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1 Introduction and Statement of Results

1.1 Let C be a convez body in Euclidean d-space E?, that is a compact convex
subset of E¢ with non-empty interior and let §" be the symmetric difference
metric on the space of all convex bodies in E¢. Forn =d+1,d+ 2,-- -, denote
by P(, the family of all convex polytopes in 4 circumscribed to C' which have
at most n facets. Major approximation problems are to determine the quantity

§(C, P, = inf{s"(C, P): P € P{,}

and to describe the polytopes for which equality holds, the best approximating
polytopes of C' in Poy- Disregarding trivial cases, precise solutions of these prob-
lems are out of reach. General upper estimates for ¥ (C, P(Cn)) are easy to obtain.
It is more difficult to determine the precise asymptotics of ¥ (C, P(cn)) asn — 00.
In [6, 8] it was shown that for C' (the boundary of which is a surface ) of class C*
with Gauss curvature ko > 0 holds:

1 d+1
(1) OV (C,PEy) ~ ——5 divg A(C) T as n— oo,

2nd—1

Here A(C) is the equi-affine surface area measure of (the boundary of) C,

2) AC) = [ kele)Tdo(a),

bd C

where ¢ is the ordinary surface area measure in I 4 divy_q is a constant depend-
ing on d. The only explicitly known values are div; = 1/12 and div, = 5/18+/3.
The case d = 2 was settled before by Fejes T6th [4]. For more information on the



voluminous literature on approximation of convex bodies by polytopes see the
surveys [7, 9].

It is plausible to conjecture that for sufficiently differentiable C' the formula
(1) extends to an asymptotic series. For d = 2 the first two terms of this series
were given by Ludwig [14] using tools from equi-affine differential geometry. The
complete series was specified by Tabachnikov [18] in the form of a result on
periodic trajectories of the dual billiard determined by C. For general d Boroczky
[2] showed for convex bodies C' of class C* with r¢ > 0 the formula

1 L 1
8V(C,PG) = —— diva  A(C) T + O(———

1 ) as n — oQ.
Ind1 na-1tsz2

1.2 The aim of this article is to prove the following result for d = 3.

Theorem. Let C be a convex body in IE® of class C? with Gauss curvature ko > 0
and affine surface area A(C). Then

_ BA(C)? (

5V (C,Pe ) =

1) as n — o0.
nl+i

Actually, a slightly stronger result will be given, see (3) and (41). A scrutiny
of the proof shows that, as in [2], it is sufficient to assume that bd C has a
representation of class C? with Lipschitz second derivatives. The proof of our
result makes use of geometric tools which, so far, are available only for d = 3.
Boroczky [3] informs us that in case C' is a Euclidean ball in [E®, the error
term in the asymptotic formula in the Theorem has a lower bound of the form

f(n)

)
Tl2

where f(n) — oo as n — oo.

As remarked before, we conjecture that for sufficiently differentiable C'; the
asymptotic formula for 6" (C, P(Cn)) can be extended to an asymptotic series. By
the remark of Boroczky we see that the second term in this series is not of the
form B(C)/n?, as might be expected. Possibly, it has the form C(C)/n%?2. Here
B(C) and C(C) are suitable quantities depending on C'.

Considering the recent contributions to asymptotic approximation of convex
bodies by polytopes, it is clear that results similar to our Theorem and with
similar proofs hold for the mean width deviation and for LP metrics and also for
families of inscribed and general polytopes and for vertices instead of facets. In
some of these cases the proofs are technically more complicated.

For a corresponding, yet weaker result for general d see [12].

1.3 The Theorem can be applied to the isoperimetric problem for convex poly-
topes in a normed space: consider besides the Euclidean norm a further norm
on E? A natural choice for “volume” in the normed space thus obtained is the
ordinary volume V. For “surface area” several natural definitions have been pro-
posed. These amount to the introduction of a convex body I with center at the



origin o, the so-called isoperimetriz. The surface area S;(C') of a convex body C
then is defined by

54(C) — 1 V(CH2D=V(O)

e—40 g

, where C+el ={zx+ey:z€Cyel}

see Thompson [18]. If P is a convex polytope with minimum isoperimetric quo-
tient S;(C)?/V (C)?! amongst those with a given number of facets, a result of
Diskant [5] says that after applying a suitable homothety to P, we may assume
that P is circumscribed to I. The definition of S;(P) then shows that

S;(P)?

V(P)i-1
The asymptotic formula (1) and its refinements thus yield asymptotic formulae
for the minimum isoperimetric quotient. In particular, our Theorem implies the
following result.

=dV(P) =dV(I) +d%" (I, P).

Corollary. Let I be an isoperimetriz in E® of class C* with ke > 0 and
affine surface area A(C) which corresponds to a given norm on IE®. For n =
4,5,..., let P, be a convex polytope in IE* with minimum isoperimetric quotient
S1(P,)3/V(P,)? amongst all convex polytopes in 5> with n facets. Assume (with-
out restriction of generality) that P, is circumscribed to I. Then

Si(P)? 5v3A(I)?
VR = 20V(I) + =~

1

1+5

+0(

)CLS n — oQ.
n

1.4 In [11] we gave an asymptotic formula for the maximum error in numerical
integration formulas for certain classes of continuous functions on the plane or on
Riemannian 2-manifolds. Using ideas of the proof of our Theorem, it is possible
to estimate the error of this asymptotic formula.

2 Proof of the Theorem

Let £, diam, width, |- |, V(+), bd, int, relbd, relint, vert and conv stand for cardi-
nal number, diameter and minimum width (both with respect to the Euclidean
norm || - || in E£?), ordinary area (2-dimensional Hausdorff measure) and volume,
boundary, interior, relative boundary and interior, set of vertices and convex hull,
respectively. It will always be clear from the context with respect to which set
relbd and relint are considered. B? and S? denote the solid Euclidean unit circle
and the Euclidean 2-sphere. For notions not explained below see Schneider [16].

When writing const or «, 3, ..., we mean that this is a suitable positive con-
stant depending only on C. Landau symbols such as O(1/m) denote functions
of the form const/m (in slight contrast to the use in section 1). Constants and
Landau symbols may be different, even if they are denoted alike.

2.1 Lower Estimate. We shall prove that
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5A(C)2 1
3 §V(C, PGy > - ;
®) (O 2 352~ O

Forn=4,5,...,let P, € an) be best approximating for C.

2.1.1 First, some tools will be collected. A result of the author [10] says that “P,
has asymptotically regular hexagonal facets of edge length (A(C)/3%2n)'/? with
respect to the Riemannian metric of equi-affine differential geometry on bd C'”.
Noting that two Riemannian metrics on the compact manifold bd C' are metrically
equivalent, this implies in particular that

)as n — Q.
n

(4)  there is a facet Iy of P, with diamF, < O(1/n'/?) and the point where
Fy touches C has distance at most O(1/n'/?) from the points where the
adjacent facets touch C.

The metric projection “™” of IE® onto C' maps each point in IE?® onto its
(unique) nearest point in C. The rolling theorem of Blaschke [1], pp.118 and 119,
see also Leichtweiss [13], p.1055, and its dual yield the following remarks:

(5) For any p € bd C' and r on the support plane H, of C' at p with |[p—r|| < «
holds B llp —r||* < [[r —r7|| < v p — 7>

(6)  For any r € IE*\ C with ||r — r™|| <const the volume of the convex cone
with apex 7 and base H,~ Nconv ({r} U C) is at least § ||r — r™|2.

Next, we state some well-known properties of ™:

(1) o™ =yl < |z — yl| for 2,y € E°.

(8)  Letz€bdC. Then {y € [E®: y™ = 2} is the exterior normal of bd C at z.

9) |S™| < |S] for any measurable piece S of a surface.

(10)  Let @ be a convex polytope containing C. Then ™ maps bd ) homeomor-
phically onto bd C'.

Further needed tools are the following standard representation of bd C' and
some of its properties. For p € bd C' choose in the support plane H, of C' at p a
Cartesian coordinate system with origin o equal to p. Together with the interior
normal unit vector of bd C' at p it yields a Cartesian coordinate system of 3.
When speaking of the “lower” part of bd C', this is meant with respect to the last
coordinate. Let € > 0 be so small that the e-neighborhood U, of p in bd C' is in
the relative interior of the lower part of bd C. Represent U, in the form
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(1) Up =A{(s, fp(s)) : s € Up},

where “’” denotes the orthogonal projection of IE® onto H, and f, is a convex
function of class C* on the relatively open set U, The next proposition is a slight
extension of a result of Schneider [15] and can be proved along the same lines.

(12)  f, is convex, of class C3, and
| foels | fokal, [ fppiml s (grad fp)* < const on U,

where fpk, fpxis fprim denote first, second and third partial derivatives of f,.
Define quadratic forms ¢, on E? by

qu(8) =D fou(u)sts' for u e U, and s = (s, 5%) € B
Kl

Instead of ¢,, where v = p’ = p, we also write ¢,. As a consequence of Blaschke’s
rolling theorem and its dual we have the inequalities

(13)  const || - [|> < gp(-) < const || - ||

For z € U, we write instead of k¢(x) also k¢ (u) where u = 2/. Using the common
expression for k¢,

det g,
1 + (gradf,(u))?)

and noting (12), it follows that

ko(u) = ( 5 for uwe U,

(14)  ke(o) = det g, and
k¢ is of class C' and has bounded first partial derivatives on U,

Let D be a conver disc, that is a convex body in 2. Its moment M(D, 0)
with respect to the origin o is defined by

M(D, o) = / Is][2 ds.
D

A related function M (a,v) is defined as follows:

s

2

rd
M(a,v) = @ > / L4 for a > 0,v > 3.
2v tan %0 cost p

If v is an integer, M (a,v) is the moment of a regular convex v-gon with center o
and area a. Elementary calculations yield the following properties:

(15)  Let D be a convex disc in £*. Then M(tD,o0) = t*M(D, o) for t > 0.



(16) Let D be a convex disc in [E? and ¢(s) = s"A™As for s € [E? a positive
definite quadratic form, where A is a suitable 2 x 2 matrix. Then

/q(s) ds = M(AD, o) (det q)_%.

(17)  Let H be a convex hexagon with center o which is regular with respect to
the norm q%, where ¢ is a positive definite quadratic form on E?. Then

~ 5|H[*(det )3
N 18v/3

The moment lemma of Fejes Toth [4], p.198, says the following:

M(H,o)

(18)  Let D be a convex v-gon and F a regular convex v-gon with center o and
|D| = |E|. Then M(D,0) > M(E,0) = M(|E|,v).

The next two results are due to the author [10]:

(19)  Mf(a,v) is convex in (a,v) for a > 0,v > 3.

(20)  M(a,v) is non-increasing in v for any fixed a > 0.

The final tool is a corollary of Fuler’s polytope formula, see e.g. Fejes Toth
[4], p.15:

(21)  Let P be a convex polytope in IE* with n facets and let vy, ..., v, be the
number of the vertices of its facets. Then

1
—(v1 + - +wy) <6.
n

2.1.2 Second, we consider the form of the facets of best approximating polytopes
P,. Our first aim is to show that

1
(22)  max{diam F' : F' facet of P,} < O(—J
n2
For the proof of (22) note that the following weaker estimate is an immediate
consequence of the fact that 6" (C, B,) — 0.

(23) max{diam F': F facet of P,} — 0.

This implies that for all sufficiently large n the intersection of the support half-
spaces of P,, except the facet Fy (see (4)), is a convex polytope Q,_1 € Pln-1)»
say, and @,,_1 \ P, is a convex polytope with facet Fj which is situated “above”
Fy. It follows from (4) that |Fy| < O(1/n) and (4) together with (5) implies that
the maximum “height” of @,_1 \ P, above Fj is at most O(1/n). Thus
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(24)  Qur € Pl V(@) = V(R) <0(H)0(3) = 5,

1
n n n?

say. In order to prove (22), assume the contrary. Choose

¢ \i
(25) n>(@§-
Then there are infinitely many n (and from now on only these n will be considered
in the proof of (22)) with the following property: P, has a facet Gy, say, such that
diam G > 2n/n'/2. Thus Gy has a vertex r, say, such that ||p—r|| > n/n'/2, where
p is the point where G touches C'. By (23) we see that ||[p—r|| < « for sufficiently
large n where « is from (5). Hence (5) implies that ||[r—r™|| > 8 ||p—r||* > 8n*/n.
On the other hand, 6V (C, P,) — 0 and (24) together show that 6V (C, Q,,_1) — 0,
which, in turn, yields that || —r™|| — 0 as n — oo. Let R,, be the intersection of
Q1 and the support halfspace of C' at r™. Then ||r—r"|| — 0, |r—77|| > 87n*/n
and propositions (6) and (25) together imply that for sufficiently large n,

g2ont ¢

> —.
n? n?

Ry € Py VI(Quor) = V(Ra) = 8 |lr — 7[> =

Considering this and (24), we see that for sufficiently large n holds

¢ ¢ ¢
Ry, € Py, V(R,) < V(P,) — e + 2= V(P,).
Since this contradicts the fact that P, is best approximating for C' in Pf,, the
proof of (22) is complete.

A similar proof shows that

1
(26) min{width F': F facet of P,} > O(—l)

n2

2.1.3 Third, we adapt the standard representation of bd C' as described in 2.1.1
according to our needs.

Let F;,i = 1,...,n, denote the facets of P, and let p; be the point where F;
touches C'. For each p; choose corresponding H;, Cartesian coordinate systems
for H;, resp. IE® with origin o equal to p;, and U;, f;,¢; and “’”. Propositions
(26) and (22) together with o € F; imply that

0
(27) ¢+ 5B*CFC LIB2 for suitable ¢; € H;.
nz nz

In the following we consider only n which are so large that
(28) F,CU.

(Note (22) and the fact that U; is the e-neighborhood of p; in bd C', where € > 0
is a constant.) Propositions (11)—(14) now take the following form:
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(29)  U; =A{(s, fi(s)) : s € U}.

(30)  f; is convex, of class C3, and
| fikls Lfiwals | fiaml, (grad fi)* < const on Uj.

(31)  comst| - [* < qi(-) < const|| - [*.

(32)  kco(o) = detq;, ke is of class Ct, and
has bounded first partial derivatives on Uj.

Represent ¢; in the form
(33)  qi(s) = s™AT A;s for s € [E?, where A; is a suitable 2 x 2 matrix.

Since fi(o) = 0 and gradf;(o) = o, Taylor’s theorem together with (28)—(31)
implies that

(34)  fi(s) > ;qi(s) — O(qi(s)}) for s € F, C U C H,.

Since p; = 0 € F;NC and F; C (1/n'/?)B? by (27), proposition (7) shows that
FF C (¢/n*/?)B? and thus
L

— B2

1
mn2

(35) K" cC

Some elementary calculations together with f;(0) = 0, gradf;(o) = o, Taylor’s
theorem and propositions (27), (35), (28) and (30) imply the inequality

36) |z —a™| < for x € F.
nz

2.1.4 Fourth, we consider a dissection of bdC. By (7) and (10) the metric
projection ™ is non-increasing for curve length and maps bd P, homeomorphically
onto bd C'. Thus

(37) thesets F[,i=1,...,n, form a dissection of bd C.

This means that the sets are closed, their boundaries are continuous curves of
finite length, they have pairwise disjoint interiors and their union equals bd C.
Let

(38) Py={(s,t)€P,:se(l— ﬁim — ) +e, 0<t< fi(s)} C P, \int C
n
(compare (27)). Next it will be shown that

(39) the sets P,;, i =1,...,n, are pairwise disjoint subsets of P, \ int C.
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By (37) it is sufficient for the proof of (39) to show that
(40)  Pr Crelint FT.

Being a continuous image of the connected set P,;, the set P is also connected.
F7 and P, have a common relative interior point, namely p;, and both are
contained in bd C'. Thus, if (40) did not hold, P~ Nrelbd F # (. Then there is
a point y € P,; such that y™ €relbd F". Choose = € relbd F; with 2™ = y™. It
follows from (8) that y € [x,2™]. Hence ||z — o/|| < ||z — 2™ < x/n%? by (36).
This together with y = (s,t) € P,;,s = ¢/, (38) and (27) implies that

xzy,+$—y,€(1—i)(Fz‘—ci)+ci+i relint B?

3
In na

C(1- i)(FZ —¢)+e+ ﬁi(relint F; — ¢;) C relint F;.
n

In

Since this contradicts the fact that @ €relbd Fj, the proof of (40) is complete
which, in turn, yields (39).

2.1.5 Finally, the fact that P, is best approximating, (39), (38) where we put
(1= r/On)(Fi —¢;) + ¢ = (1 = O(1/n))F; + d;, say, (34), (31), (27), (33), (16),
(15), (18) where v; = # vert I}, det A; = (det ¢;)'/? and (15), (32), (9), (20), a
calculus formula for surface area, (32), (35), (15), a calculus formula for surface
integrals, (19), Jensen’s inequality, (37), (2), (20), (21) and (17) together imply
proposition (3):

s (C, PG, =6V(C,P,) = V(P \int C) >ZV i)

—Z /fl Yds > = Z /ql )ds 1—0(1))

" (1-O(1))Fi+d; ' (1-0(L1)) Fi+d;

l\)\»—&‘

1

1
:§ZM (1= O(=)AiF; + Audy, 0)(det )% ( o(

v

3 XA, ) (deta) 41 - O( )0

> ;;M((det @) |F, ) (1 — O<nl§>)
> 53 Mlse(o)1E7]. 001 = O(-r)

mn2

szM/ (0)F (1 + (grad fi(s))*)? ds, )

MH\ -

-0())
> 2;]\/[(/ ko(s)T(1 + (gradfi(s)?)? ds (1 — ( )

Fr’ 1
@)
1
7%

_ §ZM(//~€C($)idU(x)>Ui)(1 —O(i)) (1 _O< ))

1
nz



2ZMC%W”d@hw@%b“+“'+%”“_oQ;”
n 1 1 5A(C)? 1
= §M(5A(C)76) (1- O(g)) = 36\(/3)71 - O(n1+%>'

2.2 Upper Estimate. We shall prove that

5A(C)?
41)  §V(C,PEy) < + 0
(41) 80Py < 52+ 0(
2.2.1 First, a suitable representation of bd C' will be introduced, different from
the one in 2.1.
For a proof of the following result for general d see [12].

1) as n — o0.
niti

(42)  For m = 1,2,..., the 2-sphere S? can be dissected into m convex spher-
ical polygons S;,7 = 1,...,m, say, such that for each i a circle of radius
O(1/m*/?) is contained in S; and S; is contained in a concentric circle of
radius O(1/m!/?).

Assume that o € int C. Then for each m = 1,2,..., dissect bdC as follows:
project the convex spherical polygons S; C S? in radial direction onto bdC.
This gives a dissection of bd C' into m sets C;,7 = 1,...,m, say. For each ¢

consider the ray starting at o which meets S5; at the center of the two circles
corresponding to S; according to (42). Let H; be a plane which intersects this
ray orthogonally, but does not meet C. Let “’” denote the orthogonal projection
onto H;. Choose a Cartesian coordinate system in H; with origin o at the point
where the corresponding ray intersects H;. Then, for sufficiently large m,

(43)  the msets C;,i =1,...,m, form a dissection of bd C, each C; is a convex
disc in H;, and
‘pcoctpe
m?2 m?2

The Cartesian coordinate system in H; together with the normal unit vector of H;
which points to C' forms a Cartesian coordinate system of J£°. When we speak of
the “lower” part of bd C, this is with respect to the last coordinate. Represent
the lower part of bd C' in the form

(44)  {(s, fi(s)) : s € C'}.

Then, if m is sufficiently large, an argument of Schneider [15] shows (as in 2.1)
that

(45)  fi is convex, of class C3, and

2
\fils | fikals | figam], (grad fi)? < const on a

1
m?2

B2
Define quadratic forms ¢, by
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1
m?2

2
(46)  qu(s) =" fim(u)s"s' for s € E*, where u € a B?,
kil
qi = Go-

As a consequence of Blaschke’s rolling theorem and the fact that the coefficient
of g, are continuous in v we have for sufficiently large m that

47 vl 1P <al) <El-I15

21 pa.

(48)  qu < 2¢; for any u € —
m2

Finally, we note that for sufficiently large m,

det q,
1+ (gradfi(u))?)

2.2.2 Second, we shall construct “almost” best approximating polytopes @,, for
C'in P(ny- Let n be sufficiently large and let m = |n'/2]. Consider in H; an edge-
to-edge tiling with convex hexagons of area |C!|A(C)/A(C;)n which are regular

2
5 for u € #32.
m2

(49)  ko(u) = (

with respect to the norm ql-1 /2 Here

(50)  A(C;) = /ﬁc(x)%da(x),A(C’) = / ko(z)i do(z).

C; bdC

Since |C!| < |C;] <const|C!| by (43) and (46) and since k¢ is continuous and
positive on the compact surface bd C, we see that |C!|A(C)/A(C;) is bounded
between positive constants. This combined with (47) shows that the diameter of
each of these hexagons is at most p/n'/2. From (43) it follows that

PN\ v | P 5o pymyz P MG '
1—=(—)")C;+—B"C(1——(— ~(—)7)C; =C..
Thus D) = (1 — (p/X)(m/n)"/?)C! is contained in relint C! and has distance at
least p/n'/? from relbd C/. Consider the hexagons of our tiling which meet D,
Since each hexagon has diameter at most p/n'/2, all these hexagons are contained
in C!. Hence there are

(C3)
A(C)

N

(51) n; < n

such hexagons. Multiplying each of these hexagons with the factor

1

’\<")1 (<1+ O(T) < 2 for sufficiently large n),
g
gives a system of n; hexagons H;;,j = 1,...,n;, in the plane H;. For sufficiently

large n this system of hexagons has the following properties:

11



2
(52)  diamH,; < =2,

n2

ICHA(C)(1+O(-))? /
(53 1Hyl < A(Con G” ﬁ('é()?(l * O(nli)) <o)
1 20

(54) Hyc(1+0(—))Cjc20ic =B cC,

S

1
n4

= C’Hi(?j)éd Sol+ Lo

This follows from the definition of these hexagons, the above remarks and propo-
sitions (43) and (50). Choose points p;; on the lower side of bd C' such that p}; is
the center of H;; and define corresponding quadratic forms g;; by

(56)  aij(s) = qp,(s) = > fiw(pl,)s"s' for s € B,
ol

Noticing (46), (48) and (54), we have that
(57) @y < 2q;.

Finally, define (),, to be the intersection of the support halfspaces of C' at the
points p;;. (If n is sufficiently large, these points are distributed rather densely
over bd C' and thus) @, is a convex polytope with at most ny + -+ +n,, < n
facets (see (51) and (43)) which is circumscribed to C. Hence

(58)  Qn € P,

2.2.3 Third, we cover @, \ int C' by sets whose volume may be easily calculated.
Since the sets C;,7 = 1,...,m, form a dissection of bd C' by (43), we have that

(59) Q. \intC' C Qu1U---UQun, where Q,; = {r € Q, \int C : 2™ € C;}.

Next, the following will be shown:

(60)  Qui C R ={(s,t) € Qu:seCl+ LBt < fi(s)}
nz

for sufficiently large n.
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For the proof of (60) it is sufficient to show the following: let z € @, \ int C
with 2™ € C; be given, then ||z’ —z™|| < p/n'/2. Since 2™ € C; and thus 2™ € C.,
proposition (55) implies that 2™ € H;; for suitable j. Elementary calculations,
Taylor’s theorem, (52), (45), (47) and (48) together show that the distance of
2™ from the intersection point y of the exterior normal of bd C' at «™ with the
support plane of C' at p;; is at most O(1/n). Since x € [z7,y| by (8),

1
A v/ < A ¥/ < T < O ).
o' = 2™ < Iy’ = ™| < ly = =" < O(-)
Since O(1/n) < p/n'/? for sufficiently large n, the proof of (60) is complete.

2.2.4 Finally, (59), (60), (55), the definition of @,;, Taylor’s theorem applied to
filHy;, (56) and [|s — pl;|| < O(1/n*/?) (see (52)), (55) and (45), Taylor’s theorem
applied to the coefficients of ¢; and the fact that ||p}; — o| < O(1/m'/?) (see
(54)) and [|s —py'[| < O(1/n'/?) (see (52)), (17), (53), (51), (53), (50), (49), (46),
Taylor’s theorem applied to xc(s)Y/4(1 + (gradfi(s))?)!/2|C! which has bounded
partial derivatives by (45) combined with ||s — of| < O(1/m!'/?) (see (43)), a
calculus formula for surface integrals, the definition of A(C;) and (43) together
imply proposition (41):

8" (C.Qu) = V(Qu \intC) £ S V(Qu) < XV (R
<X [ 1) = i) = erad i) s = i) s

)
S*Z/QU pl] d5+’ ‘O(nlg)}

z]HZ]
sfzx/% ~ i) s+ |y  O( ) + 1 O(— )
g{; PR (s o( L)+ o(iy)

< goumn ZAC) A (CF Pl (1 + (rad (o))
< (1+0(-)+0(-y)

_ 5A(C) . 1 cad £:(o))2)3 ds
_BGﬁn;A(m (/Kc@ (1+ (gradfi(0))?)2 ds)?

% 1+0(2) +0()

5A(C) N ; s
< S5 SAC) <C[ ()5 (1 + (gradfi(s))?)? ds)?
10+ 0+ i)
5A(C
_ 36%;;A<oi><1+o( “)+0(7)
_ 5A(C)? 1
- 36\/§n+ ( 1+%)'
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2.3 Conclusion. The Theorem now follows from (3) and (41).
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