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Abstract. We investigate the problem of best simultaneous Diophantine approx-
imation under a constraint on the denominator, as proposed by Jurkat. New lower
estimates for optimal approximation constants are given in terms of critical de-
terminants of suitable star bodies. Tools are results on simultaneous Diophantine
approximation of rationals by rationals with smaller denominator. Finally, the
approximation results are applied to the decomposition of integer vectors.
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1 Introduction

The first investigations of simultaneous Diophantine approximation with con-
straints on the denominator are due to Jurkat [9]. Kratz [10, 11] considered the
following particular problem: let z € R* k > 2, and g(-) = || - |]2. As in Kratz
[10], define for @ > 0 the successive minima N\; = \j(x,Q), i =1,...,k+ 1, of x
under the constraint |q| < @ as follows: ); is the minimum of all A > 0, for which
there are linearly independent vectors py, ..., p; € Z*! such that

g(pjk—&-lx — (pjl, . 7pjk)) < A and |pjk+1| < Q fOFj & {1, A ,Z}

We are interested in an optimal constant ¢ = ¢(k, || - ||2) such that
c
AL A < =
Q

Kratz proved in [11] that

2
C(2a\|‘||2):%-

Assume now, that g(-) is the distance function of a bounded star body K in
R, In the following we consider the above problem for g(-) and show in Theorem
3 that ]

k,g) > ——
where A(K) is the critical determinant of K. Let 7, denote the Hermite constant.
Since the critical determinant of the k-dimensional unit ball equals v, u 2, we
conclude that

k
2

c(k, [ 1l2) = %



To obtain these results, we study in detail the simultaneous approximation
of rationals by rationals with smaller denominator: let n = (nq, ..., ng, Ngr1) €
ZF1 k> 2, be an integer vector. Assume that 0 < n; < ... < ngy; and that
ged(ny, ..., ngy1) = 1. Consider the problem to approximate the rational vector
(n1/Mgs1, -, ng/nge1) by rational vectors of the form (my/myyq, ..., my/mgi1)
with m; € Z, v = 1,...,k+ 1, and 0 < my; < ngy1. More precisely, we
investigate the behavior of the points

nq T
(1) my — M4 gy Mg — Mpgq
Nkg+1 Nk
as m = (my,..., My, M) ranges over Z*1  Since these points form a k-

dimensional lattice A(n) (see Section 2 for details), we make use of tools from
the geometry of numbers. Using a different approach, Lagarias and Hastad [12]
investigated the number N(n, A) of vectors v € A(n) such that

A
[V]foe € —.
Nk+1
An algorithmic problem dealing with the lattice A(n) for n € Z3 was investigated
by Lempel and Paz [13] and Rote [15].
Let o(K) denote the anomaly of a set K, and if A is a lattice, let A* be its
polar lattice, see [T].
In our first result the lattice A(n) is related to the lattice A+(n) of integer
vectors orthogonal to n. Let Az, (n) be the k-dimensional lattice obtained by
omitting the (k + 1)st coordinate in A*(n), then holds the following:

Lemma 1. The lattice A, (n) is the polar lattice of the lattice A(n),

Ay (n) = An)".

This result, together with a technique of Schinzel [17], will be used to inves-
tigate the lattice A(n). Roughly speaking, given an arbitrary lattice A C QF,
we can construct a sequence of integer vectors n(t) such that the sequence of
corresponding lattices A(n(t)) after an appropriate normalization tends to A.

Theorem 1. For any rational lattice A with basis by, ..., b, € QF and for all
rationals aq, ..., a5 with 0 < a; < ag < --- < ap < 1, there are an arithmetic
sequence P and a sequence n(t) = (ny(t), ..., ng(t),nps1(t)) € ZF¥1, t € P, such
that

ged(ny (), ..., nk(t), nk1(t)) =1

and A(n(t)) has a basis ai(t), ..., ar(t) with



where d € N is such that db;j,d o b;; € Z for all i,5 =1,..., k. Moreover,

k1k
(3)  menlt) = O
and
(@) )= = a0 <¥> .

If f is the distance function of a set K, then both A\;(f, A) and \;(K, A) denote
the 7 th successive minimum of the lattice A with respect to the set K.

Theorem 2. Let K be a bounded star body in R* and let

Uk+1 = {ZL’ S Zk+1 0< <o < T+, ng(l‘h ce ,l’k+1) = 1}

Then
MK AMN)) - (KA K
) oy MUEAGD) (KA _ alK)
nelk+1 det A(n) A(K)
Moreover, for all aq,...,a € Q with 0 < ay < ag < --- < ap < 1, there exists
an infinite sequence of integer vectors n(t) = (ni(t),...,ng(t), npi1(t)) € UL

teT ={ty,ta,...}, such that

A (S A(n(l))) - - - Ak An(t)))

i det A(n(D)) = C(K);
n;(t) .
5) =qy 1 €{1,...,k}.
(5) T { }
and
(6) lim 44 (t) = oo.

teT

The proof of Theorem 2 is based on the following lemma of independent
interest. Let D denotes the set of functions f : R¥ — [0, +-00) which are positive
homogeneous of degree 1.

Lemma 2. Let {f;} be a sequence of functions in D which converges uniformly
on ||z|| <1 to a function f in D and let {L;} be a sequence of lattices in R*
convergent to a lattice L. Then

(1) limsup Ai(ftaLt) S )\Z(fa L): fO?"i = ]-7 . -ak;

t—o0



(i) If, in addition, f(x) = 0 only for x = o, then 1tlirn Xi(fi, Ly) exists and equals
XN(f, L) fori=1,... k.

This lemma obviously implies the following result.

Corollary 1. If {L;} is a sequence of lattices in R* convergent to a full lattice L
and K 1s a bounded star body then

1tlirn XNi(K, L) = N(K, L) for each i € {1,... k}.

A similar result about centrally symmetric convex bodies was recently proved
in a joint paper of the first author with Schinzel and Schmidt [3].

Theorem 3. Let g(y) be the distance function of a bounded star body K in RF.
Then
c(k,g) = (A(K))

In Section 8 Theorem 1 will be applied to the problem of decomposition of
integer vectors, where the problem is considered with respect to the supremum
norm. For recent results on this problem for the Euclidean norm || - ||2, see [3].
By tradition, we denote the supremum norm of a vector a by h(a).

Given m linearly independent vectors ny,...,n,, in Z*™* let H(ny,...,n,)
denote the maximum of the absolute values of the m x m-minors of the ma-

t

trix (nf,...,nt ) and let D(nq,...,n,,) be the greatest common divisor of these

minors. Then h(n) = H(n) for n #o. For k+1>1>m > 0 let

k—1l+1 l
, D(ny, ..., n,)\m
7 co(k+1,1,m :supmf( - h(p;),
M el ) iz MV L0
where the supremum is taken over all sets of linearly independent vectors ny, ..., n,,
in Z** and the infimum over all sets of linearly independent vectors pi, ..., p;

in Z**! such that

l

n; = Zuijpjvuij € Q for all i < m.
j=1

It has been proved in [16] that for fixed [, m,

(8)  limsupco(k+1,1,m) < oo

k—o0



and in [2] it was shown that

2

ok +1,2,1) < —=
o ) T

A result in [6] says that co(3,2,1) = 2/+/3. Note that

h(p)h
co(k+1,2,1) = sup inf Ll(_%)
neZFI\{0} pgezttifoy  A(n)'TE
dim(p,q)=2

n=up+vq,u, v

In this paper we continue to study the behavior of ¢o(k + 1,2,1) and prove
the following theorem.

Theorem 4. For k > 3

1
lim sup inf h(p)h((}) > —.
nezkt! p,qeZrt1 h(n)'~* (k+1)x
h(n)—o0 dim(p,q)=2

n=up-+vq,u,veZ

A more general result of Chatadus [5] yields a weaker inequality with 1/2
instead of 1/(k + 1)Y/*.

2 The Lattice A(n), Rational Weyl Sequences
and Systems of Linear Congruences

In this section we construct a special lattice A(n). Its points correspond to points
of the form (1). Given the vector n, there is a basis of the lattice Z**1 of the
form n, vy, ..., vg. Let

ny Ny .

/ k

Vi:(vil_vik+1 gy Uik — Uikl )ER,ZE{L---,/{}-
Nkg41 N1

The equality
Avi+.. .+ AV, =0
implies that
Ne1A1vi + . F g1 Agvie + Agpin = o

with Ay = —Ajvigr — - .. — AgUgryr. Thus the vectors vi, ..., v} are linearly
independent. Denote by A(n) the k—dimensional lattice with basis v/,...,v}.



Since

V11 Uk1 ni
1 = det '
U1k Ukt Mk
Vik+1 -+ Vkk+1 TMg41
ni ni ni
vy — v Vg1 — U —
11~ Vlk+15,73 KT Uk men
= N1 det - ne e ,
Uk = Vlk+15, 7 Ukk = Ukk+1%, 7 g
0 . 0 1
we have det A(n) = 1/njyq. It is easily seen, that for every non—zero vector

v € A(n) there is a unique vector m € ZF! such that

ny Nk
gy Mg — Mg
NE+1 Nkg4+1

vV = (ml — Mpt1 ) , where 0 < myy1 < Ngyq.
Thus there is a one-to—one correspondence between the points of A(n) \ {o} and
the non—zero integer vectors with 0 < my,; < ngy1. Note also that since v # o,
the vectors m and n are linearly independent.

The lattice A(n) appears in some problems of number theory. Let 6y, . .., 0y,
k > 2, be real numbers and let W, be the sequence of k—dimensional vectors

(9)  (i6; mod 1,...,i0; mod 1), i=0,1,2...

Wi is called a k—dimensional Weyl sequence. We shall consider the case where

ny g

0, = 0 =

- .
N1 Ng+1

Then W is ngy1-—periodic and the set
AW ={x+y:x€ZF yecW}
is a k—dimensional lattice. It can be shown easily that
A(Wy) = An).

Consider the lattice nj 1 A(n) = ny 1 AWy) C Z*. The points in (2), multi-
plied by ng.1, can be written in the form

(iny  mod ngyq,...,in; mod ngyq), i =10,1,2,...
Therefore, any point (xq,...,zx) € ngr1A(n) is a solution of the system
r1+rny = 0 ( mod ngyq)
(10)
zp+rny = 0 ( mod ngiq)

where 7 is an integer corresponding to my, ;. Hence we may consider Theorems
1 and ?7? as results on rational Weyl sequences and solutions of the system (2).

6



3 Proof of Lemma 1

Let v be a primitive non-—zero vector of A(n) and V = ny1v. Choose a vector
m € Z* such that

n N
V=M1 — Mgy ey Mg — Mg .
Nk+1 Nk+1

Let A(m, n) denote the lattice with basis m, n. Since v is primitive, we have that
A(m,n) = S(m,n) N Z*

where S(m,n) denotes the subspace of Q" spanned by the vectors m, n.
Consider the lattice A*+(m,n) of integer vectors orthogonal to S(m,n) and
choose a basis

a} = (a11,. .., @1k, G1g41)
(11)
/ _
a1 = (ak—n, vy Qk—1k, ak—1k+1) ;
a; = (akl, ceey akk»@ckz-&-l)

of the lattice At(n) such that the first k¥ — 1 vectors aj ...a)_, form a basis of
At(m,n). Tt is easy to see that the vectors

a; = (an Yo Cluc),

aE = (Clkl Yo akk)

form a basis of A, ;(n). Consider the matrix

a1 A1k A1k+1

A:

Ar—11 -+ QAk—1k Ok—1k+1

and denote by A;; the minor obtained by omitting the ith and jth columns in A.
Let
V; = m;n — n;m

and let V; be the vector obtained by omitting the ith entry in V/ (note this entry
is 0). When omitting the ith entry, we preserve the numbering of the remaining
entries. For example, we consider V3 as a vector of the k-dimensional space
with coordinates xy, s, 4, ..., Tr11. In particular, Vi, = V. Let A} (m,n)
denote the lattice obtained by omitting the ith entries of all vectors of the lattice
A*(m, n), preserving the numbering of the remaining entries. Denote by V;; the
jth entry of V;. Then holds the following result.

Lemma 3. Vj; = ¢;;A;;, where €;; = £1 and e 16511, = (—1)"77.



Proof. V! € A(m,n) implies that V/LA+(m,n) and thus V; LA} (m,n). Hence
V., can be represented in the form

(12)  V,; = s;(external product of the vectors of a basis of A;-(m,n)), s; € R.

Therefore,
Vij = €ijtiAij, €5 = £1, t; >0

and obviously €; €415 = (—1)"9. In order to see this, it is enough to note that
the basis aj ...a}, , of A}(m,n)) obtained from (3) is a basis of the lattice on
the right hand side of (3). Further, the equation V;; = —Vj; implies that ¢; = t;.
Lett =t = ... =t;. It is well known that

(13)  det A(m,n) = det A+(m, n),

see e.g. [4], p. 27/28. For the first determinant holds

mm mn 1 t2

i#] i#]

On the other hand, by the Laplace identity (see e.g. [18], Lemma 6D), the second
determinant is

det A*(m, n) = det(ala ] ” = ZAU,
Z#J

Since V. = ny. v, Lemma 3 implies that the vector v is orthogonal to the
vectors ay,...,a;_1 and

(Vk+11ak1 + .o+ Vigkags)

= anH (Ak+11ak1 Ak+12ak2 +oo+ (DR A eare)

=+ detA,ﬁH() +1.

vap =

By taking, if necessary, —v instead of v, we may assume that va; = 1. This
shows that v € A, ;(n)*. Thus A(n) is a sublattice of A (n)*. Since

1

)
Nk+1

det A(n) = det(Aj,(n))* =

these lattices coincide.



4 Proof of Theorem 1

Let {bj, ..., b}} be the basis of the polar lattice A* polar to the basis {b1, ..., bk}
of the lattice A, that is,

o ) Le=17,
bib; _{ 0, otherwise.

We shall apply Theorem 1 of [17], where m = 1, F' =1, and Fy,,, v € {1,... k+1}
are the minors of order k of the matrix

M= M(T,Ty,...,Ty)

v, T+ T, dbi,T ... dbR T dYE bt T
_ dvs, T dbs,T+Ty, ... db3T  dSF abyT
db:, T dbi, T ... db, T+ T, dXF oy, T

where T, Ty, ..., T}, are variables. Let M; = M;(T,Ty,...,T}) and let B} be the
minor obtained by omitting the ith column in M or in the matrix

* * * k *
by, bl ... b Z;ﬂ:l a;by;
* * * *
by by oo by Doisg aiby
. . . . )
* * * k *
bip Oka --v b Zi:l ;b

respectively. As in the proof of Theorem 2 in [17] we have that
(14)  [Bjya| = | det(bi;)] # 0,
(15)  [Bf| = cul Bl

(16) M, = d*B;T* + polynomial of degree less than kinT

and M, ..., M have no common factor. By Theorem 1 of [17] there exist integers
t1,...,t; and an arithmetic progression P such that for ¢ € P holds

ng(Ml(t,tl, R ,tk), ce M]H_l(t,tl, . ,tk)) =1.

Let
n(t) = (Mi(t,tr,. .. te), - (1) Mg (t,t, .. 1)

Then hold (1)and (1).
To prove the equality (1), consider the lattice Af,(n(t)), t € P with basis

aj(t) = (dbj,t+ty,dbist, ... dbjt),
as(t) = (dblt,dbiyt +to, ..., dbst),

ar(t) = (dbiyt, dbist, ... dbit+ty).

9



By Lemma 1 A(n(t)) is the polar lattice of the lattice Az, | (n(t)). Let {ay(t), ..., ax(t)}
be a basis of A(n(t)) such that

% _ 17 Z = j?
a;(t)a;(t) = { 0, otherwise.

Consider the matrices A*(t) = (aj;(t))5;_, and B* = (b};)¥,_,. Let A%(t) and Bj;
be the minors obtained by omitting the ith row and jth column in A*(¢) and B*,

respectively. Then, in particular,
(17)  Aj(t) = d"" 1By + O(tF2).
Moreover,
ai(t) = A" (Aj (), A (t) ..., (1) AL(),
where \* = det A(n(t)) = (det A, (n(¢))) ™. To check this, note that

det Ay (n(t)) = aj () (A5 (1), —AR(t) ..., (1) T ALR()).
Analogously,
b, = A(Bjy, =B, ... (=1)" ' By,
where A = (Bj;)"' = (det B*)™!, since obviously
det B* = b (B~ By (~1) By,
By (4)
/\* — (dktkA_l + O(tk_1>)_1.
Thus by (4),

o ._ldk—ltk—lB:_,'_O(tk—Q) . - dk_ltk_lB;‘. )
aij(t) = ()" —gmrow = OV gmsme() O (%)

i—12AB5; _ by
S0 () = -0 (3).

5 Proof of Lemma 2

The functions f;, f all are positive homogeneous of degree 1. Hence f; — f
uniformly on any bounded set. Thus

(18) 1, — limplies fi(l;) — f(1) as t — oc.

(i): Let € > 0. Choose linearly independent vectors 1, ... 1, € L such that
(19)  max{f(ly),...,f(L)} < N(f,L)+eforie{1,... k}.
By Theorem 1 of [7], pp. 178179, there exist vectors l;q,. .., 1 € L; such that
(20) 1l; =1 ast—ooforje{l,... k}.

10



Clearly,
(21)  lLy,..., 1 are linearly independent for all sufficiently large ¢.

Thus

)\i(ft, Lt) S max{ft(lﬂ), . ,ft(LSi)} S max{f(ll), e ,f(lz>} + €
< Ni(f, L) + 2¢ for i € {1,...,k} and all sufficiently large ¢

by (5), (5), (5) and (5), concluding the proof of (i).

(ii): Let 0 < e < 1. Since f; — f uniformly for ||x|| =1, f(x) > 0 for ||x|| =1
and f; and f all are positive homogeneous of degree 1, there is an o > 0 such
that

(22)  «aflx|]| < (1 =€) f(x) < fi(x) for all x and all sufficiently large t.

For such ¢ the function f;(x) is positive for x # o. Thus the star body {x :
fi(x) < 1} is bounded. Hence we may choose

(23)  Lg,...,L € Ly, linearly independent, such that

max{fi(ly),..., fills)} = N(fi, Ly), 0 € {1,...,k} for all sufficiently large t.
By (5), (5) and (i),

1 1 1
(24) [15]] < aft(ltj) < S il fi Le) < a)\d<ft>Lt)
< IXNa(f,L)+e je{l,...,k} for all sufficiently large ¢.
Moreover,

| det(, ..., Lig)| > det Ly > det L(1 — €) for all sufficiently large ¢

by (5) and since L; — L and thus det L; — det L.

The sequences (141),. .., (L) all are bounded by (5). The Bolzano — Weier-
strass theorem thus shows that by considering suitable subsequences and re—
indexing, if necessary, we may assume that

l; > 1, €L, |det(ly, ..., 1;)| > det L(1 — €) > 0

see [7], pp. 178-179, Theorem 1. Hence li,...,1; are linearly independent and
fi(l;) — f(1;) by (5). Thus

N(fi, L) = max{ fi(ln). .., fila)} — max{f(L,), ..., f(1)}
> N(f, L), i€ {L,.... k).

Noting (i), this concludes the proof of (ii).

11



6 Proof of Theorem 77

The inequality

MK Am)) - M(K A)) oK)

C(K) = sup det A(n) = A(K)

nEUk+l

holds by the definition of anomaly (see [7], pp. 191, 192). To show that equality
holds, it is sufficient to prove that

M (K A) - M (K Am) _ a(K)

(25)  sup det A(n) = AK)

ncUk+1

Let Ag = Ag(K) be a lattice such that
(26)  M(K, Ag) - - M(K, Ag) = 554 det Ag.

The existence of such lattices for bounded star bodies in R? was proved in [14]
and for all dimensions in [8], see also [19]. Let ry,...,r; be a basis of Aj. Let
0 < 6 < 1 and choose linearly independent vectors by(d),...,bs(d) € QF such
that

b;(0) —rjlloc <0, j €{1,..., K},

7 4ot (BT (6),. .. BT () — det Ag| < 5 det A,

Apply Theorem 1 to the lattice A with basis by(d),...,bg(d) and arbitrarily
chosen rational numbers aq, ..., a with 0 < a3 < ay < --- < ap < 1. This gives
an arithmetic progression P and a sequence n(t) = (ny(t),...,ng(t),ng1(t)) €
ZFL t € P, such that A(n(t)) has a basis {ai(t),...,ax(t)} where

dtaw(t) = bw(é) + @) (%) > Z,] S {17 .. ,]{3}

Here d = d(9) € N such that db;;(0), da;b;;(9) € Zfor alli,j € {1,...,k}. Choose
any to = to(d) € P such that

(28)  |ldtoa;(8) — 1yl < 6. j € {1,... .k}

and ty > 1/§. Put As = dtyA(n(ty)). For § — 0 we obtain an infinite sequence of
lattices {As} and by (6) As — Ag. In view of Corollary 1,

M (K Ag) - Me(K Ag) — %det/\o as 0 — 0.
We have
M (K Ag) - Me(K Ag)
(d(6)to())* ’

M (K, An(to))) - - - Ae(K An(to))) =

12



and by (1) and (6)

B det A
~ det A(n(ty))

Thus, for every € > 0 and for sufficiently small 6 > 0 there is an integer vector
n = n(ty(9)) such that

+05™) < g K mt))

(d(6)0())" (14 0(6)).

(1 - oK)
A(K)
This implies (6) and shows that (2) holds for the sequence {n(to(d))}. For this

sequence equality (2) holds by (1) and (2) holds by (1).

MK A(n)) - M (K, A(n)) > det A(n).

7 Proof of Theorem 3

We shall show that for every ¢ > 0 there exist a vector x € R* and a real number
@ > 0 such that

(20)  {Mlx @} > 5.
Let

D, Am) 1

Ci(K) := limsup det A(n)

neUk+l

|[f|oo—o0

The proof of Theorem ?? can be easily modified to prove that

(30)  Ci(K) = gz

~ A(K)
We just have to take for the lattice Ag = Ag(K) any critical lattice of K and to
replace (6) by the equality

{)\1<K7 Ao)]’k = dAeéc[/(\B)

By (7) there is a sequence {n(t)}, such that ||n(¢)||cc — oo and for all suffi-
ciently large ¢ holds
(1 —e)det A(n(t)) 1—e¢
A(K) (1 — ;> A(K) (g (t) — 1)

N1 (1)

{M(K An(n)} >

Now put x = (n1(t)/ngs1(t), ..., nk(t)/nri1(t)), Q@ = ngy1(t) — 1 and note that
(K An(1))) = M(x, Q).

Remark. The proof of Theorem 3 does not yield only rational solutions x of the
inequality (7) for € > 0. In fact, all vectors which are sufficiently close to a vector
x and satisfy (7) satisfy (7) as well. Moreover, since we apply Theorem 1 with
arbitrarily chosen rational numbers «;, the equality (1) implies that solutions of
(7) approximate any rational point (aq, ..., ) with0 < oy < ap <--- < ag < 1.

13



8 Proof of Theorem 4

For any € > 0 we have to find a sequence {n(t)} of integer vectors such that
h(n(t)) — oo and for all sufficiently large ¢ the following inequality holds:

h(p)h 1-—
(31) inf p)hla) <
p.qezZF+! h(n(t)'"%  (k+1)*
dim(p,q)=2
n(t)=up+vq,u,veZ

Let n = (ny,...,m%11), 0 <ny <...<mngy1, be a primitive integer vector,
that is ged(ny, ..., ngy1) = 1, and let m = (my,...,mg1) be an integer vector,
such that m and n are linearly independent. Consider the polygon IT = II(m, n)
defined by

(32) M ={(z,y):|my—nz| <1forie{l,....k+1}}.

Let

(33) VvV = V(m) = <m1 — mk+1n:il yoe e s M — Mgy q n:il> S A(n)

The following lemma is implicit in [2].

Lemma 1. Let 0 < ny < ... < ngy1 and € > 0. Then there is a centrally

symmetric conver set Mg = M¢(n) C R¥, such that v(m) € Mg for an integer

vector m if and only if
1

nk+1§'

A(Il(m, n)) >
Moreover,
(34)  Vi(Me) > (k+1)&.

Indeed, a set M satisfying the equivalence stated in the lemma is described
by the formula (6) of [2] and the inequality (1) is proved in Lemma 12 ibid. Let
fu(x) be the distance function of the set M;(n). By the definition of M¢, for v
as in (8), we have that

(35)  fu(v) = (k1 A(ID) .
Consider a generalized honeycomb E¥ given by the inequalities

Ef ={r e R": |ay| < 1, |w; — ] < 1for i,5€{1,... k},i#j}.
Observe that

EY = ﬂ {z eR": (z),2,) € E2;}.

p<q

14



Let gi(x) be the distance function of E¥. Then obviously

gk(x) = max gs((x;,25)).

1<i<j<k

By Lemma 1 of [2],
kE+1
ok

and E¥ has a unique critical lattice A(E¥) with basis

Vi(EY) = k+ 1, A(EY) =

by =(1,1/2,...,1/2),
by =(1/2,1,...,1/2),

iak =(1/2,1/2,...,1).

Lemma 4. For any € > 0 there exists a 6 = d(e) > 0 such that for all integer
vectors m = (nq, ..., Nk, Ngs1) with 1 — 6 < ny/ngpy < ... < ng/ngey < 1, for all
x € R\ {o}

fal) > (1= 5) gel0).

Proof. By formula (6) of [2], the set M;(n) is the intersection of the sets G,

where
Gpgr = {(xl,...,xk) e R*: (v,,7,) € B, < T &)}

b
Ng+1 N+

forp<qg<r=k+1and

- k. T Ny Ny Ng
Gpgr = {(xl, o) €ERY (xp — n—rx,,,xq — n—rxr) € B, <n—r, n—r>}

forp<qg<r<k+1,v=mng/n. Theset B; = B (o,(), 0 < a< <1
is defined by the formulae (8)—(13) of [1]. The boundary of B; consists of two
horizontal segments

1—a 14+«
+S, =< £(t,1) e R?*: — <t< ,
" {< ) 1+6——1+5}
two vertical segments
1— 1—
+5, = {+(1,t) e R*: — Bgtg g ;
1+« 1—«a
and four curvilinear arcs +L;, =L, with
1-7 1+ 0
+L; =+ (x(t), tz(t)) € R?: <t<
= {2 ) e v 120 <o 1L
_ —t2(14a)2+2t(1—a+L+af)—(1—-5)2
Z’(t) - 4t(B—at)
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and

s

+Ly = {£(X(t), ~tX(1) eR*: 2 <p < E
_ —t2(1—a)2+2t(1+a+B—aB)—(1—-06)2
X(t) = 1t(Frat) :

b

—
Q

By Lemma 1 of [1], By is a centrally symmetric convex set. Bj.

Assume that there exists an € > 0 such that for any 6 > 0 there exist an
integer vector n = (nq,..., Mg, Ngr1), 1 —0 < ny/mpsq < ... < ng/ngy < 1 and
a point x € R*\ {o} with

(36)  fa(x) < (1= %) gr(x).

We shall show that this leads to a contradiction. By (8), there is a point a =
(a1, ...,a;) = Ax, A > 0, such that fy(a) =1 and

(37)  gu(a) = gol(aia;) > (1— %)

for some i,j € {1,...,k}, 1 < j. Let a = n;/ng+1, B = n;/ngy1. Since a €
M (n), we have (a;,a;) € Bi(«, ).
First, we consider the case a;a; > 0. By Lemma 2 of [1]

(38)  Bi(a,p8) CCy:={xeR?:||x||le <1}
and thus
{(xi,xj) € Bi(o, B) : wix; > 0} C {(4,2;) € Ex2: wjx; > 0},

which contradicts (8).
Let us now consider the case a;a; < 0. Suppose a; = —ta;,. We may assume
without loss of generality that

(39) (1-5) " -1t (-9 - 1)_1.

Otherwise (a;, a;) ¢ Cy and we get a contradiction with (8). Since (1—0)/(1+«)
tends to 0 and (1 + 3)/(1 — «) tends to infinity as § tends to 0, we have

1 - 1
6<t<ﬁ

14+ 1—-a
for § small enough. Then p(a;, a;) € Ly for some > 1. Further, for any ¢t from
the interval (8)

1
X(t)—>1——|—t’ a85—>0.

Since ¢2(1/(1 +t),—t/(1 +t)) = 1, we obtain a contradiction with (8) for all
sufficiently small 6. O
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Lemma 5. For any € > 0 there is an arithmetic progression P and a sequence
of primitive integer vectors n(t) = (ny(t),...,nk(t),nkr1(t)), t € P, such that
h(n(t)) — oo and for all sufficiently large t € P, for every non—zero vector

v € A(n(t)) holds

fay(v) > (1 —¢) {nkﬂ(t)A(Ef)}_% ,
set

Proof. Choose rational numbers 1 — d(€) < ay < ay < -+ < ax < 1 and apply
Theorem 1 to the lattice A = A(EY), the basis by, ..., b; of A and the numbers
a1, Qa, ..., qk. Thisyields an arithmetic progression P and a sequence of primitive
integer vectors n(t), t € P such that h(n(t)) — oo and the corresponding lattices
A(n(t)) have bases ai(t), ..., a(t) where
(40)  ay(t) = 22 40 (l> iic{l. k)

g dt t2) D) S

Here d € N is such that db;;, da;b;; € Z for all 4,j € {1,...,k}. Moreover,

a(t) = ) :ai+0(%>.

ng1(t)

Thus for sufficiently large t,
ny(t) n(t)
e (t) 0 ega(t)

We now show that for sufficiently large t € P

(1) MELAD®) > (1-5) {nea®AED} .

1—4(e) < < L

The equality (8) implies that
dtA(n(t)) — A, as t — oo, t € P.
Thus, Lemma 1 implies that
M (EY, dtA(n(t))) — 1, as t — oo,t € P.

Since M(EF, dtA(n(t)))

dt

M (EY, An(t))) =
and by (1),

k

dt = (g1 (t) det A)® (1 +0 G)) :

the inequality (8) holds for all sufficiently large t. By Lemma 4 and (8) for
sufficiently large ¢ € P for every non-zero vector v € A(n(t)),

Fa(¥) > (1= ) as(3) 2 (1= §) M (BE A(n())
(1= e (DA(ED)}+.

The proof of Lemma is complete. O
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After these preparations, the proof of Theorem 4 is rather simple. We shall
show that for every e > 0 the sequence {n(t)}:cp obtained in Lemma 8 satisfies (8)
for all sufficiently large ¢t. Let t € P and let p,q € Z*! be linearly independent
vectors such that n(t) = up + vq with u,v € Z, that is n(t) € A(p, q). Since the
vector n(t) is primitive, it can be extended to a basis of the lattice S(p, q) NZ**+?
by an integer vector m. Consider the polygon II = II(m,n(t)) given by (8).
By Minkowski’s lower bound for the product of successive minima and since
Vo(IT) < 4A(II), for all linearly independent integer vectors (x1, ;) and (z2,ys),

[[ 2 — zn(t)) > M (I Z2)A (1L, Z%) > 2(Va(1D) " >

=1

(AI)

Since p,q € A(m,n(t)), we have that
1 -1
Sam).

By (1), for all sufficiently large ¢ h(n(t)) = ng41(¢). Finally, by (8), (8) and
Lemma 8 for sufficiently large ¢ holds that

) 1
hn(ey-F = 2 ) fan (vim) >

(42)  h(p)h(q) >

1—c¢

(k+ 1)
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