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LThe automaton and its adjacency matrix

The automaton and its adjacency matrix

Lattice path is a word w, p = [ay, ..., a.

Automaton T = (V, E) has ¢ states Xj,..., Xy, where X; =¢
and X; = [ay,...,a;_1]for2 <i <.

Transitions (edges): i,j € {1,2,...,¢}, A € S. Then

(Xi, Xj, \) € E <= j = max{k | Xk is suffix of X;.\}

X, 2 X 3 X X X

3 2 4 3

2
0 [2] [2,3] [2,3,2] [2,3,2,3]
‘1,3 -1 , 2

p: [27372737_1]

5
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LThe automaton and its adjacency matrix

Adjacency matrix of T:

A= >,
At (X, X,\)EE
Properties:
mA;=0forj>i+1
m A =ud
mA;=ud1orA;=0for2<;j<i
|

iA"_ P(u) fori<?
" P(u) —u fori=¢
=1
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LThe automaton and its adjacency matrix

Choose 0 < d < ¢ — 2 and assume

[31 82, ..., af—d—'l] = [ad+27 ad+3;-- - aé]
and we want to go from Xj, 4 to X;. Sequence read:
Xj Xjtd

[31 ao aj_» aj_1 ’ g ... djtd-1 ’
[@g12 @d43 -+ @rd-1 Gjid

Must read aj, 4, but then we go to state X 4,1.
Thus Aj+d,j =0 fij > 2.
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LThe automaton and its adjacency matrix

Assume that we transit from X; = Xy x1 10 X; = Xj 1.
Sequence read:

X X
[81 an .. e di_2 daj_1 | - I |

[81 ... dd+2 Aadg4+sz --- R eee ov. Adyk  Ad4k+1
[ a ao cee .. @2 a1

Must read a;_; = ax and we must have ax # aq4,x+1 and

[a1,82,.. ., 8 1] = [Ad+2, @d+3; - - -, a1kl
and there must not be a smaller d with that property. Then

a
Adpk1,k41 = UK
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LThe automaton and its adjacency matrix

X, |2 X 3 X, 2 X, 3 X
I

2
[2] [2,3] [2,3.2] [2,3,2,3]
b o IR
21,3 -1 d 2

p=[23,23,—1]

Ajjy1 = U%
1 3 5
u +u u 0 0 0 i
1 2 B2 0 0 d=0 225 5 5 % An=uv=0
u u u d:1 a; =2 3 2 A :ua3:u2
U—1 + u3 0 0 u2 0 2 =2 s ; o
d=2 a=2 3 Ao — U —
U—1 U2 0 0 U3 a3 =3 2,1 42
a =
B 0 0 w® 0) 973 & ol

As o = 0, because As 4 = u? (smaller d in that case!)
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LStructure of the kernel

Structure of the kernel
We have

_¢ _ adj(/ - tA)
=t = )

Proposition (Structure of the kernel)

The structure of the kernel is given by the following equations:

1
(1,0,...,0)adj(/ — tA) | : | = R(t, u),

and

det(/ — tA) = K(t,u) = (1 — tP(u))R(t, u) + tIPl 1P,
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LStructure of the kernel

Reca” A,,/ - Z)\: (Xth)\)EE U)\
Let W;(t, u) be the g.f. of walks terminating in state X;. Then

0
Wit,u) = i1+t Wt u)A;,
j=1
and thus (W;, ..., W,;) = (1,0,...,0) + t(Wy,..., Wy)A.
This implies (W4, ..., W,)(/ — tA) = (1,0,...,0) and

.1
W(t,u) = ZWtu (Wy,...,W,) | :
1

’

(1,0,...,0)adj(/ — tA) | :

]

det(/ — tA)
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LStructure of the kernel

On the other hand: Let W(P)(t, u) be the g.f. of walks ending
with p and no further occurrence of p. Then

W(t,u) + WP(t,u) = 1+ tP(u)W(t, u)

and
W(t, u)t'u® P = WPt u)R(t, u).

Together these equations imply W(t, u) = R(t, u)/K(t, u) and

thus
]

(1,0,...,0)adj(/ — tA) | :
1 :R(t,u)

det(/ — tA) K(t,u)

As the denominators are polynomials in t of degree ¢ and
constant term 1, they coincide.
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LThe autocorrelation vector

The autocorrelation vector

The autocorrelation vector satisfies

1 1 s1(t, u)
vi=adj(/-tA) | : | =Rtu)|: ]| - :
1 1 se(t, u)

where si(t, u) is the generating function of the finite set S; of all
walks w.a,.q such that |w.a,.q| < ¢ and

m w is a walk starting in state X; and ending in X,
m g, is the last step of p
m g is the complement of a presuffix q of p.
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LThe autocorrelation vector

Example (S;: w.a,.q, X; — X;)

S2{1,2},p=[1,2,1,1,21]; ge{e[1,2,1],[2,1,1,2,1]}

1 Xa 2 1 1 Xs X

[1] [1,2] [1,2,1] 1,2,1,1] [1,2,1,1,2

@O I@ Jrl__ Y "j 77777777 lj

1 0

1 ou’

1 tAuP

_ 3.4 | 45,7 _

v=_1+tu"+ ru’) 1 B 4 U7
1 tPud + tPu’
1 tu+ t*uP
Sy Xy ~ Xg and ay =>|W| > 6, S =0
Sp: Wi Xp > Xo =S, = {[2,1,1,2].1.¢}
S;={[1,1,2].1.e}, Ss ={2.1.¢, 2.1.[1,2,1]},
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LThe autocorrelation vector — proof

0

1 1 1 . si(t, ) 1
(I—tAWV=K(t, u)(') A () :P(u)(;)_uae 3l ( : ):R(t, u)(;)—v
1 0 \si(t.u) 1
1
This implies (/- ms = - ( ) + A(t, u) ( ) 1R(t, u)A ())
;
0

si(t,u) 1
: = (I—tA || wR(tu) — (I—tA) | | P
Sg(t, U) 1 add a,.q 1 add p
N— ——

——————

<V1(.t7 U)) W(z)(f, U)
Velt,u) W(Z):(t, u)

where Vj(t,u) is the g.f. of walks X; ~ X; and

WU)(t, u) the g.f. of walks that start in X;.

Single p and two overlapping p at the end counted by both

expressions, too short walks only by first term.
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LGenerating function for bridges

Generating function for bridges
We have B(t) = [u°]W/(t, u) and thus

1 W(tu) . < W(t, u)
B(t) = % |u‘: u du = ZRCSUZUI.U) u

= R
Z Su=uO UKt u) Z d( uK(t u)) lu=ui(t)

j=1 du
As K(t,ui(1)) = 0, we get Ky(t, ui(t)) = —Ki(t, ui(t))/u(t) and

hence
ui(H)A(t, u)

ReSu—u(t) = = L iDK(E a(D)
SSu=u() = T LOK(E, ui(D)

which yields the result.
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LGenerating function for meanders

Generating function for meanders

Start from

(My,...,My) =(1,0,...,0)+t(My, ..., M)A—t{u<"}(My, ..., M,)A

and rewrite as

(My, ..., M) (I —tA) = (1,0,...,0) — {u<O} (M, ..., My)A

=(F1,...,F)
where F, = F,(t,u) € R[[f]][1] of degree at most c.
1
Multiplying by (/ — tA)~" | : | = mv from right gives
1
M(t U) _ (F1,...,F15)V

K(t, u)
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LGenerating function for meanders

Plug u;(t) into

(My,...,M)(I - tA) = (Fy,...,F).

The matrix (/ — tA(u;(t))) is then singular and

vl

= (I~ AV

u=u;(t)

u=u;(t)

= adj(/ — tA(uj(1)))

= det(/ — tA(u;(1)))

1

=0

and so v‘u:u(t) is an eigenvector of / — tA(u;(t)) belonging to

the eigenvalue 0.
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LGenerating function for meanders

Recall the shape of A: We get

1—tP(u) + tu® —tu® o 0 -- 0

* 11—t —tu®2 0 --- 0

I —tA= : : 0
—tu

and thus | — tA(u;(t)) has rank ¢ — 1, meaning that v is unique
up to scaling.

The equation (M, ..., M;)(I —tA) = (Fy, ..., Fy) becomes then

[(Fi, ..., FoV]| ~0.

u=u;(t)
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LGenerating function for meanders

Note that the F, and v are Laurent polynomials in u, and so is
O(t,u) ;= u®(Fi(t,u), ..., F(t,u))v(t,u).
By the red equation before we get

®(t,u) = ueM(t, u)K(t, u) € R[[]][u] and from before
®(t, ui(t)) = 0, a polynomial equation. Thus

o(t,u)=G f[u—u,

and
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LGenerating function for meanders — special cases

Generating function for meanders — special
cases

Quasi-meanders:
Note:

m R(t,u) =1+, t4u’ then 8; > 0 for all /.
m If pis not a meander, then R(t, u) = 1.

m alt(p) > —c. Ifalt(p) = —c, then A(t, u) = 1 and thus
[u=C)(1 — tP(u) + t‘u=C) #£ 0. Thus ¢ = e.
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LGenerating function for meanders — special cases

Quasi-meanders:
Turn back to

(My, ..., M) (I —tA) = (1,0,...,0) — t{u<O} (M, ..., My)A

=(F1,...,F)
Assume w ends in state X;, i > 2: Then w = m.a;_1, m
meander, and so alt(w) > 0. This implies F, = F3--- = F;, = 0.
Thus

o(t,u) = u°(Fq,0,...,0)v = u°Fi(t, u)R(t, u)

Then [uC]F; =1 = O(t,u) = R(t,u) 17 (u— u)).
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LGenerating function for meanders — special cases

Reversed meanders:
Note:

m If R(t,u) =1+, t%u’ then B; < 0 for all i.
m alt(p) < 0.
m These two observations imply f = d.
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LGenerating function for meanders — special cases

Generalization of the Wiener-Hopf decomposition:
w=m .em"=m.m

p cannot overlap with the junction of any two factors.

N

W(t,u)

&=

L M (tu) L Mt u)

Mﬁ(t: 1/u) M(t,u)

M(t, u) = E(t)M*(t, u),
W(t,u) = M~ (t,u)M(t,u) = M~ (t,u) E(t)yM*(t, u),
W(t, u) R(t, u)

= M(t,u) = M—(t.u) _ K(t.u)M—(t.u)
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LGenerating function for meanders — special cases

Miaiafh

W(t,u)

M~ (t,u) E(t) M (t,u)

5 (t.1/u) M(t,u)

M(t, u) = E(t)MT(t, u),
W(t,u) = M~ (t,u)M(t,u) = M~ (t, u)E(t)yM™(t, u),
W(t, u) R(t, u)

MUY = -0y = Kt M- (4, o)

Find M~ (t, u) by time reversal:
_S={-s:se S}, D=[-an...,—a, —a]: M (t.u)= M*(t,1/u)

and similarly m(t, u) = ?(t)ﬁ*(t, u) and so
M~ (t,u) = M(t,1/u)/E(2).
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LGenerating function for meanders — special cases

As <E is @ meander, we get

W(m/u):m "’(1_ 1 >:udR(t,u)Iﬁ<1_1>

K(t,1/u) v vi(d) K(t, u) u - vi(t)
and J
o (—1)9 1
E(t)="— Evj(t)'

Combining everything and
WeK(t,u) = —tTT74 (U — ui(t) TTIL 4 (u — v(t)) gives

M(t, u) = ueKltu) E(u —u(h)).
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LAsymptotics for p-avoiding walks
Asymptotics for p-avoiding walks

Branches in the classical case (Banderier, Flajolet (2002):
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p=[1,-2,1,1,-21]

p=1[0,1,0,0,1,0]

p=1[0,0,1,2,0,0]

p=1[0,0,-1,-2,0,0]

p=[-1,-2,-1,-2,-1,-2]

p=[-1,-2,-1,-1,-2,-1]

p=[-1,-1,0,-1,-1,0]

p=[-2-20,-2,-2,0]

p=[2-1,-1,2,-1.1]

S:(*3-1-}- p=[1.1]

i
S={-18}, p=[-1,-1]

S= {11} p=[1.-1)
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LAsymptotics for p-avoiding walks

A walk model is generic if the following five properties hold:
m Property 1. B(t), M(t) and E(t) are algebraic, not rational.

m Property 2. They have a unique dominant singularity,
which is algebraic, not a pole.

m Property 3. G(t, u) is a polynomial in .

m Property 4. Let p > 0 be the smallest number s.t. a large
branch meets a small branch at t = p. No large negative
branch meets a small negative branch at t = p.

m Property 5. The smallest positive root of K(¢, 1) is simple.
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LAsymptotics for p-avoiding walks

Lemma

For any generic model, the dominant singularity of B(t) and
E(t) is p and it is a square root singularity.

Theorem

Let pk be the smallest positive root of K(t,1). The asymptotic
number of walks of length n avoiding a pattern p is

_ F"(pKv 1 )p}n
pkKi(pk, 1)

Wn i~
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LAsymptotics for p-avoiding walks

Theorem

The asymptotic number of excursions of length n avoiding a
pattern p is

e— Y(p)G(p7 0) K(,O, T) = —-n
B O 00 2rokate )
where T := uq(p), Y(t) := ua(t) - - - ue(t), and
D(t) := [u°]ueK(t, u).

The asymptotic number of bridges of length n avoiding a
pattern p is

)

R(p, ) Ki(p, 1) 12—
By~ ——— ! .n12p70
" rKi(p )\ 2mpKuu(p, 1) P
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LAsymptotics for p-avoiding walks

Let p, pk, T as before.
m Zero drift: = 1 and px = p.
m Negative drift: > 1, ui(pk) = 1, all large roots v satisfy v(t) # 1 for
pk < t < p.
m Positive drift: Either
m7r<ior
B 7 =1butpk < por
B 7 > 1 but some large root v satisfies v(px) = 1.
Then, My = [t"|M(t) with

(= A=BOVOGED ) T10 = ()

i=2

satisfies
2
My ~ G(p,1)Y .p—1/2,=n “zero drift”),
h~ Gle,1)Y(e) mpKi(p; 1)Kuu(p; 1) P d !
G(p,1)Y(p) | pKi(psT) 32 _p o dri
My ~ — -n “negative drift”),
! K(p, 1)\ 27Ku(p, ) g (ed !

My ~ (1 = u1(pk)) Y (k) Glek, 1) o (“Dositive drift)
prKi(pk, 1)
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