk + 1 ~ n, we get
1 " it k —n 4—itn
fok ~ o _Wf(pe > p e M dt
The maximum of |f (pe'!) | is at t = 0, thus there is § > 0 and
0 < a < 1 such that

oot <ot

when p € [pa, pp] and 6 < [t| < .
We choose pa, pp SO that p € [pa, pp] is equivalent to i € [a, b).
Moreover,

. , 2
log f <pe’t) = log f(p) + iut — OT +9()

and choose § so small that |g(#3)] < %L, uniformly for
p € [pa; pp), if [t] < 6.
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e it\K —n\—int Kk —n_k
f”’k_27r _6f(pe> p e dt—i—O(f(p) p "a )

_ ) ([ LY 3 K

= 2 /6exp —irt — Tt + kg(t°) dt—l—O(a )

—14e
_ f(P)k k2o ; ok 2 —143¢
= 2 /_k—5+s/geXp —/rt—Tt +O(k 2 ) dt

-0(at) +0(ses <k§>>)

Now substitute u = v'a2k - t and obtain

—_ f(p)k kE . r U2 _1_1’_35
fn’k_m/;ksexp —/ﬁu— > (1 +O(k 2 )) du.
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ok = 2o \/7/ exp < (:zku— f) (1 +0 (k7%+35)> du.

Finally, use

DZ
/ e O Dxgx = / e dv
—0o0

with
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