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Abstract. A preservation theorem is a theorem of the form: “If (Pn,Qa : o < §) is an
iteration of forcing notions, and every Q. satisfies ¢ in V' then Ps satisfies ¢.”

‘We give a simplified version of a general preservation theorem for countable support iteration
due to Shelah. This version is particularly useful for problems dealing with sets of reals.
We give several examples of applications, among them “countable support iteration of
proper w*-bounding forcing notions is w*-bounding.” We also review the basic facts about
countable support iteration and proper forcing, as well as Souslin proper forcing notions.

0 Introduction

The main objective of this paper is to present a simplified version of Shelah’s
preservation theorems. We hope that the reader will find here powerful tool for
his/her forcing constructions, as well as good open problems in this abstract area
of mathematical research: The study of (iterated) forcing.

Iterated forcing is a powerful tool for proving independence results. In an iterated
forcing argument the “ground model” Vj is first extended to a model V; using
some forcing notion (Jy. Then V; is extended to some universe V5, using some
forcing notion @ in Vi, etc. After w many steps, a model V,, containing J,, Vx
is constructed, and the iteration can continue—usually up to wi, wa or some large
cardinal.

In an iterated forcing argument there two main points we have to take care of:

(1) In each extension by a single forcing notion @; we have to add
certain generic objects that we want to have present in the final
model.

(2) At no stage are we allowed to add certain objects that we do not
want to have in the final model.

The argument given to deal with (1) usually depends heavily on the special
properties of the forcing notions @;. Similarly, dealing with (2) at a successor step
i+ 1 is done by arguments that are characteristic for the forcing notion @;.
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A “preservation theorem” is a theorem that deals with problem (2) at limit
stages, i.e. a theorem ensuring that no “unwanted” objects are introduced at limit
stages whenever all the forcing notions @); that are used satisfy certain “niceness”
conditions.

For example, the problem of preserving certain cardinals and cofinalities is an
instance of (2). The earliest preservation theorem we are aware of is the following
([from 13])

The finite support limit of an iteration in which all iterands sat-
isfy the countable chain condition also satisfies the countable
chain condition (and thus preserves cofinalities and cardinals)

The corresponding theorem for countable support iteration is the following ([10]):

The countable support limit of an iteration in which all iterands
are proper is itself proper (and thus does not collapse Yj).
Also, starting from CH, if the length of the iteration is < No
and all iterands have size < Np, then the limit satisfies the
No-cc, so all cardinals and cofinalities are preserved.

The following example shows that the question of what reals are introduced in
limit stages of an iteration is usually nontrivial:

Example 1 0.1: Assume that Vy satisfies CH, Qg adds no new reals to Vi, Q1
adds NY" many new reals to Vi, Q2 adds N;/" many new reals to Va, etc. Let
P,=Qo*xQ1%---xQp_1. So 'V, is the generic extension of Vy by P,.

Then in V,, we will have at least X,, many new reals. But as the cofinality of the
continuum must be uncountable, this means that in V,, will have at least NX‘jrl many
new reals. Since only N, many of them appear in intermediate stages, “most” of
these reals appear only in the limit stage. This shows that it is not trivial to keep
control over which reals are added in a limit stages by controlling what reals are
added in intermediate stages.

Example 2 0.2: Consider an iteration (P, Qn : n < w), where for alln, |-p “Qx
is montrivial, i.e., contains incompatible conditions.”

If we define V,, as VI, where P, is the finite support limit of the iteration
sequence (P, Qn : n < w), then (no matter what the forcing notions Q,, are), P,
will add Cohen reals over the ground model. (Let |-, “¢% Lo, qb,” then the function
f:w— 2, defined by f(n) =0 < ¢8 € G(n) will be a Cohen real, where G(n) is
the generic filter on Q.,.)

This example shows an inherent limitation of the method of finite support
iteration: In limit stages of cofinality w, Cohen reals are always added.

The general problem of whether Cohen reals can be added in a limit stage of a
countable support iteration is open:



Vol. 06, 1992 TOOLS FOR YOUR FORCING CONSTRUCTION 309

Assume P, is the countable support iteration of (P,, @, : n < w),
where for all n we have:

I-p “There are no Cohen reals over V”

Does this imply |- “There are no Cohen reals over V"7

At this moment it seems impossible to apply the preservation theorem we prove
below to this problem directly. There are, however, stronger properties (of forcing
notions) than “not adding Cohen reals”, that can be shown to be preserved under
countable support iteration. The best known of them are ““w-bounding” and “Laver
property.” (see 6.3 and 6.25, below)

Remark 0.3: The same proof that shows that finite support iteration always adds
Cohen reals in stage w also shows an inherent limitation of countable support
iteration: In stage w; (or indeed at any stage of cofinality wy) we add an “wq-
Cohen set,” i.e., a generic filter for the forcing notion Fn(wy,2,w1) of all countable
partial functions from wy to 2. At first generic filters for this forcing notion seem
innocent for problems concerning sets of reals, as Fn(wi,2,w1) does not add any
reals. However, a simple density argument shows that the continuum of the ground
model is collapsed to Ny. This makes it impossible to have ¢ > Ny at any limit stage
of uncountable cofinality during a countable support iteration.

For a specific example of where a preservation theorem can be used, consider the
problem of proving

Con(Cov(N) + b = ¢ + —Unif(N))

using iterated forcing.
Explanation:
Cov(N) means: the real line cannot be covered by less than ¢ (=continuum)
many sets from A, the ideal of null (=measure zero) sets.
b = ¢ means: Whenever F' C “w is a family of less than ¢ many functions, there
exists a function g bounding every element of F', where “g bounds f” means
IkVn >k g(n) > f(n).
—Unif(N) means that there is a set of reals of cardinality < ¢ that does not
have measure zero.

There are two approaches to get a model satisfying the condition above:

(1) Start with a model where (some big fragment of) Martin’s
axiom holds and ¢ is big. Then construct a short iteration of
length x < ¢. In each iteration stage ¢ < x, add a real r; in such
a way that at the end the set {r; : i < x} is nonmeasurable.
Preserve enough of Martin’s axiom to ensure that in the final
model, Cov(N) + b = ¢ holds.
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(2) Start with the constructible universe L (or some model satisfying
enough of GCH) and construct a long iteration of length k > N;.
In each stage ¢ < k, add a function f; and a real r; such that f; is
not bounded by any function constructed so far, and r; is not in
any measure zero set constructed so far. Assuming that no new
reals appear in stage k, in the final model we will have ¢ = &, the
set {r; : ¢ < K} will be a set of reals that cannot be covered by
< K many measure zero sets, and {f; : i < x} will witness b = c.
We have to take care not to cover the set of constructible reals
by a measure zero set. This will ensure that there is a non-null
set of size Ny < ¢.

At the end of section 6, we will consider approach (2). Since a Cohen real makes
the set of all old reals a measure zero set, we should not add Cohen reals during
the iteration. So we cannot use finite support iteration.

r; will be a random real. It is easy to see that any set that is not of measure
zero in V will also not be of measure zero after adding a random real.

fi will be a Laver real. [7] showed that Laver reals also do not make non null
sets into null sets.

This two observations show that if in stage ¢, the set of constructible reals was
not null, the also in stage i + 1 this property will hold. So it remains to show that
in limit stages the constructible reals are not covered by a measure zero set. For
this purpose we will use the iteration theorem proved below (5.14), with parameters
given in application 2 (6.8, 6.12)

Notation for forcing 0.4: A forcing notion P = (P, <p,1p) is a set P equipped
with a transitive reflexive relation <p and a greatest element 1p. ||~ denotes the
forcing relation of P.

We interpret p > ¢q (or p >p q) as “q extends p,

2

” “q is stronger than

p,” or “q has more information then p.” p is “incompatible” with ¢ (p L g or
pLlpq)means -Ir e P:p>r&q>r.

Note that p L ¢ < pll—q¢ ¢ Gp.

A set D C P is called dense if Vp € Pdg € D : ¢ < p. D is open iff Vg €
DVr<gqg:r€D. Disan antichain if Vp,q € D : p# ¢ = p L q. D is predense if
Vpe Padde D d [ p. D is predense below p iff Vg < p3dd € D d L p.

D is a “filter” if any two elements of D are compatible with a witness in D, i.e.
Vp,geDIte Dp>r&qg>r.

If V is a model of set theory, G C P is called generic (over V) (for P), if GND # 0
for all dense D € V. We often omit mentioning P and/or V', if the context makes
it clear what P and V should be.

The class of P-names is defined by €-recursion: g is a P-name iff every element

of z is a pair of the form (y,p) where y is a P-name and p € P.



Vol. 06, 1992 TOOLS FOR YOUR FORCING CONSTRUCTION 311

To avoid having to work with a proper class, we introduce an equivalence relation
= on P-names by x = y iff 1p|~p2 = y, and choose a set of representatives from

each class, say, those of least possible rank.
So for example, the set of P-names for functions from w to w is the set of all
representatives z such that 1f-2z : w — w. (It can easily be seen that this is in

fact a set.)
Usually we write (variables for) P-names with a tilde, as in z. For a P-name z

and a generic G C P, we let x[G] be the evaluation of x by G:
zlGl:={ylG]: (y,p) € z,p € G}

But if M is a model of a large fragment of ZFC, then we let M[G] := {z[G] :
M = z is a P-name}. Sometimes (if G is clear from the context) we use for the
evaluation of a name by G the same variable as the one used for the name, but
leaving out the tilde, i.e., if G is given, = abbreviates x [G], p abbreviates D [G], etc.
Similarly pl is Q}L [G], etc.)

For an element x of V, ¥ or (z) is the standard P-name for z, Z := {(y,1p) :

y € z} but we usually write x for Z.

For a forcing P, Gp is (depending on the context) either = {(p,p) : p € P}, the
canonical name for the generic object (also called the generic filter) added by P, or
a variable ranging over all V-generic filters G C P.

We will freely use the following “existential completeness lemma”, sometimes
without explicitly mentioning it:

Lemma 0.5: For any forcing P, any formula o(z) there is a name 1 such that

-3z ¢(z) < »(1)

(See [8] for a proof.)

We will also need the following well-known definitions and facts about forcing:
Definition 0.6: For p,q elements of a forcing notion P, we define p >* q iff for
all r < q, r 1s compatible with p.

Fact 0.7: p >* q iff q|-pp € Gp. In particular, p > q implies p >* q.

Most properties of < are also shared by <*. E.g., p L ¢ iff there is no condition
r satisfying p >* r and ¢ >* r. Also, if p|¢, and p >* ¢, then g||—¢.

Definition 0.8: If P,Q are forcing notions, we say that i : P — Q is a “dense*
embedding”, iff

(1) ¥p1,p2 € P: p1 <p po iff i(p1) <3 i(p2). (i is an embedding
with respect to <*”)
(2) Vge Q3pe P:q>*i(p). (“i is dense*”)
Note that i is not necessarily 1-1. If (1) and (2) hold with < instead of <*, then
we say that i is a dense embedding.
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Definition 0.9: If there exists a dense™ embedding i : P — Q, we say that P and
Q are equivalent, and we write P ~ Q).

This is justified by the following fact:

Fact 0.10: Assumei: P — Q is a dense* embedding. Then whenever G C P is
generic, then the set H defined by

H:={qeQ:3IpeG,i(p) <q}
is generic for Q. Conversely, if a set H C Q) is generic, then the set G, defined by
G:={peP:ilp)e H}

is generic for P.

Moreover, in both cases V[G] = V[H], and there is a canonical translation func-
tion that maps P-names x to corresponding Q-names x', and conversely. We will
often identify names with their image under this translation function.

We have that pll—pp(z) iff i(p)|-oe(z).

The proof is a routine computation.

Finally, we define the concept of an “interpretation”:
Definition 0.11: Assume Q is a forcing notion, f, is a Q-name of a functions in

“w, f* is a function in “w, (p, : n < w) an increasing sequence of conditions.
We say that (p, : n < w) interprets [ as f*, if for all n, pp|—fIn = f*[n.

We say that f* is an interpretation of f if there exists an increasing sequence

as above.

The main theorem (5.14) of this paper is a simplified version of a theorem of
Shelah ([11, XVIII]). See also [10, V, VI], [12] and [7] for precursors. The proof
presented here is a joint work of Judah and the author.

Theorem 8.4 has been proved for various instances by several people.

Souslin forcing and Souslin Proper forcing were introduced in [5].

Contents of this paper:

In section 1, we give a review of composition and iteration of forcing notions in
a general context.

In section 2 we introduce finite support iteration and show that the countable
chain condition is preserved in finite support limits.

In section 3 we explain the concept of properness, and give a simple proof of
Shelah’s theorem “properness is preserved under countable support iteration.” This
proof will serve as a basis for the proof of the preservation theorem in section 6.

In section 4 we continue the review of countable and finite support iteration, by
considering the relationship between an intermediate model and the final model.

In section 5 we formulate and prove a general preservation for countable support
iteration.
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In section 6 we show how to apply the preservation theorem for countable support
iteration by giving several examples of properties that can be preserved in this
framework.

In section 7 we review the concept of “Souslin Proper forcing”, and we prove the
corresponding preservation theorem.

In section 8 we formulate and prove a general preservation theorem for finite
support iteration, and we give examples.

Those readers who are interested only in finite support iteration can skip section
3 and all references to countable support iteration in section 4 without loss of
continuity. A dual remark applies to readers only interested in countable support
iteration.

We conclude this introduction by mentioning some open problems concerning
countable support iteration and proper forcing:

Problem (Judah) 0.12: Is “MA(Aziom A) + projective measurability” equicon-
sistent with the existence of 2 weakly compact cardinals?

From [1] it essentially follows that MA(Axiom A) is equiconsistent with one
weakly compact cardinal.

Problem (Judah) 0.13: Find a sequence (Cp: n € w), such that “Q preserves C”
iff Q does not add random reals.

The most outstanding problem concerning countable support iteration is the
following:

Problem (Judah-Shelah) 0.14: If (P,,Q, : n < w) is a countable support iter-
ation with countable support limit P,. Does

Vn : P, does not add Cohen reals over V.

imply that P,, does not add Cohen reals over V ¢

(For a partial solution see [6].)

I want to thank Saharon Shelah for fruitful discussions about iterated forcing.
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1 Composition and iteration of forcing

We briefly review a few facts about composition of forcing and iterated forcing.
If P is a forcing notion, and @ is a P-name of a forcing notion, then we can force

in V¥ with g to obtain a new extension (VF)@. There is a single forcing notion
P x Q (the “composition” of P and Q) such that the extension V7* is canonically
isomorphic to (VF)%.
Definition 1.1: Assume that P is a forcing notion, and Q is a P-name for a
forcing notion. Then we let P CNQ be the set of all pairs (p, g) such that p € P and
Ploia Q.

We let {p,q) >p.q (P,¢') ilf p > p" and pll=p g >q ¢'".

Remark 1.2: As defined, P x Q is a proper class. However, as in [{], we choose

~

for each class of equivalent P-names a representative. Then the official definition
of PxQ is: The set of all pairs (p, q), where p € P, q a representative P-name,

and p|l—q € Q. Then P x @ is a set.
A similar remark will apply to iteration of forcing.

([8] chooses a different way to avoid proper classes. However, this solutions
causes anomalies that we want to avoid. See [8, Exercise VIII E2-E4] and [9].)

Fact 1.3: Assume that P, Q are as above. Then (see [8])
(1) If G C P is generic over V., H C Q[G] generic over V[G], then

G*H:z{(p,g)GP*Q:pGG,gJ[G}GH}

is generic for P+ Q over V,and V|G« H| = V[G][H].

(2) Conversely, if J C PxQ is generic over V, then G := {p: dq (p, 2) €
J} is generic for P over V, H :={q|G]|:3p € G, (p, q) € J} is
generic for Q over VIG], and J = (;* H. -

(8) Moreover, PxQ-names can be translated to P-names for Q-names,
i.e., for every g* Q-name z there is g’, a P-name for a Q-name
such that wheneve:G, H are as above, then -

z|G = H] = (z/[G])[H]
Conversely, if x' is P-name for a Q-name, we can find a
corresponding P x Q-name .

We often identify r and z'.
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Definition 1.4: Let s be ordinal, and let I be an ideal on k containing all finite
sets. (I is not mecessarily a proper ideal.) By induction on € < k we will define
what an I-supported iteration of length € is, and what the I-supported limit of such
an iteration 1s.

“finite support” means that we let I be the ideal of finite subsets of x, and “count-
able support” means that we let I be the (possibly improper) ideal of all countable
subsets of k. In this context, “countable” is understood to include “finite”.

(1) Q° := (P, Qq : a < €) is an I-supported iteration iff for all a < ¢,
P, =lim; (P3,Qs : B < o), and
I-p, “Qa = (Qas <q.,1q.) is a forcing notion”.
2) )
(a) The underlying set of lim; Q¢ is the set of all partial
functions p with dom(p) € I satisfying

Vg € dom(p) : plAl-4p(8) € Qs

(b) For p,q € limy (P,, Qa ta < ¢g) we define p >, g- ¢ iff

v € dom(p) Udom(q) = qIf[l=p(B) =g, a(F)

(where we agree to let p(8) = 1¢g, for 8 ¢ dom(p).)
(C) llimI QE - @

Whenever we consider a I-supported iteration (P,, Q, : @ < €), we automatically
define P: to be the I-supported limit of this iteration. This allows us to avoid the
more awkward notation (P,,Qs:a <e¢,f <e).

Example 1.5: Py = {0}. Qo is a Py-name for a forcing notion. Since Py is the
trivial forcing notion, Go := Py is a “generic filter”, and V.= V[Go]. We identify
Qo with Qo = QO[GO]

Py is the set of all partial functions from {0} to Qo, i.e., Py is isomorphic
to Qo, similarly, Py is isomorphic to Qy * Q1 by the map that sends p € Py to

(p(0),p(1)) € Qo * Q1.

Remark 1.6: By expanding definitions it is easy to see that in general the forcing
notion Pyyq = limy (Pg,Qp : f < a+ 1) is isomorphic to P, * Qq, via the map

that sends p € Pyy1 to (pla, p(a)).

The following two facts follow easily from the definitions.
Fact 1.7: If ¢ is a limit ordinal, then
(1) p € P. iff dom(p) Ce isin I, and Va < e, pla € P,.
(2) Forp,q € P:, p<cqiffVa <e, pla <, qla.
See also 1.19.
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Fact 1.8: Ife = a+ 1, then

(1) p € P. iff pla € P,, and pla|-, p(a) € Qo. (Again, this

includes the case that o ¢ dom(p), where we declare p(a) = 1g, )

(2) Forp.q € Pe, p > qiff pla 2a qla and glall-,p(a) 2q. 9(@).

(3) Forp,q € P., p>Z qiff pla >} qla and qlall-, p(a) >3 q(e).
Fact 1.9: For all o« < e:

(1) P, C P.. In fact, P, = {p € P : dom(p) C a}.

(2) If p,q € Pu, thenp >o q iff p >c q.

(3) If p € Pa, q € P, then p > q iff p >4 qla.

Proof: (1) and (2) follow immediately from the definition. For (3), note that for

f € dom(q) —a, p(B) = 1q,, so alBl=p(B) = 4(B)-

Fact and Notation 1.10: Let (P,,Q, : a < &) be an iteration. If G, C P, is
generic, and H C Q,[G4] is any set, we let

Go*xH={r € Pyy1:rla€ G,, r(a)|G.] € H}
Then: GoxH is generic iff G, is generic and H C Q4[G,] is generic over V[G,].
Conversely, writing G(a) for {q(a)[Ga] : ¢ € Gat1}, we know that is a generic
filter on Q4[Gq] over the model V|G, and Goi1 = Gy *x G(av).

Proof: This is just a restatement of 1.3, using 1.6.

Remark 1.11: The recursion theorem tells us that if F is a function (possibly a
class) then for all € there exists an I-supported iteration Q = (Py, Q4 : @ < €) such

that:

If for all a < &, F(Qa) is (defined and) a Po-name for a forcing notion,

then for all a < e H_aga = F(Q|a)

For the following, let (P,,Q, : @ < &) be an I-supported iteration forcing iter-
ation, and let P. be the I-supported limit of this iteration, and let a range over
eU{e}.

Definition 1.12: Assume a < ¢e. Ifp € P., r € P,, and pla > r, then we let
pAr:=rUplla,e).
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Fact 1.13: Assume p, r are as above. Then:
(1) pAr € P

(2) pAr <p.
(3) If p1 > po, then py AT > pa AT

Proof: By induction on 8 we can show (simultaneously) (p A r)[8 € Pz and
(pAT)IB < plp:

If B < a, we have (pAT)[B =718 <gplB.

If B > «, B limit, then by induction hypothesis for all v < § we have (pAr)[(v+
1) € Pyyr, 50 (pAT)[IY|F(p AT)(Y) € Q,Y. So by 1.7, (p A7)[B) € Ps. Also by
induction hypothesis for all v < 8 we have (pAr)[y <, plv, so by 1.7, (pAr) <g p.

If 5 > « is a successor ordinal, say § =+ 1, then (p A7)[y € P, by induction
hypothesis, and (p Ar)[7[=(p A7)(7) = p(7) € Q4. as (pAT)[y < ply. So by 1.8,
(p AT)[B € Pg. Also by induction hypothesis have (p A r)ly <, plvy, so by 1.8,
(pAT) <pp

(3): By induction, (p1 A7)[8 > (p2 A7)[B.

Fact 1.14: Ifa<e,pe P,,q€ P., thenp L. q iff p L, qla.

Proof: By 1.9(3), if r € P., r <. p, q, then rfa <, p,¢la. Conversely, if r € P,,
7 <a D,qle, then 7 A g <. p,q.

Fact 1.15:

(1) If A C P, is a mazimal antichain, o < €, then A is also a
maximal antichain in P;.
(2) If G is generic for P., then G, := G N P, is generic for P,,.

Proof of (1): A is an antichain in P., by 1.14. Assume that r € P., r L. a for
all @ € A. Then again by 1.14, rfa L, a for all a € A, so A is not maximal in P,.
(2) follows immediately from (1).

Notation 1.16: We write <, for <p_, similarly |-, etc. We may write G, for
Gp,, and G(a) for Gg, .

When we talk about a I-supported iteration (Py,Qq : a < g), it is understood
that P- is defined as the I-supported limit of this iteration.

If B < a, and (P, Qq : @ < €) is an iteration, then G always denotes G, N Pg.

When we fiz a ground model V- = Vy, and consider an iteration (P, Qy : o < €) €
Vo, we write V, for V[G,]. Note that this conflicts with the notation that
some authors use for the sets of rank < a.

Fact 1.17: Assume that X is a limit ordinal. Then for a generic Gy C Py, for all
p € Py,
pEeEGN & Ya<plaeG,

Proof: Assume not, then there exists a condition ¢ forcing this.
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So q|- VB8 < AplB € Gg&p & G. For a € dom(p) Udom(q) we let ¢’'(a) be a
name such that

=o' (@) < q(a) & (¢'(a) < pa) V' (a) Lp(a))

(We can get such ¢'(a) using 0.5) Now we claim that for all «, ¢'lal—¢'(a) <
p(a). Assume not, then there exists a generic filter G, containing ¢'[a such that
p(@)[Ga] L ¢'()[Gq]. So we can extend G, to a generic Goy1 = G4 * G(a)
containing ¢'la + 1 but not pla + 1. Now we can extend G171 to G, containing
¢’ (hence ¢) but not pla + 1, a contradiction.

Corollary 1.18: For p € Py, we have p € Gy iff for all B < X, p(8)[Gg] € G(B).

Proof of the corollary: By induction on § < A we can show p[3 € Gg. Limit
steps are handled by 1.17, and successor steps by 1.10.
Corollary 1.19: If € is a limit ordinal, then

Forp,q€ P, p=2Zqiff Va <e, pla 27 qlo.

Proof: If for all o < € qla|~_ pla € G, then ¢|-_p € G., by 1.17.

Conversely, if for some o < € we have pla 2* q[a, then there is r € P,, r < ¢l
r L pla. Letting ¢’ := ¢ Ar we get ¢|-p ¢ G.. Since ¢ > ¢', we do NOT have
ql-p € Ge, s0 g £* p.

The following fact shows that in finite support iteration of ccc forcing notions
and in countable support iteration of proper forcing notions no new reals are added
in limit steps of cofinality > w.

Lemma 1.20: Assume (P,,Qq : a <€) is an iteration, and § is a limit ordinal of
cofinality > w, and all there are no conditions in Py whose domain is unbounded
ind. (In particular, this will be true for finite or countable support iteration.) Then:

=s1f cf(0) > w, then “w NV [Gs] = U,c5 W NVI[G4]
Proof: For any a < § we define a P,-name f,, satisfying the following:

vn |-, “If there is p € G, j € w such that V |= p|—, f (1) = 7,
then fo(n)=j

(Note that it is possible to define such a function, since any two p,p’ € G, must
be compatible (in Ps) hence cannot force two different values for f(n).)

We will show that ||—53ai = fa h

Work in V[Gs]. For any n, let j, = i[G(;](n), and find a condition p,, € Gs
such that V |= pn||—5i(n) = Jn.

Since (in V[Gs]) we have ¢f(d) > w, and the supports of the p,, are bounded in

0, we can find o < § such that for all n, p,, € P,, and hence also p,, € G,. Clearly
f[G5} = fa[Ga]~

~ ~
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2 Finite support iteration and ccc

A forcing notion P is said to satisfy the countable chain condition, if there is no
uncountable set of pairwise incompatible conditions.

Fact 2.1: “P has the ccc” is equivalent to the following statement:

Whenever o is a P-name, and ||~ “q is an ordinal”, then there

exists a countable set A of ordinals such that ||-q € A.

(Equivalently, if |-z € V' for some P-name x, then there exists a countable set
A in'V such that |-z € A.)

Proof: Assume that P has the ccc. Let C' C P be a maximal set of conditions
satisfying

(1) peC=3ppl-g =5
(2) p1,p2 € C = p1 Lppo.

It is easy to see that C' must be a maximal antichain in P (because the set of
conditions satisfying (1) is dense).

Let A:={B:3FpecC:pllgo= E} Then A is countable because C' is countable,
and clearly |-a € A. [Proof: Every condition p € C forces o € A. A condition
forcing @ ¢ A cannot be compatible with any condition in C, which contradicts
the above observation that C' is a maximal antichain.]

Conversely, assume that (p; : 4 < wi) is an antichain. Let o be a name of an
ordinal such that

[-3ipi € Gp = po € Gp
Assume, towards a contradiction, that there is a countable set A of ordinals such
that |-a € A. Let i € w; — A. Then p;|-p; € Gp, but for all j # i, pi|-p; & G.
So pill-a =i ¢ A, a contradiction.
The same proof also shows: P has the ccc, iff
Whenever z is a P-name, and ||-“2 € V", then there exists a
countable set A such that |-z € A.

Corollary 2.2: If P has the ccc, and X is a name of a countable set C V', then
there exists a countable set A in V' such that [|-X C A.

The next theorem can be phrased “ccc is preserved under composition of forcing
notions.”

Corollary 2.3: Assume P has the ccc, and |- p “Q has the ccc.” Then P x Q) has

the ccc. b -
Proof: Let o be a P x Q-name of an ordinal. We consider ¢ as a P-name for

a Q—name of an ordinal. So since ||— P“g has the ccc,” (and using the existential

completeness lemma) we can find a P-name A such that
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(1) [p“A is countable”
2) [Fp e e 4
By 2.2 we can find a countable set A’ in V' such that
lpAc A
So [~plgg € A', hence [~p, o0 € A"

The next theorem shows that the property of satisfying the countable chain
condition is satisfied under finite support iteration.

Theorem 2.4: Assume that (Py, Qa : @ < €) is a finite support iteration of forcing
notions, and
Va <e: |-, “Qa has the ccc”

Then P has the ccc.

The proof of this theorem proceeds by induction on e. Successor steps are han-
dled by 2.3 and 1.6.
As for limit steps, from the induction hypothesis we can conclude that

(%) Va < e P, = ccc

We will show that (x) implies that P. has the ccc. We need to use the following
combinatorial fact (called the A-system lemma):

Lemma 2.5: Assume that (F; :i < w1) is a family of finite sets. Then there is a
set S Cwy of size Ny such that the family (F; :i € S) is a A-system, i.e.

IF finiteVi,j€ S i#j= F,NFCF
F is called a “kernel”, “root” or “heart” of the A-system (F; :i € S).

See [8, I1.1.5] for a proof.

Proof of 2.4, limit step:

Assume (toward a contradiction) that (p; : ¢ < w1) is an antichain of conditions
in P.. Since (dom(p;) : 4 < wy) is a family of finite sets, the A-lemma applies.

So we can find a set S C w; of size Ny and a finite set F' such that for all distinct
tand j in S, dom(p;) Ndom(p;) C F. Let F C o < e.

The family (p;la:i € S) is an uncountable familiy of conditions in P,. By our
assumption (x), it cannot be an antichain. So there are ¢ # j in S and a condition
r € P, such that p; > r and p; > r.

Now define p € P. as follows:

pla=r.
Vv € dom(p;) — a: p(v) = pi(7).
Vv € dom(p;) — a: p(v) = p; (7).
Note that dom(p;) N dom(p;) € F C a, so dom(p;) — o and dom(p;) — « are
disjoint.
We leave it as an exercise to check that p is indeed a condition in P., and p; > p,
pj = p-
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This is a contradiction, as (p; : ¢ < w1) was supposed to be an antichain.

3 Properness and countable support iteration

Definition 3.1: Assume that (N, €) is a model of a fragment of ZFC (which should
be large enough to develop the general theory of forcing). Let P € N be a forcing
notion, and assume that for all p1,po € PNN: N =py Lpps =V Ep1 Lp ps.
We say that G is N-generic for P iff:

Forall Ae N, if N = “AC P is a mazimal antichain of P”,
then GANNA#0.

(So G is N-generic iff GN N is N-generic.)
It is easy to see that we by replacing “maximal antichain” by “dense subset”,

“dense open subset” or “predense subset”, we get an equivalent definition.
In fact, the following holds:

Fact 3.2: Assumep € PN N, P € N, p < q € P. Then the following are
equivalent:

(1) For all Dy € N: If N E“D; is predense below p”, then D1 N N
is predense below q.
(2) For all Dy € N: If N =“Dy is predense C P,” then
(8) For all D3 € N: If N =“Ds is dense C P,” then q|—D3NNNG # (.
(4) For all Dy € N: If N |=“Dy is a mazimal antichain C P,” then
qg-DsNNNG # 0.
(5) For all Ds € N: If N |=“Ds is open dense C P,” then
ql-Ds "N NG # 0.

Proof: We will show (1) = (2 (5) —(1).

(2) = (4), (2) = (3), (3) = (b) are trivial.

(1) = (2): Let Dy be predense. Then Ds is predense below p, so Dy N N is
predense below ¢q. Hence ¢||—(Ds N N) NG # 0.

(4) = (5): Work in N. Assume that Ds is open dense. Let Dy be a maximal
antichain C Dj (i.e., let Dy C D5 be an antichain such that there is proper superset
D) C Ds; that is also an antichain). It is enough to see that D, is a maximal
antichain in P (in N): Assume not, and let r be incompatible with every element
of Dy, let s < r be in D5, then also s is incompatible with every element of Dy,
contradicting the maximality of Dy.

(5) = (1): Let D; € N, N =“D; is predense below p.” The following takes
place in N:

Let D5 := {r : either r L p, or 3d € Dy r < d}. Then Dj is open. We claim that
Dy is dense. To prove this, let s be any condition in P. If s L p, then s € D;.
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Otherwise, there is at € P, s > t, p > t. t is compatible with some d € Dy, so
there is ¢’ extending d,t,s,p. Sot € Ds.

Hence N D5 is dense”, so V = q|-Ds "N NG # 0.

Finally we will to show that (in V'), D; N N is predense below q. Let r < g be
incompatible with all elements of D;NN. Let ' <r, and v'|—s € DsNNNG. Then
s € Ds N N. Either N = s L p, then s L p, which implies s L 7/, a contradiction
to r'||-s € G. Otherwise N |=3d € D1 s <d. As r' and s are compatible, r’ and d
are compatible, so D1 N N is indeed predense below q.

Definition 3.3: We say that ¢ € P is N-generic (or (N, P)-generic) iff
V Eql-p “Gp is N-generic”

(iff 3.2(2)—(5) hold).
Remark 3.4: If q is N-generic, and ¢’ < q, then also ¢’ is N-generic.

Notation 3.5: For the following, we let x be a “large enough” regular cardinal.
“large enough” means that for all forcing notions P we consider, we have P(P) €
H(x), i.e., the power set of P is hereditarily of size < x. Since all forcing notions
we consider will be hereditarily countable, or countable support iterations of length
< Ny of hereditarily countable forcing notion, and all the universes we consider
satisfy GCH except for possibly 2% = Ry, we could choose x := N3. To be on the
safe side, we let
x =35

(So also in every extension that we consider, x = J7).

We will consider countable elementary submodels of (H(x), €).

(The notions we will define below will depend on y, but a careful examination
[which we will not carry out here] shows that this dependence is only apparent.)

Note that all essential properties of P are absolute between V and H (), for
example

V = A is a maximal antichain of P < H(x) = A is a maximal antichain of P

We also have the following fact:

Fact 3.6: If |-z € H(x), then there is a name T € H(x) such that |-z = T.
Proof: First note that for each element 2 of H(x) there is A < x and a sequence
(m; i < A) of sets in H(x) such that for all i < X z; C{z; :j <i}, and x = z,.
Applying this fact in V[G] to z, we get a sequence (z,;:i < \). We can find
an ordinal A such that |-\ < A, so wlog we may assume |[-) = A (since we can
define z; = () for A <i <.
Now we define by induction z; := {(Z;,p) : pl~2; € z,}, and prove by induc-

tion [-2; = z;.
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Definition 3.7: A forcing notion P is called proper, if for some x € H(x), for all
countable models (N, €) < (H(x), €) that contain x and P, and for allp € PN N
there exists a ¢ < p which N-generic.

»”

Remark 3.8: The clause “for some x ... 7 above is not essential, but it makes
some proofs slightly simpler. For example, when we consider an iterated forcing

notion P. € N, we could reconstruct the iteration (Py,Qq : a < €) from P. (in N ),
but the above definition makes it unnecessary, as we can include Py, Q4 : v < €) €
N7 into our assumption.

We leave as an exercise to the reader to show the following fact. (We will not
use it in the rest of the paper). Note that this fact is independent of .

Fact 3.9: P is proper iff player II has a winning strategy in the following infinite
game (see also [2]):

In the first move, player I plays a condition p, and a maximal antichain A;.
Player II responds with a countable subset Bf C Aj.

In the n-th move (n > 1), player I plays a mazimal antichain A,,, and player II
plays countable sets Bl C Ay, ..., By C A,.

After w many moves, player II wins iff there is a condition ¢ < p such that for
all n, the set By, := Jy>,, BF is predense below q.

[Sketch of proof: If player II has a winning strategy, and player I plays all
maximal antichains of the model N, then all responses of player II will be subsets
of N. Conversely, player II can, in each move generate a Skolem hull N,, (inside
H (x)) of everything played so far. At the end any condition generic for N :=J,, N,
will work. This definition of the strategy does not take place in H(x), since H(x)
is needed as a parameter, but the resulting strategy itself IS in H ().]

Fact 3.10: For N as above, q € P is N-generic iff for all oo € N:

If N = “q is a P-name for an ordinal”, then q|-q € N

(Note that q|-o € N really means q|l-a[Gp] € N.)

Proof: Let A € N, N =“A is a maximal antichain.” Working in N, we can find
a cardinal s, a function f from x onto A, and a P-name ¢ of an ordinal such that
|-pf(a) € GpNA. Then if q[-a € N, also ¢|-f(a) € N, so ¢|-NNANG # 0.
Hence ¢ satisfies 3.2(4).

Conversely, let @ € N be a P-name of an ordinal. Then the set D := {r € P :
3B r|-a = B} is dense. Let f be a function with domain D such that for all 7 € D,
rll=a = f(r)". Then f € N, soif ¢|-3r € DN N NG, then also ¢q|l-a € N, as
|—“re N= f(r)e N

Remark 3.11: A similar proof shows: q is N-generic iff

Vaz € N:If z is a P-name and |-z €V, then q|-z € N
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(or in other words, q|-N[G]NV = N).

Example 3.12: If P satisfies the countable chain condition, then every condition
(or equivalently, the condition 1¢) is N-generic, for any countable model N < H(x)
containing P. Thus, any ccc forcing notion is proper.

Proof: Note that if A € N is countable, then A C N, because A must be the
range of a function f € N that has domain w. As f € N, and for alln € w, n € N,
also f(n) € N for all n, so A =rng(f) C N.

Let A € N be a maximal antichain, then |-, ANG # (. So also 1g[~gANNN
G =ANG # 0. Hence 1¢ satisfies condition 3.2(4).

(Alternatively, we could use 2.1 to show that ccc = proper.)

Fact 3.13: If Q is proper, and A € V[Gq| a countable set of ordinals, then there
is a countable set B € V' of ordinals such that A C B.

Proof: Let A be a name for A, and let (a,, : n € w) € V be a sequence of names
for all ordinals in A. For each n, let A, be a maximal antichain of conditions de-
ciding a,,. We will show that the set of conditions forcing “there exists a countable
B in V covering A” is dense.

So fix a condition p. Let N < H(x) be a countable elementary model containing
p, Q and (A, : n € w) and let ¢ < p be N-generic.

Let B == U,e 1B : Ir € Ay, NN : rll-a, = B}. B is countable, and the
genericity of ¢ easily implies that ¢|-4 C B.

Corollary 3.14: If Q proper and cf(5) > w, then |-gcf(0) > w. In particular,
Ny is not collapsed.

Proof: @ cannot add a countable cofinal sequence in §, by the previous fact.
(Note that this proof works only for § < x, but for § > x or indeed § > |P| a much
simpler argument shows that the cofinality of § is preserved.)

Fact 3.15: If N < H(x), and Q € N, then 1|-N[G] < H(x)" ¢l

Proof: (Remember that x is quite large compared to @).) We will use the Tarski-
Vaught criterion. So it is enough to see for all names g in N:

(+) lol-o(Ge (e, )™ = 3z € NG] (¢(z, a))™

~

By 0.5, there is a name 7 such that

() Igl-qr e HX) & (Gx pla, 1)1 = o(z, a))H(X)'

As this last statement can be rewritten as a statement in H(x) (thanks to 3.6), we
can find such 7 in N.

Thus 1g[-q 1, € N[G] & (Fz oz, 0))? = (1, a)?)), which implies (x).
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Note that the same proof actually shows we even have (N[G], N[G]NH (x), €) <
(H(x)VI¢ H(x)", €). So if we work with a proper forcing notion, by 3.11 we also
get (N[G],N,€) < (H(x)VI, H(x)", €).

Lemma 3.16: Assume that Qo * Q1 is a composition of forcing notions. Then
(g0, q1) is N-generic, iff qo is N-generic for Qo, and qo|— “q1 is N[Go|-generic
fO’f‘ gl[GO] 7

Similarly, if we have an iteration (P, Qu :a <e), a < &, then ¢ € Pyt 18
(Pat1, N)-generic iff:
qla is (Py, N)-generic, and qla |- “g(«) is (Qu, N[G4])-generic.”

Proof: (Recall that we identify Qq * Q1-names with Qg-names for @J;-names)

We will use 3.10. For any name o € N of an ordinal we have

(@0 4o, @lCa0e) €N wollg, (41-g,ay@lCollG1] € N)

This shows that properness is preserved under composition of forcing notions.
The following two lemmata will show that properness is also preserved under count-
able support iteration. Note that the first one does not mention properness or
countable models—even the fact that the iteration has countable support plays no
role.

Preliminary Lemma 3.17:
Let (P, Qo : a < €) be a countable support iteration.

Assume a1 < ag < B <¢, p1is a Py, -name for a condition in P.. Let D be a

dense open set of Pg.
Then 1p,, ||~ 3p2 ¢(p2), where ¢(p2) is the conjunction of the following clauses:
s

(1) p2 € Pg, p2 <p D1

(2) ps € D.
(3) If£1[a2 € Ga,, then palas € G, .

Remark 1: By the existential completeness lemma there is an az-name p4 for a

condition in Pg such that |- ¢(p2).
[65) ~
Remark 2: The P,,-name p; corresponds naturally to a P,,-name, which we

also call py. In other words, we may wlog assume that a; = as.

Proof of the lemma: Assume 1p,, [/, 3p2 ¢(p2), then there exists a condi-
tion ry € P,, such that
72|, there is no py satisfying (1)—(3).

We may assume that ro decides what p; is, (i.e. 72 |—“p1 = p1” for some
X ~
s

p1 € V), and 79 also decides whether p;[as € Ga,.
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Case 1: ra[[-p1lag ¢ Ga,:
a2

But then (3) is true for any pa, so
r9 || there is no py satisfying (1)—(2).

Q2
which is a contradiction since D is dense open.

Case 2: 79 |- p1[az € Gq4,. We may assume ro <, p1[as. Now let r := p; Arg =
[

ro Up1[[asg, B) < p1, and find ps € D, ps <g r. Then
pa2 g |- pa satisfies (1)—(3),

a2

again a contradiction, because psfas < 7.

Induction Lemma 3.18: Let Q = (P,,Q. : a <¢) be a countable support it-
eration, and assume that for all o < ¢, |-, “Qu is a proper forcing notion.” Let

N < H(x) be a countable model containing Q. Then:
Forall p € NNe:
Foralla e NN, all p € N:

Assume p is a P,-name for a condition in Pg, and
~J

(¢) ¢ € Pao
(b) q is (P, N)-generic.
(¢c) qll-plae GaNN

Then there is a condition ¢+ :
(a)" q* € Ps, g la=gq
(b)* q* is (Pg, N)-generic
()" ¢ lyp18€Gsn N

The proof is by induction on .

Successor step:

Let 8 = B’ + 1. Since we can first use the induction hypothesis on a, 3’ to
extend ¢ to a condition ¢’ € Pg satisfying the appropriate version of (a)—(c), we
may simplify the notation by assuming g = o + 1.

Since ¢ |- N[Gqa] < H(x)V[%], we also have

«

q |- “there is a (Qq, N[G4])-generic condition < p(«)”
- X

By “existential completeness”, there is a P,-name ¢t () for it. By 3.16, we are
done.

Limit step:
Let 8 € N be a limit ordinal, 6 := sup(BNN) =, n, ¢ =9 < a1 < -,
apn € N. Let (D), : n € w) enumerate all dense subsets of Pg that are in N.
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First we will define a sequence (p, :n € w), p, € N, pg = p such that the
following will hold:

(0) Dn is a P, -name for a condition in Py

1 - Pnt1 < Pn
Qnt1
(2) — £n+1 S Dn~
An41
3) |- “i Pn [nt1 € Ga,,,, then D1 [t € Ga,yy

Qn41

For each n we thus get a name p, that is in N. For each n we can use the
“preliminary lemma” (and remark 1 before its proof) in N to obtain p,,41.

Now we define a sequence (g, : n € w), ¢n € Pa,,, =6 Cq¢1 C -+, Gny1lan =
dn, and g, satisfies (a), (b), (¢) (if we write g, for ¢, p, for p, a,, for a.)

Gn+1 = g7 can be obtained by the induction hypothesis, applied to o, a1,
and Pn lap+1. By (¢)* we know

0y l-palanst € Ga,y NN
Hence by (3) we have
qn+1||—£n+1 [ans1 € Ga,py NN

Since qp41l0n = Gn, ¢ = lim g, exists and is < ¢, for all n.

We have to show that ¢|l-p € GgN N and that g is generic. Let Gg be a generic
filter containing q. We will write p,, for gn[G%]. (Note that p, € N, because g,
was N-generic and ¢, € G, .)

Since ¢, > q € Gg, we have p,|a, € Go, "N and N = p, <p,—1 <--- < py
Hence pla, € G, NN for all n, and so by 1.17, p[d € Gs N N. As dom(p) C ¢
pld =p, so p € Gg. Similarly, p, € Gg for all n.

Consider a dense set D, C Ps. Since qn+1||—“£n+1 € D, we have p,y1 €
Gﬁ NnD,NN.

Hence ¢ is generic.

9

Corollary 3.19: Let (P,,Q. : a <€) be a countable support iteration of proper

forcing notions Q. (as in 3.18). Then P. (the countable support limit of this iter-
ation) is proper.

Proof: Apply 3.18 with « =0, 8 =«.
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4 Quotient forcing

Let (P,,Qq : @ <€) be either a countable support iteration of proper forcing
notions, or a finite support iteration.

Definition 4.1: We define P./G,, to be a P,-name for a forcing notion such that
o P-/Ga = {p € P. : pla € Ga}

Forp,q € P./Go welet p>p_ s, q iff p >p, q.

Notation 4.2: We write <qc, ||~ -+, for <p_sa., ||7PE/GQ, ete.

Fact 4.3: 1p, forces the following:
(1) P-/Ga C P..
(2) If p.q € P:/Ga, then p <ac ¢ p <: q.
(8) If p,q € P./Gy, then p L. q implies p Lo q. (However, note
that p Lae q does not necessarily imply p L. q!)
(4) If A€V, A C P. is a mazimal antichain, then AN P./G,, is a
mazimal antichain in Pe/G,,.

(1) and (2) are true by definition.

For (3), note that any r <,. p, ¢ would also satisfy r <. p,q.

Proof of (4): By (3), |-, “ANP-/G, is an antichain.” Assume that the conclusion
is not true, then we can find a condition r € P, and a condition p € P, such that

rl=,“p € P-/Gq, but for all s € AN P./G, there is no t € P./G,
extending both p and s.”

Since r||-“pla € G,,” r and p[«a are compatible, so we may wlog assume r < pla.
Let p:=pAr, then p < pand pla <r. So

plal-,“p € P:/Gq, and for all s € AN P./G, there is no t €
P. /G, extending p and s.”

Let s € A be compatible with p, and let ¢t < s,p. Then tla|-t € P./Gq &t <
s&t < p, a contradiction, because tfa < pla.

Fact 4.4: Assume G, C P, is generic over V, and Go. C P./G, is generic
over V[G,]. Then

(1) Gue C P is a filter.

(2) Gae is generic for P. over V.
(3) Gae 2 G

(4) Go = Gae N Py,

Proof: (1) G,e C P. follows from P./G, C P.. Any two conditions p,q in Gae
have a common extension in Ggue, i.e., thereis a r € Gaey P >0e T, ¢ > . Hence
P2l q2e.

(2): Let A C P. be a maximal antichain in V. Then in V,,, AN P./G, is a
maximal antichain by 4.3(3). So Gae N (AN P./G,) and thus also Goe N A are
nonempty.
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Proof of (3): Assume p € G, but p ¢ Gae. Then there is a condition ¢ € Gqc
such that ¢ Lo p. As pla, qla € G, there is a condition r € G, such that
r < pla,qla. Then (g Ar)la=r <,p,sogAr <. p. Wealso have ¢ Ar < ¢, and
gAr € P./G,. This contradicts ¢ L, p.

(4): “C” follows from (3), and if p € GNPy, thenp € P./G,,s0p = pla € G,.

(Conversely, if G. C P is generic over V', and G, := G N P,, then G,, is generic

for over V, and G. C P./G,, is generic over V[G,].)
So we can write G, for Gg..

Fact 4.5: The map i : P. —» P, x (P:/G,), defined by
i(p) = (pla,p)

is a dense embedding. Hence, forcing with P- amounts to the same as first forcing
with Py, and then with the “quotient forcing” P./G..

Proof: Note that plal—,“p € P./G.”, so rg(i) C Py * P./G4. i preserves the
ordering, as p > ¢ clearly implies ¢qla|—p > G

To show that i is dense, let (r, s) € Py * P./G4. So 7|, sla € G,. Since
rl~s € P., we can find a stronger condition 79 € P, and a condition so € P.
such that rol~s = so. As rol[~,s0/@ € Gq, 70 and sofa are compatible, say
r1 < 1o, Sola.

Let p:=so Ary. Then p € P., p < sg, 50 (r, 5) > (ro, 8) > (ro,50) > (r1,50) >
(ple, D).

How can we describe the forcing notion P./G, without explicitly mentioning
P.? For example, comparing the forcing notions P, and P,1, we have

Pa+1zPa*Qa

and also

Py~ Py (Pay1/Ga)
Similarly,

Poyo = Py x Qo *x Qat1
and also

Pa+2 ~ Pa * (Pa+2/Ga)
This suggests that the forcing notions P,4g/G, are isomorphic to iterations of
length 3. Theorem 4.6 below shows that this is indeed the case.

Theorem 4.6: Assume (Py,Q, : o < €) is a countable support iteration of proper
forcing notions, or a finite support iteration. Let o + 8 = . Then there exists a
P, name (Py,Q : v < B) of a countable/finite support iteration of length B3, such
that

|- Vv < B: Pg= P./G,

Proof: We will fix a, and proceed by induction on 8. We will work in V[G,],
where G, C P, is generic over V.
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By induction on £, we will
(1) define a countable/finite support iteration (P, Q~ : v < 3)
(2) define a map ing from P,15/G, into Ps
(3) prove that i4p is a dense® embedding.
Case 1: =0
(1) (Py,Q~ : v < ) is the empty sequence, and Pg = P = {0}
(2) iqp is the constant map.
(3) Any two conditions in P,4¢/Gs are compatible, as are any two
conditions in Py. p; <* py is true for all p1, ps € P,/G,.
Case 2: f=p4"+1
(1) We have to define Qg .
InV, Qayp is a Pyyp-name for a forcing notion, which can be

translated into a P,-name for a P,;p /Gy-name. So in V[G,],
Qa+p 1s a Potp/Go-name, which by induction hypothesis can

be translated to a Pg-name Qg.

(2) For p € Payp/Ga, we define ing(p) € Ps by defining ias5(p) |5’

and ias(p)(B'):
iap(P)1B" = iap (pl(a + B))

If p(a + B') is undefined, we let i,5(p)(5’) be undefined. Otherwise,
p(a+ ') is (in V[G,]) & Patpr/Go-name for an element of Qqyp/,
which can be translated to a Pg-name for an element of Q.
This will be i45(p)(8’). Or, more sloppily: ing(p)(8’ = p(a+§').
Note that i, extends iag.

(3) To see that i,p is an embedding, check that for p1, ps € Payg,

p1>"pa it piladB > palatf &
& palatp|l-pi(atp’) =" pa(at+p’)

which by induction hypothesis and using translation functions is
equivalent to

pr>"p2 M dag(p)1B =" dap(p2) I8 &
& iap(p2)1B'I-iap(p1)(B) =" iap(p2)(B)
ie., iag(p1) >* iap(p2).
It is also easy to see that i4p is dense*.
Case 3: (8 is a limit ordinal.

(1) We define Pj as the (countable/finite support) limit.
(2) We let iag(p) == U, <4 lary-
(3) As before, we can show p >* ¢ iff Vy < 3, pla+v >* qla+ v iff
Vy < B iag(p)ly <* ete.
The crucial point is the density condition 0.8(2). So let p € Ps.
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First we will deal with the case of a finite support iteration. So p € 15%
for some v < (. By induction hypothesis we can find p € P,4~/G, such that

icx’y(p) S}’w 2
Then we also have p € Pot5/Ga, and iag(p) = iay(p) <p, P.

Now assume that we are working with a countable support iteration of proper
forcing notions. (If 8 has cofinality > w in V[G,], we can repeat the previous proof
verbatim.)

In general, let p € Ps. In V[G,], dom(p) is a countable set of ordinals, whichis
not necessarily an element of V.

Here we can use the fact that P, is proper: By 3.13, dom(p) is covered by a
countable set of ordinals that itself lies in V. So there is a countable set F' € V
such that dom(p) C {y:a+~v € F}.

Find a name g € V for p. From g and F' we can define a condition p € P44,

p € V as follows:

dom(p) = F.
If a +v € F, then let p(a + 7) be a name such that (in V)

= ot I P(7) € Qarty, then pla+7) = p(v)
otherwise p(a +7) = 1q, .-

(We use the translation function here.)

Because of F we know that p is indeed a function with countable domain. So
p € Pg, and in fact |-_p € P3/Ga.

Now we have to show that i,5(p) < p. We have to prove by induction on v that

Vy < Biag(p)ly = iappla+7) < ply (*)

We leave this as an exercise to the reader (use 1.7 and 1.8).
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5 A general preservation theorem for countable support iteration

Context 5.1: We will consider functions f from w to w. In applications, these
functions may actually be from w to HF' (the hereditarily finite sets), or from w<*
to w<¥, etc. Since we can trivially (in a primitive recursive, absolute, ... ) way
code such functions by functions in “w, all results from this section apply also to
functions in “HF, etc.

We fix a closed set C C “w. There is a tree T' C w<% such that

C={fe“w:VnflneT}.

When we work in a universe V7, we write C for the set {f € “WwNV; : Vn fin € T},
i.e., we regard C not as a set per se, but as a formula defining a certain (closed)
set.

Typical examples are C = “w, or C = {f € “w : Vnf(n) < H(n)} for some H €
“w.

(Cpn: n € w) is an increasing sequence of two place relations on “w. In general,
we do not assume that these relations are transitive.

C, will always be given by an arithmetical definition. Again, we consider C,,
not as a set in itself, but rather as a definition of a certain arithmetical set, so
if C,, is defined in a universe Vp, f C, g makes sense even for f,g ¢ V5. These
definitions will be absolute between any two €-models, as the formula defining C
is arithmetical.

(We do not require that the C,, are uniformly arithmetical, i.e., each C,, may
be defined by a different formula. However, in all our applications there f C,, g is
expressed by a single formula ¢(f, g, n).)

We let C=J,, Cn-

A typical example is given by f C,, g iff Vk > n f(n) < g(n). Then we have
fCgiff f<*g. (Actually, this example is not so “typical” since here the relations
C,, are all transitive, which will not be true in general.)

Definition 5.2: We will only consider forcing notions that add a real, or at least
introduce a new w-sequence of ordinals. If p|l=7 : w — Ord, we say that p decides

T In, if for somet:n — Ord, p|-1In="t.

Note that if |-, 7 : w — Ord and [-5 1 ¢ V, then letting
E, ={p € Q:p decides 7[n},

E,, is a dense open subset of @ and ), E,, is empty.

Assumption 5.3: We assume that for all countable sets a C “w there is a g such
thatVfeanC fCg.
We also assume that for every g and every n the set {f : f T, g} is closed.

Definition 5.4: We say that g (=, C)-covers) N if for all f € N N C we have
f T g. (Usually we think of N as a countable elementary submodel of some H(x).)
When C and/or C are clear, we may just say “g covers N”.
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We let x be a “large enough” regular cardinal as in 3.5. We will consider count-
able elementary submodels of (H (), €).

(The notions we will define below will depend on y, but a careful examination
(which we do will not carry out here) shows that this dependence is only apparent.)

Definition 5.5: We say that the forcing notion () almost preserves [, if
WHENEVER N < (H(x),€) is a countable model containing Q, C and C, g
covers N, pe QN N,
THEN there exists an N-generic condition q stronger than p, such that q|— “g
covers N[G].”

Fact 5.6: If Q almost preserves C, then ||-o Vf € V[G]Ig eV fT g”.

Proof: Assume not, so there is a condition p and a name f such that
p|l—there is no g € V such that f C g.

Let N < H(x) be a countable model containing f and p, and let g (€ V)

cover N. Then we can find a condition ¢ < p forcing f C g, a contradiction.
Example 5.7: Let C = “w, and let (for f,g € “w)
fCng & VE=nfk) <g(k)

and f C g iff for somen, f C, g. All the C,, are closed and transitive, and clearly
for every countable set a C “w there is a g such thatVf €a fCg.

A forcing notion @ is called “w-bounding iff

IFVfe“wnV[GlIge“wnV fCg
Q

Fact: A proper forcing notion @ almost preserves C iff it is “w-bounding. (We
will see later that we can omit the “almost” from this statement.)

Proof of the fact: If @ preserves C, then @ is “w-bounding by 5.6. Conversely,
assume that @ is “w-bounding, let N < H(x), and assume that g covers N. Then
|FVf e N[G]3f € V: fC f', so any N-generic condition g forces Vf € N[G]|3f’ €
N : fC f. Since for all f/ € N, f' C g (and C is absolute and transitive), for any
N-generic ¢ we have

q|-vf e N[G]: fCg

So this definition 5.5 achieves exactly what we want. However, it is not clear
whether this condition by itself is preserved under iteration. Before we give the
definition we will actually use, we have recall the concept of “interpretation”:

Definition 5.8: Assume Q is a forcing notion, fo, ..., fr_1 are Q-names of func-
~Y ~Y

tions in C, f5, ..., fi_, are functions in “w, (pn : n < w) an increasing sequence
of conditions. We will write f for (fo,..., fr_1) and f* for (f5,... . fi_;). A

~

sequence {fo, ..., f1) will be written as (f, f1).
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We say that (p, : n < w) interprets f as f*, if for all i < k, for all n, p,||— fi[n =

Iin.
(So when we say that (p, : n < w) interprets f as f*, it is understood that the

sequence (p, : n < w) is increasing, etc.)
Remark 5.9: If (p, : n < w) interprets [ as f*, where f is a name for a function
i C, then f* is a function in C.

Proof: C = {f : Vn fIn € T} for some tree T. If f* ¢ C, then for some n
f*In¢ T, soppl—fIn¢T, acontradiction.

Definition 5.10: We say that the sequence (p, :n < w) € “Q is inconsistent, if
there is no condition q such that Vnqll-p, € G or equivalently, |-o3n : p, ¢ Gq.
Note that if (Dg., : n € w) is a sequence of dense open sets with (), Dgn =0 and
Vnpn € Do.n, then (pp : n < w) is inconsistent.

(By our assumption in 5.2, for every forcing notion @, that we consider there is
a sequence (Dg , 1 n < w) as above.)

Definition 5.11: We say that the forcing notion @ preserves (C,C), if for
some x:

WHENEVER N < H(x) is a countable model containing Q, x and C, g covers
N, po € QN N, and whenever (p, :n <w) € “QN N (an increasing sequence of
conditions) interprets ,]j € N as f*, such that for all i < k f} Cn, g,

THEN there is a condition q € QQ such that
(a) ¢ <p.
(b) g is N-generic.
(c) q|FVf e N[GINC fCg,ie., q|-“ covers N[G].”
(d) Vi <k:ql-fiCn, g

Note that (a)—(c) just say that @ almost preserves C. Also note that (c) is
equivalent to

() VfeN: If |- f € C, theng|-f T g.

When C is clear from the context (or irrelevant), we may say “@Q preserves C”
instead of “Q preserves (C, C)”.

4

We call v = z¢ the “witness” for the statement “Q) preserves C.”

Lemma 5.12: If Q¢ preserves C, and H_Qo “Q1 preserves C”, then Qqy * Q1 pre-
serves .

Idea of the proof: To use the assumptions on g and @1, we have to find a

Qo-name f’ that “interpolates” between f and f*,i.e., f* is an interpretation of

f! which itself (in V%) is an interpretation of f.
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Proof: Let zo witness that Qo preserves C, and ||—“z; witnesses that Q1 pre-
serves C”. x := (x9, £1) will witness that Qo * Q1 preserves .

Assume N, (p,:n <w), f, f*, ng,... ,np_y1 are as in 5.11, and g covers N.

Each py, is of the form <pn(0)apn(1)>> where pn(o) € Qo and pn(O)H_QOpn(l) € Q1.
We let p_1 := (1¢,, ]lg1>.
Let G(0) C Qo be generic, then we can define functions f/ in V[G(0)] and
conditions p/ (1) in @ for i < k as follows:
If for all n € w p,,(0) € G(0), then f/ := [, n* == w, p,(1) := pu(1).
Otherwise, let n* := max{n > —1: p,(0) € G(0)}, and find a
sequence (p),(1) : n € w) € “Qy and functions f] for i < k such
that pg(1) > pp+(1) and

(), (1) : n < w) interprets i as f’ (x1)

(Note that (x1) will be true also if n* = w.)
Then fj[n* = f*[n*: This is clear if n* = w. Otherwise, py(1)[l-q, “filn
[ In*)” so we also have pj,. (1)[|—¢, “filn® = fiIn".”
Furthermore, p/,.(1)|l— “filn™ = fin*7, so pl (D)= “fiin* = fFin*.”
Coming back to V, we can find Qo-names f;, p’ (1), n* such that the above is
forced. In particular, -
Pa(O)l=filn = f7In, (x0)
as pn(0)[-n* > n.
We can find these names ;i; and gil in N. Since Qg preserves C, by (x0) there
is a generic ¢(0) € Qo such that
(a0) ¢(0) = po(0).
(bo) ¢(0) is N-generic
(co) q(O)[=Vf € N[G(O)] f E g.
(do) Vi <k: q(O)|-fi T, g-
Working again in V[G(0)], where ¢(0) € G(0), we note that N[G(0)] is covered

by ¢g and n* > 0, so since ()1 preserves C and by (x1), we can find a condition
q(1) € Q1 such that

(a1) q(1) < pp(1) < po(1).

(b1) ¢(1) is N[G(1)]-generic

(c1) ¢(V)[-Vf € N[G(0)«G(1)] f T g.
(1) ¥i <k g(Dl-fi Ca, g.

We can find a name ¢ (1) such that the above is forced by ¢(0). Now we let
q = {q(0), g(1)). Then 5.11(a)—(d) holds.
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Recall that Pg/Go, = {p € P3 : pla € G4}, and that the map i : Ps —
P, x Pg/G,, defined by i(p) = (pla, p) is a dense embedding. So to each Pg name
f there is a naturally corresponding P,-name for a Pz/G,-name, which we also

call f.

For the following, assume that (P,, Q. : @ < €) is a countable support iteration
C-preserving forcing notions, i.e., for all a < ¢,

P, |l-“Qq preserves C(witnessed by z,.”

Also assume that each ), adds a new sequence of ordinals.
Our goal is to show that P. preserves C (witnessed by = := (2, : @ < ¢). So we

fix a countable elementary model N containing all relevant information.

Induction Lemma 5.13: Let o < 8 < e. Assume that (p, :n<w) € N is a

~

sequence of Py-names for conditions in P3/G,, such that
() |Folpn:n <w) interprets f as f*
(where f = {(fo,..., fr—1), f*={(f&,---, fr_1), the fi are Pg-names in N,

and the f; are Py-names). Furthermore, assume that ¢ € Py, and no, ... , k-1
are P,-names for integers such that for some g:
(a) ql—,p Ta € Gq. (This really follows from our assumption that |- po €
~o e
Ps/G,.)
(b) q € P, is N-generic.
(c) ql-Yf e N[Go] fE g.
(d) Vi <k:ql=f7Cn. g
Then there exists ¢* € Pg, satisfying
(+)+ g la=gq
(a)" qFll=5p 1B € Gp.
~o0
(b)i gt € Pg is N-generic (i.e., ¢*|l=5 “Gg NN is generic over N”.)
(c)" aF|-Vf e N[Gs] fC g
(d)F Vi<k:qt|-fiCp, g

The reason for considering C-preserving forcing notions is the following corollary:
Corollary 5.14: IfVa |-p “Qa preserves C”, then P preserves L.

Proof of the corollary: Use the induction lemma with witha =0, 5 =¢,¢ = 1p,.
We can find ¢t € P. satisfying (a)"—(d)". Since ¢T|~po € G., there is a condition
gt <q", ¢ < po. Then ¢t will satisfy 5.11(a)—(d).

To prove the case “f limit” of the induction lemma, we will need the following
lemma. (Note that, as in the preliminary lemma for the proof of preservation of
properness, this lemma does not mention properness, [C-preservation, etc. — not
even countable models.)
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Preliminary lemma 5.15: Assume a1 < as < 3, (pl :n <w) is a sequence of

P, -names for conditions in Pg/G,. Let D C Pg be a dense open set, j € w.
. ,I},lc_ﬁ are

Assume (f, fr) = (fos--- > [ 1) are Pg-names, and f' = (f;,..

P,, -names, and
(1) |4, (ph:n <w) interprets [ as f.
(2) |-o,(pr(ar) s n < w) is inconsistent.

THEN there are: Py,-names (f2, f3) = (fa,..., f1) and a sequence (p? : n < w)

of Py, -names for conditions in Pg/G, such that

(1)+ ||_a2 “(g% :n < w) interprets <£’ik> as (iQ,ii)” and

H—a2 “g% decides io[j, e 7ik[j.”
(2)+ ||*a2<P%(a2) :n < w) s inconsistent.
(3)+ ||—a1<pil[a2 :n < w) interprets f2 as fl.
(4)7 |, If phla2 € Gay, then p < pl.

(5)" |-a, 0} € D.

_ 9 _
A » L
~J ~J ~ ~NJ
—
I ol ! owe P
g (&) B (€51 (&%) B

Proof of the preliminary lemma:
We will work in V[Ga,]. We write p;, for p;[Gq,]. Let pL, :=1p,. Let n* be

defined by
(i) n*:=max{n > —1: pl[Ga,]laz € Ga, }.

(By 5.15(2), not all p. [ag can be in G,,.)
Let p? | = pl. € P3/Gy,. By assumption on @, there is a sequence (E,, : n < w
1 n B 2

of dense open subsets of Qq, such that ), E, is empty. Let E, := {r € Pg/G,,
r(as) € E,}. Then E, is a dense open subset of Pg/G,,, and ), E, is empty.
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For each n, let

D" :=DNE,N{r € Ps/G,, : r decides fol max{n,j},..., frlmax{n,j}}.

Then D™ is open dense in Pg/Gy,. By induction we can now find a sequence of
conditions p2 in Ps/G,, such that for all n € w:
(ii) p2 in P3/Ga,
(iii) p2_; > p2. (Soif pllag € G,,, then pl > pl. =p?; > p2.)
(iv) p? € D™
Since D" C E,,, (iv) implies that (p2(az2) : n < w) is inconsistent.
By (iii) and (iv), there are functions f? such that for all i < k, all n:
(V) Bl £ i, ) = £2 [ ma{n, 7},
Coming back to V, we can find P,,-names p?2, f?, n* such that (i)—(v) are
forced by the empty condition of P,,.
Note that (v) implies that 5.15(1)% will be satisfied, (iv) implies 5.15(2)* and
5.15(5)F, and (iii) implies 5.15(4)".
To show 5.15(3) T, let Gy, C P., be any generic filter, n € w, i < k. We will
write pl for pL[Ga,], f! for f;[Ga,]-
We claim that
VIGa,] E prlazll-g, o, fin = filn

Proof of the claim: Let H C P,,/Gq, be a V[G,,]-generic filter containing
pLlag. Then HNP,, = G,,, and H is generic for P,, over V, so we will write G,
for H. Let f2 = f2[Ga,]-

~

We have to check V[Gq,] = f2In = flIn. It is enough to show that
VIGa,] E piH_PB/Gaz fi2 n = iz In = fz'l [n.

The first equality is clear by the definition of f ? To prove the second, let Gz be

a V[Ga,]-generic filter on P3/G,, containing p2. Again, Gz D G,, is also generic
for Pg over V, and it contains p.. (Remember that pllas € G,,, so by 5.15(4)+,
p2 > ph.) Hence V|G| E ii[GB][n = fn.

Proof of the induction lemma: We proceed by induction on .
The successor step is similar to the proof of 5.12:
Assume (p, : n € w) is a sequence of P,-names for conditions in Pg11/G,, in-

terpreting f as f* in V[G,]. (Le., f*is a P,-name, and f is a Ps;i-name which
we identify with the corresponding P,-name for a Pg4q-name.)
Working in Vi, we can define f’, n*, (pl, : n € w) such that the following hold:

- n* =sup({n € w:p,|B € Gg} U{—1}) (also n* = w is possible)
- (pl, :n € w) is an increasing sequence of conditions in Qg,
interpreting f as f’.
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- If n* € w, then pj) < pp«(5).
. Ifn*:w,thenf/:f*-

Coming back to V, we can find Pg-names n*, etc. Now (p,[f:ncw) is a

sequence of names for conditions in Pg/G, forced to interpret f "as f*, and

( R:I :n € w) is a sequence of Pg-names for conditions in Qg forced to interpret

f as f . So we can use the induction hypothesis on «, 8 and the assumption on

~

Qp to obtain ¢t |8 and ¢t (), respectively.
This ends the proof of the successor case.

Let 8 be a limit ordinal.

Let (D,, : n < w) enumerate all dense open subsets of P that are in N, where
Do = Pg. Let § :=sup(NNpB), 6 =U;aj, a =ap<ar1 <, (j:jEw) €N.
Fix Pg-names [ = <i07 . ’ik*1> of functions.

Assume that
(1)o |~ (pn : n < w) € “(P3/G,) interprets f as f*

and let for i <k n; be names of integers such that ||—_ f; Ty, g.

First claim: wlog we may assume that

(2)o =0 “(Pn(c) : n < w) € “Qq is inconsistent”

/
n

[Proof of first claim: It is enough to find a sequence (p, : n < w) satisfying (1)p and
(2)o such that for all n, |- p;, <* pp.

To find this sequence, we work in V. If (p,(a):n <w) is inconsistent, we
let pl, := py. Otherwise, let g € Q,, be a condition such that for all n, o <* p,(a),
and let g < r;1 < --- be an increasing inconsistent sequence in @Q,. Now let
pib = DPn A Tp, L€,

p,()_{rn ify=a
7 pa(7) iy #a

Then (p), : n < w) satisfies the requirements. This proves the first claim.]

n
Let (fn :n < w) enumerate all names f in N satisfying |5 f € C.
We will construct sequences ((pJ, :n < w):j <w)and ((fI:i <k+j):j<w)
satisfying the following for all j € w:

(*) gﬁl is a P,,-name for an element of Ps/G.,

(%) fla P,,-name for an element of “w

(0)  (pp:n<w)=(pa:n<w), (f{:i<k)=(fi:i<k)

(1)j+1 ||_°‘j+1 f(g%‘*‘l :n <w) € “(Pg/Ga,,,) interprets <i(), .. ’ik+ﬂ'> as

j 1 ] ] M . =99
<£6+ Lo ,Afjcib, and g{) decides io[j, ceey ikﬂ[]
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(2)j41 ||7@j+1<p%+1(05j+1) :m < w) is inconsistent.
. . j+1 j+1
(3)j+1 ||—aj (gﬁl lajy1:n <w) € YPa,,,/Ga,) interprets (;ﬁf e ,;ﬁ;j_ﬁ
as <N{J, . ,i{cﬂ_l).
, . ,

(4)j+1 ||_aj+1 If pf){aj_H (S Gaj+1, then g%“" < 26

)i+ = 7+1190 '€ Dj

Note that the statements (1)y and (2)y mentioned at the beginning of the proof
are exactly (1);41 and (2);41 for j = —1.

We can obtain the sequences (g{fl :n < w) and (ﬁ“ 21 < k+j+1) from the
given sequences (p? :n < w), <ff 11 <k+j+1) and D; by applying the prelim-

inary lemma in N, so each (pJ :n € w) will be in N.

Now we construct sequences (g; : j < w) (where each g; is an N-generic condition
in Py,) and (n; : j <w) (n; a Py;-name for an integer) satisfying

() laypy: 30 fhy; Cug, then fl Ca g

(+) gi+1lay = qj.

(A) QJ+1||_p0 1 € Gayy-

(B) gj11 € Pa,,, is N-generic.

(©) QJ+1|| Vf e N[G aJ+1] fCg
(D) gjl-Vi<k+j+1: fl Cp, 9-

We let qo = q. n0,...,nr_1 are already defined. By assumption (a)—(d) of the
induction lemma, (A)—(D) are now satisfied for j = —1.
Given ¢; and ngp, ..., k4 -1, We can easily find 7, by requirement (o). Now

apply the induction assumption to the sequences (p) :n < w), (f;:i <k+j),
(f7:i<k+j)toget gjr1. This will show that g; 1 satisfies (+), (A), (B), (C).
The induction assumption also implies that ¢;41 will satisfy (D) for all i < k + j.
Finally, () and (C) imply that (D) is also satisfied for i = k + j.
Note that Qj+1H_£]o fOéjH € Gaj+1a S0 by (4)a
gl-p™ < pj

~

To conclude the proof of the Induction Lemma, let ¢ = Uj gj.- Then g € Ps C Pg.
We have to check that this works.
Let G be any generic filter containing . We write p?, for pj [Ga,], etc.

Clearly (po j <w) is an increasing sequence of conditions. First we claim that
po € D;NN. By (5), p}, € Dj, and since g; is generic, pj) = pO[G ;] EN.
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Next we note that for all k, p& oy € G, . Since pg > pk for j <k, p% lag € G,
for all k > j, hence p}, € Gs. Since p}, € N, dom(p{)) C 6. So p}y € Gg. This shows
GgND;NN # 0. So g is generic.

For any 1, ff I = filj (by the second clause in (1)). So f; = h<m ff Since for
j<w

all j, f/ C,, g, and {f : f Cp, g} is closed, f; Tp, g. So g covers N[Gg].
In particular, for ¢ < k, f; Cp, g, thus showing condition 5.11(d).
So we also finished the limit case.

6 Applications

The general strategy for preserving a property in limit stages of a countable
support iteration is as follows:

(1) Find a stronger property that can be written as Q|-Vf € V[G]3g € V
f T g for a X9 relation C. Let C= |J,, C,, where each C,, is
closed.

(2) Prove that all Q, preserve (Cp:n € w).

Then by the preservation theorem, for all o, P,|-Vf € V[G,]|3g € V f C g,
and hence P, has the property we wanted to preserve.

Fact 6.1: If for all g and all n, the set {f : f T, g} is closed and open, then:

Q@ almost preserves C < @ preserves C

Proof: < is clear.
=: Assume that g covers the countable elementary model N, p := (p, : n € w)
is an increasing sequence of conditions interpreting f = (fo,..., fr—1) € N as

=0, fi_1), and let f* C,, g for all i < k.

Fix i < k. Since the set A; := {f : f Ty, g} is open, there exists an integer n}
such that [f}[n}] C A;.

Let n* := max{n} : i < k}. As @ almost preserves C, we can find a generic
condition ¢ < py~, satisfying 5.11(a)—(c).

For each ¢, we have qH—ii [n* = f¥In*, thus

al-fi € 7] C{f: f Cu 9)

so q also satisfies 5.11(d).

In general, “Q preserves C” and “@ almost preserves C” are not equivalent, as
can be seen from the following example:
Example 6.2: Let C = (C,:n € w) be defined by f T, g = Vk >n: f(k) < g(k),
assume that @ is “w-bounding (and thus preserves C, see 6.5, below).

Let C;,=C, forn >0, and let f T g iff for all k, f(k) =0, and C'=J,, C;,-
Then for any f,g: f T g iff f C' g, hence for any model N :

g C-covers N iff g C'-covers N



342 MARTIN GOLDSTERN IMCP

and thus: Q almost preserves T iff Q almost preserves C'.
Claim: If Q adds reals, then Q does not preserve C'. (But if Q is “w-bounding,
then @Q almost preserves ')

Proof: Let z be a name such that [~z € “w& z ¢ V. Let p:= (p, 1 n € w)
be an increasing sequence of conditions interpreting x. Then

=@3n:pn ¢ G
Define a name IJ € “2 by requiring H—Q“Z(n) =0« p, € Gg.” Let f* be the
function with Vnf*(n) = 0.
Then: f* Cf g, and (p, : n € w) interprets J as f*, but H—Qﬂni(n) # 0, thus
-o~(f Ch ).

Hence there is no condition satisfying 5.11(d).

Application 1: Preservation of “w-bounding

Definition 6.3: A forcing notion Q is called “w-bounding iff
I-Vfe“wnV[G]3g € “wnNV Vn f(n) < g(n)
Q

There is a natural way to translate this property into the framework of the
“preservation theorem” in 5.11:

Definition 6.4: We let (for f,g € “w)
fepg & Vk=nf(k) < g(k)
This is a closed relation. Letting CPourd= U., Cbhownd clearly @ is “w-bounding
iff
|-Vfe“wnV[G]3ge“wnV frPouwnd g
Q

Lemma 6.5: A proper forcing notion Q preserves TP iff it is “w-bounding.
Proof: Assume (Q preserves CP°""d, Then for any name f and any condition

p, let N be a model containing f and p. Let g cover N. We can find a condition

bound

q < p forcing that f C g. Now g is in the ground model, so @ is “w-bounding.

Conversely, assume that @ is “w-bounding, and consider a model N and a se-
quence (p,, : » < w) as in the hypothesis of 5.11. We also have names fo,..., fr_1,

and functions f such that p,|—fiIn = f*In for all i < k.
First we note that any N-generic g will force
Vfe N[G)3f € N¥n f(n) < f'(n)

Since any such f’ is eventually bounded by g, ¢|-Vf € N[G] f =Pound g.



Vol. 06, 1992 TOOLS FOR YOUR FORCING CONSTRUCTION 343

We still have to deal with our fixed names f;. Assume f} Eﬁ‘i’““d g. For each

n we can find a condition p;, < p, and functions f;, € N (i < k) such that
Pul=Vk fi(k) < f{, (k). Let for all i <k f; be defined by

fi(k) = max{f] (k) :n <k} +1

We can find these sequences (p;, : n <w) and (f/, :i <k,n <w) in N, so there
are n; such that f/ Eﬁ?““d g, n}, > n;. Let n* > n} for all 4, and let ¢ > pl,. be a
generic condition. Then

alVk > 0® fi(k) < fl- (k) < Fi(k) < (k)
al-vk € (niun®) £i(k) = £ (k) < g(k)

so qli=fi £ g.

Corollary 6.6: The countable support iteration of proper “w-bounding forcing no-
tions is (proper and) “w-bounding.

Application 2: Preserving outer measure one

Let Q be the set of clopen subsets of “2. ) is a countable set. We will consider
functions f € “0Q2 and functions g € “2.

1(A) is the Lebesgue measure of any measurable set A C “2, and we let u*(A)
be the outer Lebesgue measure of any set A C “2.

We let

crandom .— (£ c 0. Vn € wu(f(n)) <27}

This is a closed set (in the product topology of “Q0, where 2 is equipped with
the discrete topology).

For f € Crandom e Jet

Ap= () U fk)

newk>n
Fact 6.7:

(1) If f € Crandom thep Ay C*2 is a set of measure zero.
(2) If H C “2 has measure zero, then there is f € C'#8dom gych that
HC Ay,

Proof: (1) follows from p( U fk)) <2742 4 =27l
k>n
(2): Let I' : w X w — w be a monotone bijection. For each m, H can be covered
by an open set of measure < 2T (0)

HC U [ST} SZL € 2<w ’UJ( U [52'”]) < Q*F(mﬁ[))
hew kew

) say
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For each m, we can find a sequence 0 = k* < k7" < --- of integers satisfying
u( | sp) <27romd
K>k
for all j € w.
Define f by

PO, 3) = A8 : k5 < bkl )
This is a finite union of basic clopen sets, hence clopen. Also,

p(f@(m, ) < p( | sp) <27 oD
K>k

S0 f c Crandom.
Note that for all m, U, f(I'(m, 7)) = U{[si'] : k € w} 2 H. Foralln € w
there is m € w such that Vj : I'(m, j) > n, so

vn3m H C ] f(T(m,5) € | Fk)

JEw k>m
soHC () U k).

mew k>m
Definition 6.8: For f € C™ndom g c ©2 n € w we let f CI4Om g iff Yk >n g ¢
fk).
This is a closed relation since (for fixed k), “g € f(k)” is clopen.
Fact 6.9: f Crandom g jff g ¢ Ay

Fact 6.10: For a countable model N of ZFC':

g Crardom_coners N & g is random over N

Proof: Assume that g is random over N. Fix a function f € C™"°™  Then as
g is not an element of the null set Ay, we have f [random o

Conversely, assume that Vf € N f £#d°m g Then for any measure zero set H
in N we can find a sequence f € Cr"dom gych that H C Ay. Since f grandom g

g¢ Ap,sog ¢ H.
Fact 6.11: If Q preserves C™2dom  then [Fou*(VNe2) =1.

Proof: Assume p|l—u(V N“2) = 0. Then there is a name i such that pH—rJi €
Crandom &1/ "« C A;. Take any countable elementary model N containing p and
f]:, and let g cover Nf Then pll-g € Ay, but there is a condition ¢ < p, ¢|-“g
covers N[G],” so q|l-g ¢ Ay, a contradic:ion.

This fact justifies the foﬁowing definition:

Definition 6.12: We say that a forcing notion QQ “preserves outer measure one”
iff Q preserves CrAndem,
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In [7], the following property of forcing notions was considered:

Definition 6.13: A forcing notion Q satisfies *4 if for every countable N < H (),
if Pe N, (p,:n€cw) €N, each p, in P, and (A, :ncw) € N, each A, a P-
name, for every n, py|— “A, is a Borel set and u(A,) < e,” and lim, ;o €, = 0
and g € “2 is random over N then there exists ¢ € P such that
(i) q is (N, P)-generic.
(11) qll—“g is random over N[Ggq].”
(iii) there exists n such that ¢ < p, and q|l-“c ¢ Ap.”

[7] also showed that Laver forcing has the property *4.
Lemma 6.14: If Q) satisfies x4, then (Q “preserves outer measure one.”

Proof: Let (p, :n €w), f = {(fg,---, fr_q) be asin 5.11, let N be a countable

~

elementary model, and let g cover N. Then g is random over N.
Define Q-names A,, such that

”*én = U U i1(m)
i<km>n
Then |-u(Ay) < &n, where g, := k- 27"FL

Let (p, : n € w) interpret f as f*, and assume f; [Ciandom

e g. Let n* := max{n; :
1 < k}. Applying %4 to the sequence (p, : n* <n < w), we can find an n** > n*
and a generic condition g < p,«~ such that g|—“g is random over N[G],” and
ql=9 ¢ An--.

As g is random over N[G] iff g covers N[G], ¢ satisfies 5.11(a)—(c).

For each i < k we have ¢|l-g ¢ U fi(m). So to get 5.11(d), it suffices to

m>n**
show

dko¢ U fum)
n; <mn**

This follows easily from g < pp++, as

e U mm= U fum)

n; <mn** n; <mn**

Pryxx

Thus (by [7]) the Laver forcing “preserves outer measure one.”
Lemma 6.15: The random real forcing notion “preserves outer measure one.”
To prove this lemma, we first show the following claim:

Claim 6.16: Let Q be the random real forcing, and let A be a Q-name for a subset
of IR, p € Q, and assume that for some real c, p|[~p*(A) < c. Then, letting

A(p) :={z € R: p|l-z € A},

we have pu*(A(p)) < c.
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Proof of the claim: Let B be the name of a Borel set such that p[—“4 C
B&u(B) < c.
Notation: For any set C C R?, t € IR, we let

C':={zeR:(z,t) € C}
Ci:={yeR:(ty eC}

There is a Borel set C' C IR? such that p|l-B = C,, where r is the canonical name

of the random real. Wlog C C p x IR. In V we have for almost all  u(C;) < ¢, so
1(C) < ¢+ u(p).
Let D:={y:CY="p}={y:pC* C¥}. (We write X C*Y iff p(X -Y)=0.)
We claim D = B(p). Proof: We have y € B(p) < p|ly € B < p|y € C, &
pl=(ry) € C & pl=r € C¥ < p(p — CY) = 0.

Clearly 4(C) = u(D) - u(p), so u(D) < U4 <.

up) —

This ends the proof of 6.16.

Proof of 6.15:

We first show that @ almost preserves C""4°™ and in fact any condition in N
is generic and forces “g is random over N[G],” if g is random over N.

Every condition is generic, because @ satisfies ccc. Now assume that ||£ “g is
random over N[G].” Then for some condition ¢, and some B € N, ||~ “u(B) = 0"
and ¢ll-5“g € B.” Let C € N such that [-“B = C,.” So ¢|l-r € €7, which is
impossible, since C' is a set in N of measure zero, so CY has measure zero. This
shows that random real forcing almost preserves Crandom Crandom
Assume f TN g, py = filn = ffn.

In N we can define a sequence (B, : n < w) as follows:

B, = {xe]R:an—aie U( U iz(m))}

i<k m>n
By 6.16,
*(B )<k 22—7r1<%
p#(Bn) < <o
m>n

Since (B, :n € w) € N, and g is random over N, g ¢ (1, Bn. So there exists a
n* > max(ng,... ,ngp—1) such that g ¢ B,. There exists a condition g < py+,

d-vi<kigg | fim)

m>n*

Since for all i < k,

do¢ U fim= J fam)

n;<m<n* n;<m<n*

we have ¢||-Vi < kil Crandom g
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A similar proof shows that random real forcing satisfies x4, proving a conjecture
of Miller.

Application 3: Preserving nonmeager sets

We consider functions f from w<* to w<*, and functions g from w to w.
Fact 6.17:

(1) For any f:w<* — w<¥, the set

Ag = {g:Vngln™f(gln) Z g}

is closed nowhere dense.
(2) Conversely, for every closed nowhere dense set H there is a
function f such that H C Ay.

Proof: For every n, the set {g : gln" f(gIn) C g} = Unenw[n’\f(n)] is clopen,
so Ay is closed. Ay cannot contain any basic interval [n], since Ay is disjoint from

[~ f ().

Conversely, let H be a closed nowhere dense set in “w. Then as H is closed,
there is a tree T C w<* such that H = {f € “w : Vn f|n € T}. As H is nowhere
dense, for every n € w<* there is an extension n ™ f(n) such that H N[~ f(n)] = 0.

Definition 6.18: We let CC°M™ be the set of all functions from w<* to w<<.
We define e by f -{oben g jff
frwsY - ww,
g:w— w.
In<k:gn"f(gln) Cg.

Fact 6.19: fCC°hen g iff g ¢ Ay.
Fact 6.20: g C°""_covers N iff g is Cohen over N.

Proof: Recall that g € “2 is Cohen over a model, iff it not contained in any
meager set coded in the model, iff it is not contained in any closed nowhere dense
set coded in the model.

Assume that ¢ is Cohen over N. Fix a function f € C®P" Then as g is Cohen,
g is not an element of the meager set Ay, so there is an n such that f CCohen ¢

Conversely, assume that Vf € N f CC°P g Then for any closed nowhere dense
set H in N we can find a sequence f € C®°P" such that H C Ay. Since there is
some n such that f £S5 g g ¢ H.

Fact 6.21: If Q preserves CC°M" | then Q| “V N“w is not meager”.
Proof: Assume p||-V N“2 is meager. Then there is a name f such that p|-V N
“2 C Ay. Take any countable elementary model IV containing p and f, and let g

cover N. Then p|—g € Ay, a contradiction.
In [11, ch.18], a converse to this theorem is proved:
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Theorem 6.22: Assume that (Q, <) is a Souslin proper forcing notion (see section
7), and

(%) [-oV N “w is not meager
and moreover, Q has property (x) in any extension of V' (by set forcing). Then Q
preserves Cohen,

Example 6.23: Cohen forcing preserves CC°Pen,

Proof: Note that each relation =$°"*" is clopen. By 6.1, it is enough to show
that Cohen forcing almost preserves CC°hen,

We claim that if g covers N, then any condition forces “g covers N[G].” The
proof is exactly the same as the proof in the previous section, with “measure zero”
replaced by “meager”, “random” replaced by “Cohen”, etc.

Application 4: The Laver property

From now on until the end of this section, n will be a variable ranging over
positive natural numbers.

Definition 6.24: For a function h : w — w, an “h-cone” is a sequence (A, : m € w)
of finite subsets of w with |A,| < h(n) for all n > 0.

If hyH : w — w, A an h-cone, we say that A is bounded by H if for all n > 0,
A, C H(n).

Q. is the set of nonnegative rationals. For r € Q, an r-cone is an h-cone where
h(m) = |2™"]. (|x] is the greatest integer < x.)

A “cone” is a sequence (4, : m € w) of finite subsets of w with |4, | < 2" (i.e.,
a 1-cone).

We say that A = (A, : m € w) “covers” f € “w if for all n > 0 f(n) € A,.

If f e« ([w]<®), we say that A covers f iff for all n >0 f(n) C A,.

For a function H € “w, we write [[ H for the set {f € “w :Vn >0 f(n) < H(n)}.
This is a closed subset of “w.

Definition 6.25: A forcing notion Q is said to have the Laver Property iff for
every H:w —w inV,

(Laver) |- % f e [ITHNVIG]: JA €V, A is a cone covering f

Note that if Vn > 0H(n) < H'(n), then [[H C [[H’, so (Laver),, im-
plies (Laver),. So without loss of generality we may restrict ourselves to some
dominating family of functions H, e.g. all increasing functions in “(w — {0}).
Fact 6.26: The following are equivalent for any two universes Vo C Vi:

(1) For all H € “wnVy: If f € “w N Vi is bounded by H, then f is
covered by some cone of Vj.

(2) For all H € “wNVy, for all functions hy € “w NV, that diverge
to infinity:
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If f € “wNVy is bounded by H, then f is covered by
some hg-cone of Vj.

(8) For all H € “w N Vy: For all hg,hy € “w N Vy: If for all n,

ho(n) < hi(n), and ho(n) = o(h1(n)), i.e., lim u(n) = 00,

n—o0 Ry (n)
then for all hg-cones f € Vi:
If f is bounded by H, then f is covered by some hi-cone
Fev.

We will give the proof of this fact (a routine computation) below.

Definition 6.27: If any/all of these conditions are satisfied, we say that Vi has
the Laver property over V.

Note that by (1), a forcing notion @ has the Laver property iff
Q|~V[G] has the Laver property over V'

Notation 6.28: Fiz some (recursive) map ¢ from [w]<¥ onto the set of rational
numbers in [0,1). If c(x) = r we say “z codes r.”

Definition 6.29: Let

CH = {f € “([w]=) : If £(0) codes 19, then ¥n >0: f(n) C H(n)
and [f(n)] <27}

Definition 6.30: Let CH = (CH: k < w) be defined by f CH g iff
g is a cone bounded by H.
£(0) codes some rg.
feCH (sovn>0|f(n) <2"°)
Vn >k f(n) C g(n).
We let CH=J, CH.
Clearly the set {f : f CH g} is closed for all g, and for any countable set a there
is g such that Vf € anCH fCH g.

Definition 6.31: Let QQ be a forcing notion. If H € “w, 0 < r < s, we write
(Laver),, . , for the statement:

(Laver)y . |- “Buvery r-cone f in V]G] that is bounded by H
@ 18 covered by some s-cone F € V7

Thus, (Laver)y from 6.25 is equivalent to (Laver) g ;.

Lemma 6.32: Assume Q is a proper forcing notion. Then the following are equiav-
lent:

(1) Q satisfies the Laver property.

(2) For all H € “w, all0 <r < s, Q satisfies (Laver)H,r,s'
(8) For all H € “w, all0 <r <1, Q satisfies (LaUeT)H,r,l-
(4) For all H € “w, Q satisfies (LCW@T)H,OJ-
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(5) For all H, Q preserves CH.
(6) For all H, Q almost preserves CH.

Proof: We will show (1)=(2)=(3)=(4)=(1).

oo
(5)=(6)

(1) = (2) follows from the characterisation 6.26(3), using the functions ho(n) =
2™ hy(n) = 2°™.

(2) = (3) = (4) = (1) is clear, and also (5) = (6) is clear.

(6) = (3) follows from 5.6. (Note that in (3) we can restrict ourselves to rational
numbers 7r.)

So it remains to show (2) = (5).

Assume that ) satisfies (Laver)Hms for all 0 < r < s. Let N be a countable
elementary model, H € N, and assume that g covers N.

Claim: If G is generic over V, and GN N is generic over N, then g covers N[G].

Proof of the claim: Let f € C N N[G], and let f(0) code ry. Let tg :=

(ro +1)/2

SoVn >0 f(n) C H(n) and |f(n)| < 2"". By (Laver)y, , ,thereis '€V,
Vn >0 |F(n)| < 2™ and f(n) C F(n) C H(n). Since GN N is generic over N,
we can find this F' in N. We may assume that F'(0) codes to. (So f € CENN.)
Since g covers N, there is a k such that F CF gs. So for all n > k, f(n) C

F(n) C gs(n). This ends the proof of the claim.

So every generic condition will force 5.11(a)—(c).

We still have to deal with condition (d) of 5.11. So assume that (p, : n < w)
interprets <i0,... ’ik*ﬁ as (fg,...,fr_y), and assume Vi < k f; CTp, g. Let
£7(0) code r;, and let s;, t; be rationals such that r; < s; <t; < 1.

By (Laver)y . .., for all n > 0 we can find a condition pj, > p,, such that for all
i < k there exists a function F,, ; with F,, ;(m) C H(m) and |F, ;(m)| < 2™% for
all m, and

P ll-vYm >0 fi(m) € Fi(m)

We can find these sequences (p), : n < w) and (F,; :n < w,i < k) in N.
Now define for i < k F; as follows: F;(0) codes t;, and for n > 0 let

= U{Fm)l(n) cm < 2ntimsy
Then F;(n) C H(n), and |F;(n)| < 2.

Furthermore, we have Fy, ;(n) C Fj(n), if m < 2n(ti=si),
Let mg be so large that

(i) For all n > my, all i < k, 27— > p,

(i) Foralli <k, F; CZ g.

(iii) For all i < k, mg > m; (so ff CE g.)
We now claim that for any generic ¢ > py,, ,

ql-vi<k fiCn g
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Proof: Let G be a generic filter containing ¢, fix some i < k, and let f; = f;[G].

g(n)

[
For n € [n;, mg) we have f;(n) = fF(n) because ¢ < pp,, and fF(n) C
because f; EnHi g.
For n > mg, we have
fi(n) C Fiyy.i(n) because py,, € G,
Finy.i(n) C Fy(n) because mg < n < 2n(i=%) and
Fi(n) C gs,(n) because F; Cf g.

Hence for all n > n;, fi(n) C gs,(n), so fi Cn, g

Corollary 6.33: The Laver property is preserved under countable support iteration
of proper forcing notions.

Proof of 6.26:

Clearly (3) = (2) = (1).

To show that (1) = (3), fix ho, hy in Vp and f in [J[w]<") NV;. We can find
a function £ € “w N V; such that for all n ¢(|log Z;EBJ) > n. (log is the logarithm
to base 2.)

Let i be a bijection between HF' (the hereditarily finite sets) and w.

Let H'(k) = 1 + max{i(n)(k) : |n| < £(k),Vnn(n) < H(n)} and define f' € “w
by f'(k) = i(f1€(k)). Then H' € Vy, and f'(k) < H'(k). Using (1) on f’, we can
get F' € Vi, such that Vk f'(k) € F'(k)& |F'(k)| < 2*. Clearly we may assume
i(n) € F'(k) = V¥n € dom(n) |n(n)| < ho(n).

Let F(n) = ({n(n) : i(n) € F'(|log(hi(n)/ho(n))])}. So |F(n)| < ho(n) x
< by (n).

Now we claim that for all n, f(n) C F(n).

Proof: Fix n, and let k = Llog hl(”)J, n = (k). Then £(k) > n, so n €

ho(’l’L)
dom(n).
Since i(n) = f'(k) € F'(k), f(n) =n(n) € F(n).

Application 5: The Sacks Property

Definition 6.34: A forcing notion Q is said to have the Sacks Property iff

|-q ¥f € “wnVI[G] : JA €V, A is a cone covering f

Fact and Definition 6.35: The following are equivalent for any two universes
Vo C Vi
(1) Every f € Vi is covered by some cone of Vj.
(2) For all functions hg € “w N Vy that diverge to infinity:
Every f € V1 is covered by some hg-cone of V.
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(3) For all hg,hy € “w N Vy: If for all n, ho(n) < hi(n), and
ho(n) = o(hi(n)), then for all ho-cones f € Vi there is an hy-cone
F € Vy covering f.

If any/all these conditions are satisfied, we say that V7 has the Sacks property
over Vy. We say that a forcing notion @) has the Sacks property iff

Q|FVG] has the Sacks property over V

Define H*(n) = w for all n, then all proofs about the Laver property can be
translated into proofs for the corresponding facts about the Sacks property, by
letting H range over {H>} instead of over all increasing functions.

In particular we get

(1) @ has the Sacks property iff @ satisfies (Laver)y . . (where
H=H>)for all r < s iff Q preserves C¥" .
(2) The Sacks property is preserved under countable support iteration
of proper forcing notions.
(Alternatively, the fact that the Sacks property is preserved by countable support

iteration follows fron the fact that @ has the Sacks property iff ¢ has the Laver
property and is “w-bounding.)

Application? — An Example:

We continue the example from the introduction.

Recall that we are trying to build a model where every set of < ¢ many functions
is bounded, the set of reals cannot be covered by < ¢ many null sets, but there is
a nonmeasurable set of size < c.

Starting in L we construct an countable support iteration (P, Q4 : o < wa) by
requiring

(1) If a is even, then |- “Qq = random real forcing”. Let r, be the
name of the random real added by Q.

(2) If o is odd, then |-, Q. = Laver real forcing. Let f, be the
name of the Laver real added by Q.

Then we have:

(1) If B is a Pg-name for a (code of a) Borel null set, and o > 3 is

even, then
|=.ro ¢ B

(2) If f is a Pg-name for a function in “w, and « > f is odd, then
||_5£ <* fa

(Note that P, is proper and satisfies the Ra-cc, so no cardinals are collapsed.)
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By 1.20 we know that every real in V[G,,] in fact appears in some V[Gp], for
some 8 < wy. So in V,,,, no set of size N; of functions is unbounded, and no family
of Borel null sets of size ¥; covers all reals numbers.

Hence V,,, Eb =0 + Cov(N).
To conclude this example, we claim that

Vo E RNV} is not of measure zero

To prove this claim it is by 6.11 enough to show that P,,, preserves Crndom, By
the general preservation theorem it is enough to show that for all @ < ws we get
., Qa preserves Crandom,

But we remarked already that both random forcing and Laver forcing preserve
Crandom (566 6.15 and [7]).
This finishes the application?.

7. Souslin Proper forcing

We review the basic facts about iteration of Souslin proper forcing notions (from
[5] and [3]).
Definition 7.1: Assume that (Q,<) is a forcing notion. We say that @ is a
Souslin forcing notion iff Q, <, and the incompatibility relation Lg are analytic
sets.

(Note that in general incompatibility is a ITi-relation (if < is analytic), so the
demand on L really says that incompatibility is a Borel relation.)
Notation 7.2: Using a universal $1-set, we can associate with each real d two 1

relations <q4 and L4 (subsets of IR x IR) such that every analytic pair <, L appears
as some <g4, L4, and the relations * <gy and x Ly y are ¥1.

Definition 7.3: We say that “d codes a Souslin forcing” iff

(1) Qq := {field(<q), <q) is a partial quasiorder. (We also write Qg
for the underlying set field(<q4))

(2) Forallz,y € Qq: x Lygyo —F2€Qq:x>q2&y >4 2, t.e., Ly
is equal to 1(q, <,), the incompatibility relation for the forcing
notion QQq.

Remark 7.4: Clearly these are 11} conditions on d.

Definition 7.5: Assume that d codes a Souslin forcing Qq, and M is a transitive
model model of ZFC* that contains d.

(1) We let QA be the Souslin forcing coded by d in M.
(2) If p € QM. q € Qu, we say that q is (p, M)-generic, iff

qH—Qd “Gg, N M is Qy -generic over M and contains p.”
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(8) We say that “Qq is a Souslin Proper forcing” or “d codes a
Souslin Proper forcing” if d codes a Souslin forcing, and

(%)

for all countable M as above, every p € Qﬁ\l/[ there
exists a (p, M)-generic ¢ € Qq

The property that L is analytic is sometimes not necessary. We say that (Q, <)
is weakly Souslin, if < (but not necessarily Lg) is analytic. Similarly, we say that
(Q, <) is weakly Souslin proper if in addition, (3)(*) holds.

Remark 7.6: (1) “d codes a Souslin proper forcing” is a 11} statement about d.
Hence (by Shoenfield’s absoluteness theorem) if it holds in V', it holds in every
submodel that contains all countable ordinals.

(2) If (M, €) is a transitive model of a sufficiently large part of ZFC (M may
be a class), and M |=“y = 1} exists, and My := H(x)™ is countable, then My
is a countable model of ZFC*, and q is (p, M )-generic iff q is (p, Mp)-generic. So
for all practical purposes we can pretend that M is countable. (In particular this is
true if wy is a inaccessible cardinal in M.)

Proof: (1) Every countable model M is isomorphic to some well-founded (w, R).
If z € RM, we also write z for its image under this isomorphism.

It is enough to show that “d codes a Souslin Proper forcing notion” is a I3
statement.

d codes a Souslin proper forcing iff for all R C w X w

Either (w, R) is not well-founded (i.e., there exists an R-descending
sequence)
or (w, R) £ ZFC* (this is Al)
ord¢ (w,R)
or for all p € in\/[ there is ¢ € Q4 such that for all r < ¢

(i) for all D such that (w, R) = “D is open dense

in Qq”, thereis an 4, (w,R)Eie€ D, r L1
i) r £ p.

((i) implies that ¢||-G N D # 0, and (ii) implies that ¢|-p € G.)

Proof of (2): M and M contain the same dense sets of Q4.
Context 7.7: In this whole section, £ will be an ordinal < wy. S will be a countable
subset of wa that is closed under immediate successors and predecessors, where the
order type of S is in M. « and v will stand for ordinals < € in S. M will be
a countable transitive model of ZFC* (= a large enough fragment of ZFC), or an
“essentially” countable model as in 7.6(2).

For a € S, let o be the order type of N S.

d will be a sequence of length €, and ¢ will be a sequence of length €%, ¢ € M.

Definition 7.8: Given a sequence d= (do + a < €) we define a countable support
iteration (Py, Qo : a <€), by letting Qq be a Py-name of Qq, (¢, (if this is Souslin
proper), i.e. P, forces the following:
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If do[G4] is a code for a Souslin proper forcing, then Qq = Q.
otherwise Qo = {0} is the trivial forcing.

Notation and Remark 7.9: We write QJ for the iteration defined above, and we
write PJIa for P,, i.e., Pd”m 1s the a-th iteration stage obtained from the definition
d, and Q. = Qa, describes the successor extension. If d € M |= ZFC*, then Pg[a
is the a-th iteration stage, computed from the definition d in the model M.

We say “d codes a Souslin proper iteration”, if for all o, ||—pa do, codes a Souslin
Proper forcing.

We will consider sequences d and & where |d| = ¢ and |¢] = &5, @€ M.

Definition 7.10: Assume M, C, CZ; S, e are as in 7.7.

By induction on o € S Ne, we will define a Py-name Go[(S, M,cla®, dla)
(which we usually abbreviate to G, or G, [(S, M)), by requiring that 1p_, forces the
following:

G, C Pci\fas and
e Ifa=p+1, and
(a) G is (P%,M);genem’c
(b) dslGp] = cps |G
(c¢) dp|Gpg] codes a Souslin Proper forcing (in V[Gg])
then Gl = Gy * (G(ﬁ) N M[G’B])
Ifa =3 +1 and (a)-(c) does not hold, then G., = 0.
o If « is a limit, then for p € Pcf\r/fas we let

peG, & VBeSnapp® e

Definition 7.11: We call d and & “corresponding” sequences if for all a < ¢,

-, If G, is generic over M, then c,s|Gl] = do[Ga]

Remark 7.12: We will only consider sequences d that code a Souslin proper iter-
ation (see 7.9), and we will only consider corresponding C.

Remarks and Notation 7.13:

(1) whenever the parameters M, S, c, d are clear from the context
we will write G', for G [(S, M, o, cf[a).

(2) If G, is a Py -generic filter, then we also write G, for the
evaluation of the name G', by G, similarly for p.

(8) Let M, = M[G’)].

(4) It might seem more natural to write G [(S, M) as G’ s (= (G')as)
instead of G, = (G,)’, but this would only complicate the notation.

(5) “G', is generic” means of course “generic for the forcing Pé\rJaS
over the model M”.
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Remark 7.14: Assume ¢ and d are as in 7.12, and M =“p is a Pt?AF{YS -name of a

condition in PEM 7.
We say that q is p-generic (or more precisely, (p,v,M,S, ¢, d)-generic) iff q
forces: - -
(A) GL is generic over M.
(B) plc € GL.

Theorem 7.15: Let cf, ¢, S, M, ~, € be as in 7.7. Assume that M = “p is a
Pzys-name for a condition in Pz” (so p v is the name for its restriction to v, and

there is a canonical Pz-name which we also call p ).
Assume that q € PJM is (plv,v,M,S, E’F’ys,cfh)-generic. Then there exists a
condition q* € Py such that ¢* 1y = q and q* is (p,~, M, S,¢, d)-generic.

Corollary 7.16: Assume M = p € Pz. Then there exists a (p, M )-generic condi-
tion q € Py.

Proof of 7.15:

The proof is by induction on €.

Successor step: Here is the only place where we explicitly use Souslin properness:
let e =a+1.

Using the induction hypothesis on «, we get a (p |, v)-generic condition g7 [« €

~

P,. To find ¢t (), we will work in V[G,], where G, is an arbitrary generic filter
containing q*la. Let d := dy[Gq] (= cos[G], because ¢ and d are corresponding
sequences).
Since
(a) GY, C Pz,s is generic over M
(b) V[G4] = d codes a Souslin proper forcing,
and p(«)[G,] is in the Souslin proper forcing @4, by definition we can find an
(p(a)[GL], M,)-generic condition ¢* ().
Coming back to V, we use the existential completeness lemma to get a name
(which we also call ¢*(a)) about which the above is forced by ¢ .
Clearly this construction ensures that ¢* is generic, by 1.10.

Limit step: let (@, :n <w) be a cofinal sequence in e N S, ap = . Let
(D, : n € w) enumerate all dense open subsets of P that are in M.
First we will define a sequence <£n in € w), Pn € M, Po=1p, such that in M
the following will hold:
(0) Dnisa Pgjos-name for a condition in Pz

M) | gt < g

an+1
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(2) = pn+1 € Dy
ozS ~
n+1
) |- I pnra§+1 € GaE_H then py,41 f045+1 € Gai_H'
oS & &
n+1
(Here, of course, Gg stands for the canonical name (in M) for the generic object
of P(%7 and [|— g is the forcing relation of Pé‘r/fﬁ in M.)
For each n we thus get a name p,, that is in M. We use 3.17 and 0.5 (in M) to
obtain p,41.
Now we define a sequence (g, : n € w), g, € P,,, qo = ¢, such that for all n:
(a) an € Pa”z n Z 1 :_? dn ranfl =dqn—1-
(b) g, is generic for dla, ¢la”, S, M.
(©) tnl-pnley € Gy, .

qnt1 = ¢, can be obtained by the induction hypothesis, applied to o, a1,
and Dn la 11

Gn+1 = g can be obtained by the induction hypothesis, applied to o, a1,
and p,lan+1. By (¢)™ we know

G l-(pn)lan, € Gy, ,, N M

Hence by (3) we have

tnr1l-(pnsi)lan €GN M

Qn 41

Since qpy1lan = Gn, ¢ = lim g, exists and is < ¢, for all n.

We have to show that ¢||-p € GL N M and that g is generic. Let G, be a generic
filter containing q. We will write p,, for 3 n[G,, ]. (Note that p, € M, because g,
was M-generic and ¢, € G,,,.)

Since ¢, > q € G., we have p,[a5 € Go, "M and M = p, < p,_1 <--- < po.

Hence plaf € G, NM for all n, and so by 1.17, p|§ € Gs N M. As dom(p) C 6,
pld = p, so p € G.. Similarly, p,, € G. for all n.

Consider a dense set D,, C P.. Since anH—“gnH € D,,” we have p,11 €
G.ND,NM.

Hence ¢ is generic.

Shelah has suggested the following modification of the definition of Souslin forc-
ing:
Definition 7.17: Assume (Q, <) is a forcing notion, Q C “w and epd, (“effec-
tively predense”) is a relation on Q x [Q]*. (Q, <, epd) is called a Souslin®™ forcing
if
(1) < is analytic, and epd is a ¥} set.
(2) If epd(q,{pi : i <w}), then {p; : i < w} is predense below q.
(Q, <, epd) is called Souslin® proper iff in addition
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(8) Whenever (M, €) = ZFC is a countable model, Q € M (i.e., the
formulas defining <¢q and epdq have parameters in M), and
p € QN M, then there is a condition q < p such that

(%) For all A€ M, if M = A is predense below p
then epd(q, AN M)

Definition 7.18: We call a condition q satisfying (x) “(p, Q, M )-effectively generic”.
Fact 7.19: If q is (p, Q, M)-effectively generic, then q is (p, M)-generic.

Note that for Souslin forcing the relation “q is (@, M )-generic” is in general only
I13, whereas the relation (x) above is 4.

Example 7.20: Sacks forcing is Souslin™ proper.

Proof:

Recall that Sacks forcing S is the set of all perfect trees C 2<“. (The incom-
patibility relation for Sacks forcing is not analytic, because to find a condition r
extending p and g, one has to intersect the trees p and ¢ (this is an arithmetical
computation) and then find a perfect subtree » C p N q. The Cantor-Bendixson
argument needed to obtain this tree r may take any countable number of steps,
so an argument using the boundedness principle should show that “p L ¢” is not
analytic.)

We let

epd(q,{p; : i <w}) & IF C ¢, Fisafront,Vn € FJi p; > gt

(Recall that F' C ¢ is called a front, if F' is an C-antichain that meets every
branch of ¢, and ¢ = {v € q: v CnvnCv}.)

Clearly epd(q, A) implies that A is predense below g.

To show that condition (3) is satisfied, we need a few definitions and a lemma
about Sacks forcing S.

Definition 7.21: For p € S we let
split(p) :={n€p:n"0€p&n~1€p}
split,, (p) := {n € split(p) : [{v € split(p) : v C n}| =n}

stem(p) is the unique element of splity(p), i.e., the first node in p at which splitting
occurs.

IfpesS, DCS, we write p € D iff there is a pure extension r of p such that
r € D. (r is a pure extension of p if stem(p) = r).

Lemma 7.22: Assume D C S is an open dense set, and let p € S, n € w. Then
there is a condition ¢ <, p and a front F C q such that ¥n € F, ¢l €* D.

Proof: Consider the following game G(D,p,n): There are two players, who play
w many moves. We let A_; := split,,;(p).

In the nth move, player I plays 1, € A, _1, and player II responds by playing a
set A,, C p of pairwise incompatible elements of “2, |A,| > 2, and Vv € 4,,, v D n.
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Player I wins, if for some k, p’] e* D.
We claim that player II has no winning strategy. For assume that o is a winning
strategy for player II, then we can define

q:={nll:1 <|n|, n appears as some 7, in a play in which
player II obeyed o}

Clearly ¢ is a tree. ¢ is perfect: Assume 1 € ¢. So there is an initial segment
(no, Ao, ... ,mk, Ag) of a play in which player II obeyed o, and 1 C 1. Let vy, 11
be two incompatible elements of Ay, then both 1y and v; are in q. Hence ¢ € S. Tt
is also clear that ¢ <,, p.

But if o was a winning strategy for player II, then for all n € ¢, ¢l ¢" D, a
contradiction.

The game is closed, so player I must have a winning strategy 7. Let g be defined
as above, with “player II obeys ¢” replaced by “player I obeys 7”.

Again ¢ is perfect: Let n € ¢, so n C ny, where (no, Ao, ... ,Nk) is an initial
segment of a play in which player I obeyed 7. There are 4 incompatible extensions
Vg, V1, Va, v3 of mg. Let

<7707A07'~' ankv{VOal/l}»n/> and <7707A0a~'~ 777k7{V27V3}377”>

be initial segments of plays according to 7. Then 0’ € {vo, 11}, n” € {va,v3}, so 1/
and i’ are incompatible extensions of 77 in ¢. Since 7 is a winning strategy, we can
find a front as required.

Corollary 7.23: If D C S is dense open, p €S, n € w, then there is p’ <, p and
a front F C p' such that for allm € F, p’[n] eD.

Proof: Flrst we can get a condition ¢ and a front F' C ¢ as in the previous
lemma. We may assume that the front F' is above the n-th splitting level, i.e.,
Vn € split,,(¢) v € F'p C v. Now thin out ¢ at each n € F to get into D, i.e., for
alln € Flet ¢, < q[" be a condition with stem 7, gy € D, and let p' := UneF qn-

Proof of 7.20: Let M E ZFC, p € PN M, and let (D, : n € m) enumerate
all sets D such that M = D is dense open below p. Using 7.23 we can find a
sequence {((pn, Fy) :n €w), p=po >0 p1 =1, Pn, Fn € M, F,, C p, a front, and
Vn € F, ¢, € D,. Let ¢ < p,, for all n, then F, N ¢ is a front in ¢, and for all
n € F, Nq we have ¢I" € D. Now it is easy to see that for all A € M, if M = A
predense below p, then A N M is effectively predense below gq.

Remark 7.24: Similar arguments apply to many other forcing notions whose el-
ements are perfect trees — Laver forcing, rational perfect sets, etc. A theorem
analogous to 7.15 can be shown for Souslin™ proper forcing notions.
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8 A simple preservation theorem for finite support iteration
Context 8.1: Similar to 5.1.

Assumption 8.2: We assume that for all f € C the set {g : f T, g} is closed.
(Often we even have that T, itself is closed, in some reasonable topology.)

Definition 8.3: We say that M is (C,w)-closed if
VAC MNC (A countable) If* € M :
Vg: ffCg=VfeAnCfrCy (%)

Remark: Note that (x) is a I1}-statement, hence absolute between any €-models
of ZFC.

Theorem 8.4: Assume M CV is (T,w)-closed. Let (P, Qq : @ < ) (¢ limit) be
a finite support iteration of ccc forcing notions such that

Va <6 |-.Vg3feMNC g
Then ||-s¥g3f e M f £ g.

Proof: By 1.20, we may assume that ¢f(J) = w. Assume the conclusion is false,
so there is a condition pg € Ps and a Ps-name g such that po||-Vfe M fC g.

Let g < 61 < --- be a sequence of ordinals conerging to §. For each n, let g,

be a Ps;_-name such that

-5, g» interprets g (considering g as a Ps, -name for a Ps/Gs, -name)

and let f, be a P5_ -name such that

H—én,‘f;n € M&,J:” Z h
Since Pj is ccc (even properness is sufficient here), there is a countable set F € V,
F C C such that Vn|~5 fn € F.

By our assumption, M is (C,w)-closed. So we can find a function f* € M such
that
Vhe“w: ffCh=VfeFNCfLCy

Since f* € M, po|l-5f* T g. We can find a condition p; < py and an integer n
such that py||—f* C,, g. Since p; has finite support, there is an m € w such that

JUS P(;m.
Now work in V[Gs,, |, where p1 € Gs,,. Cleatly |-5 5f* Cpn g. Since fu, Uy gm

(where fr, = fmlGs,. ], 9m = gmlGs,,]), we also have f* (Z,, g

We consider the set {h : f* (Z,, h}. By assumption on [, this is an open set,
containing g,,. So there is k € w such that

Vh:hlk = gmlk = f* Zn h
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Let ¢ € P5s/Gs,, be a condition forcing g [k = gm k. Then q also forces f* Z,, g,

a contradiction.

Example 1 8.5: Let
fCng & Vk=nf(k) <g(k)
The “bounding” number b is defined by
b := {min |B| : B C “w, B is unbounded}

where “B is unbounded” means that there is no function g such that for all f € B

we have f C g. We are interested in preserving an unbounded family. It is easy to

construct (by induction) an unbounded family B that is well-ordered by C and has

order type b. It is also easy to see that the cofinality of b must be uncountable.
Hence B is (C,w)-closed. So we get

Fact 8.6: Assume (P,, Q. : a <€) is a finite support iteration of ccc forcing no-

tions such that for all o we have

|-, B is unbounded in “w NV |[G,]
Then
|l-. B is unbounded in “w N V[G,]

Proof: Apply 8.4.
In particular, we get: If no @, adds a dominating function, and V' = b = &,
then V[G:] E b < k.

Example 2 8.7: Let C™"°™ pe defined as in 6.8. It was proved above that f T g iff
g is not in the null set coded by f. So, letting M =V (which is clearly (CF2ndom ()-
closed, we get

Fact 8.8: If (P.,,Q.:« <¢) is a finite support iteration of ccc forcing notions
such that for all o we have

|-, there is no random real over V

then
|- there is no random real over V/
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