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Limiting distributions

Example (Words over a 2-element alphabet)

W = {a, b}*: set of words over {a, b}, size = word length.
wp=2", W(z)=1/(1 —22).

Let a(w) := number of initial a's of w,
B(w) := total number of a’s of w.
Set ank =P{a(w)=k| we Wy},

bok =P{B(w)=k| we Wy}
Then

1 1 1 /n
an,k =] W, for k < n’ an,n = 5’ bnvk = 2[7(k)
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Example (Words over a 2-element alphabet — cont'd)

Distribution: limn_,oc @nkx = a := e, Uniformly in k.
discrete limiting distribution: a ~ Geom (3), un = O(1),
02 =0(1).

b, k. Set n = 2v and apply Stirling’s formula, which gives

. (vt 7) et
R @)  Ja

14

uniformly for t = o (v'/6).

2 k-2 1 2
= bpk ~ —=f 2 | where f(x) = —e X /2
" ﬁ(;ﬁ> W=

— B~ N (pun, 02) With un ~ 0 and o2 ~ 1.
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Why do « and 3 behave in a different way?
Comparison of the analytic behaviour of the bivariate GF:

1—z 1 1
i—wi-az PPV Tanyy

Alz,u) =
The probability GF are

_2NAGzu) 1t +0((2/3)"), for Ju| < 3/2,

@)= Az ) 218
ane 2")B(z.u) (1
zMB(z,u +u\"
b”(“):[znlB(z,w:( 2 )

ointwise 1 1
an(u) ™% 5TT
2

which is the probability GF of Geom (3).
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On the other hand: b,(u) not convergent, scaling required!

Compare with the univariate GF:

A(z,1)=B(z,1) = T 5

both have a pole at z = 1/2.

_ 1
1 1-2 2 _A(z,1), asz— 3,

A = ~
(W)= T2, "1

uj <3
3

Singularity unchanged when u varies!

—— depends on u!

B(z,u) = Tz 1) singularity p(u) = - +u

[z"]B(z,u) = p(u)~"...analytic analog of the CLT.
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Discrete limit laws

Xn has a discrete limit law, if there are px such that

Remark: Convergence to discrete limit laws is always uniform.

Theorem (Continuity theorem)

LetQ C {z € C: |z| <1} with an accumulation point x with
|x| < 1. Consider the PGF pp(u) = 3" 40 PnkU* and

p(u) = "= PxUX and assume that for all u € Q we have
limn_soo Pn(U) = p(U). Then limp_oc Pnk = Pk-

Rate of convergence: If pp(u) and p(u) are analytic in |u| < r
and and continuous on |u| = r, then

[Pk — Pkl < 7 sup |pn(u) — p(u)].
uj=r
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Application: The composition schema F(z, u) = g(uh(z))
corresponding to the substitution construction of combinatorial
structures.

g(z) and h(z) are GF, h(0) = 0, the radii of convergence are pqg
and pp, and let

o= lim g(). = lm ().

Definition

The composition schema g(uh(z)) is called
m subcritical, if 7, < pg,
m critical, if 7, = pg,
m supercritical, if 7, > pg.
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Lemma

Let the composition schema F(z, u) = g(uh(z)) be subcritical,
pn being the only dominant singularity of h(z) and

z\* z\*
h(z):rh—c(1—> +o(<1—> ),CER+,O<)\<1.
Ph Ph

Then we have a discrete limit law with

k—1
. fn,k kngh
lim =

ug'(thu)
n—oo fp g/(Th) ’

9'(mh)

;o p(u) =

Proof: g(z) is analytic at z = 13, so g(h(z)) has a unique
dominant singularity at z = p, and is A-analytic.
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Therefore

A
a((2)) = ) g on) (1= £ ) (1 0(1)).
A transfer gives then

= [21a(h() = ~ T 51 (14 o).

Let r < pg/7h. Then, for |u| < r we obtain

g(Uh(Z)):g<UTh—CU <1 _th>A+O<<1 _th)A>>
= g(um) — cug’(ur) (1 B ;>A+o(<1 _;’)A)

This implies

p(u)

_ o [27g(un(z) _ ug'(urh)
n=oo [20g(h(2))  g'(7h)
Finally, apply the continuity theorem. O
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Sequences, sets and cycles of labelled objects:
Let

1 W 1
, E(w) =¢€", L(W)—Iog1 —

Letg(z) € {Q(z2),E(z2),L(z)} and F(z,u) = g(uh(z)) be a
subcritical composition schema, i.e.

mh < 1 (for sequences and cycles) and m, < oo (for sets), respectively.
Then the number of components, X, with P {X, = k} = f, x/fn,
converges to a discrete limit law. Precisely, pyx equals

m(1- Th)zkr,’j*1 (sequences; neg. binomial NB(2), 1 + 21y,),
k—1
n e—Thﬁ (sets; Poisson with mean 1 + 13,),

m(1- Th)T,’f‘1 (cycles; geometric with mean 1 + 3,).
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Proof: We learned that

o [Ze(uh(2) _ ug'(um)
P = Jim omath2) — ()

with g(z) € {Q(z), E(z),L(z)}. As

1 1

/ _
Q(W) - (1 o W)za
we get the PGFs

1—71h
1—7‘hU.

1—7p
1—7‘hU

2
pa(u) =u < > . pe(u) =ue™ N p(u)=u

Finally, px = [u¥]pg(u) for g(2) € {Q(2), E(2), L(2)}. O
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Example (Root degree in plane trees)

Problem is equivalent to finding the number of components in
sequences of rooted plane trees (ordered forests).

Set

1 1—V1-4z
F(z,u) = m7 h(z) = —

—

= Th:§<pg=1

with g(w) = 1/(1 — w). = subcritical schema
= lim P{X, =k} = ka=k=1.

Similar for Cayley trees: F(z, u) = e¥"(?), h(z) = ze"(?)
— Th = 1< Pg = 0.
— lim P{X,=k} =e1/(k— 1)
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Continuous limit laws

Consider combinatorial structures F with parameter y inducing
a random variable X.
That means

{w e Fn : x(w) = k}|
| Fnl

P{X,=k}=

pn = EXp — o0, 02 = VarX, — oo = continuous limiting
distribution.

distribution function F(x) = P {X < x},

If F(x) € C'(R) then 3 density f(x) = F(x).

Eg(x) = | " gt dF(t) = / T g at
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Definition

Let X be a continuous RV, F its distribution function.
Let X, be RVs with distribution functions Fy,.
Then X, converges in distribution (or converges weakly) to X

(we write then X, -Z5 X), if¥x € R : lim Fx,(x) = Fx(x).

Definition
If X isaRV, u = EX, 0 = VarX, then

X—p

g

is the standardized RV of X. We have

X* =

Fx«(x) = Fx(u +ox), Fx(x) = Fx- <X — “) :

g
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Further functionals:
Moment generating function (Laplace transform):

M) =B = [ e aF (. ()= e (2).
— 00 o
Characteristic function (Fourier transform):

— itX _ i _ —ipt/o t
¢x(t) = Ee"™ = endF(x),  ox-() =" x| ).
Central moments:

d’ dr

pr = EXT = T2AX(8)] oo = (1) g ox(D)] o

Definition
Xy, satisfies a continuous limit theorem if there is a continuous
RV Y such that X; %5 .
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Theorem (Continuity theorem)

Let X, X, be RVs with characteristic functions ¢(t), ¢n(t) and
Fx be continuous. Then

X, -4 X <= VieR ; lim_n(t) = o(t)
«=>36>0: Ve (=6,0) : lim én(t) = (1)

Note: X, Y RVs, then ¢x. y(t) = dx(t)py(t).

Theorem (Central limit theorem)
X1, X, ... iid. RVs, EX; =y, VarX; =o2. S, =>.1, X

Then S}, = S _\fgn — N(0,1).
g
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Proof:

b5 (1) = Bx,—1 (%)

_ (1 L TE(X —u)a%— E(X;.z_,.,u)2t22+o< : >>

2 2\\ "
- (1 _2tn+o<tn>> et -

Example (Cycles in permutations)

pn(u) = ?zu; <1 +0 <l>> ~ (eU-1yoen

Large powerl — CLT
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Theorem (Quasi-power theorem, Hwang 1997)

Suppose X, > 0 are discrete RVs PGF pp(u).
Moreover, assume that
m there are sequences (3, and k, both tending to oo,

m there are functions A(u) and B(u) which are analytic at
u =1 and satisfy A(1) = B(1) =1,
m B"(1) + B'(1) — B'(1)? # 0 (variability condition) such that

pr(U) = A(U)B(u)P (1 +0 <1>> ,

Rn
uniformly for |u — 1| < e. Then, X, is asymptotically normal with
mean and variance
EX, = 5,B'(1) + A (1) + O(r; ")
VarX, = 8n(B"(1) + B'(1) — B'(1)?) + A’(1) + A(1) — A(1)?

n O(;-;ﬂ)
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Lemma

Let An(s) = EeS* be analytic in |s| < p.

Assume
An(s) = eFUEHV(9) <1 +0 (;)) , as n — oo,
with B, kn — 00, U(S), V(8) analytic in |z| < p, U"(0) # 0.
Set
i = Bl (0) 4 V/(0) 4O (;) \ on=paU"(0)4+ V'(0)+O (;) .

Then X, ~ N (un, o2) where the speed of convergence is
1 1
@) (K—n + ﬁ)
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Proof: log A\n(S) = BrU(S) + V(s) + O(1/kp) is analytic at 0

Thus
A0) _ vy — gy / 1y _
n(0) An(0) = BpU(0) + V'(0)+ O (Fm) = ln
and similarly for o2.
Set '
X;;:X”L”U(O)? AZ(S):EeSX'T.
#nU"(0)
Then
. BalU'(0) s
log Ap(S) = ——F———=S +log\n | ——=
og Ap(s) 5,07(0) og < ﬁnU”(0)>
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We had

~ BaU'(0) s
7@7[]”(0) S+ log A\p <BnU”(0)> .

Now expand \y(s) = e®V(&)+V(s)(1 4+ E(s)) locally around 0,

log A5(5) =

2
l0g An(8) = (5al/(0) + V/(0))s + (8aU"(0) + V"(0)) 5 + ...

then integrate over small circle around origin (to bound E(s)):
s° |s| + 15\3> ( El )
log \%(s :+o< ro(—2_),
80(8) = VBn /B
for |s| < /Bn.

Speed of convergence by Berry-Esseen inequality. O]
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Example (Number of blocks in ordered set partitions)

1

F = seqg(uset>1(Z2)) = f(z,u) = 1—u(e?z 1)

where f(z,u) = 32120 D ko fk 57 UK with
ok = # ordered set partitions having k blocks

Set 1
plo) =tog (143 ).

then the singularities are

p(u) + 2ki.



Analytic Combinatorics: Complex-analytic Methods and Applications

LContinuous limit laws

Example (Number of blocks in ordered set partitions—cont'd)

We obtain therefore

f.(u) = [2"](z, u) = —Res (f S,ff)) n % f[fzze f (Zi;‘f) dz

- up(u;ep(u) pu)™" + 0(67")

uniformly for ju — 1| < . Expand

1\ 1 3 5
Iog<1—|—u) —Iog2—§(u—1)+§(u—1) oo

which implies

3log2—2
8log?2

(u—1) (u—1)72%+((u—1)3%).

=1
p(u) 2log2
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Example (Number of blocks in ordered set partitions—cont'd)

We had
283 =1 +2|0g2(u_ )—W(U—U%((u—n%. (%)
The PGF is

_ fa(u)  2log2 p(1)\" log2"
)= 705 = e (@) (+0((%5)))
and thus of quasi-power shape with B(u) = p(1)/p(u).
From (*) we get

3log2 — 2

B'(1) =
M 4log®2

- 1/ _
Slog2 and B"(1)

and B"(1) + B'(1) — B'(1)2 ~ 0.15967 # 0.
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Example (Number of blocks in ordered set partitions—cont'd)

Thus the number of blocks in ordered set partitions is
asymptotically normal with mean and variance

1
Hn™ Slog 2

n,

2 1—log2
4log® 2

n
Speed of convergence: k, = <'°§2> , Bn = n. So, we get

o()
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