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Abstract

Complex extensions of the Petty projection inequality and the Busemann-Petty
centroid inequality are established.
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1 Introduction

One of the basic affine isoperimetric inequalities is Petty’s projection inequality [35]:
Among convex bodies of given volume, the ones whose polar projection bodies have
maximal volume are precisely the ellipsoids.

What makes this inequality particularly interesting is the fact it strengthens and directly
implies the classical isoperimetric inequality, see [27]. This insight was used in [43] to
establish the Zhang-Sobolev inequality, an affine inequality far stronger than the classical
sharp Sobolev inequality. Moreover, even decades after its discovery, Petty’s projection
inequality is still the focus of intense research. For example, it was recently shown
to hold for sets of finite perimeter [39]. Additionally, it was extended to an Orlicz
setting [18,29,32] as well as to rigid motion compatible Minkowski valuations [17].
Projection bodies, the objects under consideration in Petty’s projection inequality, were
introduced by Minkowski. Given a real convex body K (i.e. a non-empty compact
convex subset of R™), its projection body is the convex body IIK with support function

itk (1) = vol(K|ut).

Here, vol(K|ut) denotes the (n — 1)-dimensional volume of the orthogonal projection
of K onto the hyperplane orthogonal to u. Projection bodies have not only become a
central notion in convex geometry, they also found applications in Minkowski geometry,
stochastic geometry, geometric tomography, symbolic dynamics, and functional analysis
(see, e.g., [10,11,14,23,37,38]).
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The special role of projection bodies in the affine geometry of convex bodies was dis-
covered by Ludwig in [25,26], see also [16]. She proved that projection bodies are the
only Minkowski valuations which are contravariant with respect to the real affine group.
In [3], Abardia and Bernig proved a complex analog of Ludwig’s characterization result.
They classified all Minkowski valuations which are contravariant with respect to the
complex affine group. As it turns out, there exists a whole family IIo of such valua-
tions. So from a valuation theoretic perspective, each member of this family serves as a
complex analog of the projection body operator.

The operator Il is defined as follows. Let K(C™) denote convex bodies in C™. For
C € K(C) and K € K(C"™) the complex projection body II¢K is the convex body with
support function

hiip ik (u) = nV (K, Cu),

where Cu := {cu : ¢ € C} and V(K,Cu) denotes the mixed volume of K and Cu. We
refer the reader to Section 2 for the precise definitions.

In [3], Abardia and Bernig asked for an analogue of Petty’s projection inequality for the
operator IIo. Our main result answers this question in the symmetric case. (Throughout
we use the convention that 0-oco = 0.)

1.1 Theorem. Let C € K(C) and K € K(C™). If K is centrally symmetric, then

K[ K] < |BI**~HIEB. (1)

If dim C = 1, equality holds if and only if K is an ellipsoid. If dim C' = 2, equality holds
if and only if K is an Hermitian ellipsoid.

Here, | - | stands for volume, II}, K" denotes the polar of the complex projection body of
K, and B is the complex unit ball in C".

Cauchy’s projection formula states that vol(K|ut) = nV (K, [~1,1]u). So if we compare
the definitions of IT and Il¢, we see that II equals II|_; ;. Hence Theorem 1.1 contains
the classical Petty projection inequality as a special case.

As was mentioned in the beginning, Petty’s projection inequality is stronger than the
isoperimetric inequality. We will show in Section 6 that each of the new inequalities
(1) also strengthens and directly implies the isoperimetric inequality. Note that the
inequalities (1) are invariant with respect to the complex linear group GL(n,C). In
contrast, the complex isoperimetric inequality is invariant merely with respect to the
unitary group. Consequently, the affine inequalities are stronger than their unitary
counterparts. Similar phenomenons were also established in [13,17,19].

The theory of real convex bodies is classical and well established. But complex convex
geometry gained momentum only recently, see e.g. [1,2,4-9,21,22 41,42]. In particular,
complex projection bodies were studied in [24,40]. Theorem 1.1 is part of this program.

A second fundamental affine isoperimetric inequality is the Busemann-Petty centroid
inequality [34]: Among convex bodies of given volume, the ones whose centroid bodies
have minimal volume are precisely the origin symmetric ellipsoids.



As the Petty projection inequality, also the Busemann-Petty centroid inequality has been
extended significantly [12,18,29,31]. Among other applications, these extensions were
used to prove affine Sobolev inequalities [20,33] and information theoretic inequalities
[30].

The definition of centroid bodies, the objects under consideration in the Busemann-
Petty centroid inequality, dates back to Dupin. Given a real convex body K C R" with
non-empty interior, its centroid body is the convex body I'K with support function

1
hri(u) = K| /K |u - x| de.

Here, integration is with respect to Lebesgue measure and - denotes the standard Eu-
clidean inner product. Let K € IC,(C™) denote complex convex bodies with non-empty
interior. With regard to the construction of complex projection bodies and the fact that
|u - x| = hi_y 1j4(7), we define the complex centroid body I'c K of K € K,(C") as the
convex body with support function

s () = IIlﬂ /K hew() da.

Integration in this definition is with respect to the push forward of Lebesgue measure
under the canonical isomorphism between R?” and C". Our second result is the following
complex Busemann-Petty centroid inequality.

1.2 Theorem. Let C € K(C) and K € K,(C"). If K is origin-symmetric, then

K| PeK| 2 |B| 7 TeBl. (2)

If dim C = 1, equality holds if and only if K is an origin symmetric ellipsoid. If dim C' =
2, equality holds if and only if K is an origin symmetric Hermitian ellipsoid.

Note that, by construction, I' equals I'[_; ;. Hence Theorem 1.2 contains the classical
Busemann-Petty centroid inequality as a special case.

2 Notation and preliminaries

For a complex number ¢ € C we write ¢ for its complex conjugate and |c| for its norm. If
¢ € C™*" then ¢* denotes the conjugate transpose of ¢. We denote by - the standard
Hermitian inner product on C" being conjugate linear in the first argument, i.e. x -y =
x*y for all z,y € C". B stands for the complex unit ball {¢ € C": ¢-¢ < 1} and S™ for
the complex unit sphere {¢ € C" : ¢- ¢ = 1}. We write ¢ for the canonical isomorphism
between C" (viewed as a real vector space) and R?" i.e.

t(c) = R[ea], ..., Rlen), Slei], - -+, Slen)), ceC
where R and < are the real and imaginary part, respectively. Note that

Rlx-y] =z -y (3)



for all x,y € C™, where the inner product on the right hand side is the standard Euclidean
inner product on R?".

Let ¢ € GL(n,C) be decomposed in its real and imaginary part, i.e. ¢ = R[¢]| + i3]
The real matrix representation R[¢] € GL(2n,R) of ¢ is the block matrix

_ (R[] —Sg]
Hel= (%m Rlo) )
It is not hard to show that

| det ¢|* = | det R[g)]| (4)

as well as

Ugr) = Rlg|ue. (5)

Next, we turn to basics from convex geometry. Throughout, let K, L € K(C™) be convex
bodies. K is an ellipsoid if

K={zeC":wx-prx <1} +t

for some positive definite symmetric matrix ¢ € GL(2n,R) and some ¢t € C". A special
class of ellipsoids are Hermitian ellipsoids. K is an Hermitian ellipsoid if

K={zeC':z-¢px <1} +t

for a positive definite Hermitian matrix ¢ € GL(n,C) and a ¢t € C". Note that K is an
Hermitian ellipsoid if and only if K = ¢ B + t for some 1 € GL(n,C) and a t € C".
The volume |K| of K is defined as the 2n-dimensional Lebesgue measure of (K, i.e.
|K| := |.K|. Note that, by (5), |¢pK| = |t(¢K)| = |R[¢]¢K|. Thus relation (4) implies

@K = | det ¢[| K] (6)
for each ¢ € GL(n,C). In particular we have

|eK| = || K| (7)

for all ¢ € C.

In the sequel, we collect complex reformulations of well known results from convex
geometry. These complex versions can be directly deduced from their real counterparts
by an appropriate application of . The standard references for these real results are the
books by Gardner [14], Gruber [15], and Schneider [36].

The convex body K is uniquely determined by its support function hg : C* — R, where

hi(x) =max{R[z-y] : y € K}.

It is an easy consequence of (3) that



hK = hLK O, (8)
where h, is the usual real support function, i.e. hr(x) = max{z -y : y € L} for
a convex body L C R?" and = € R?". Moreover, the definition of support functions
directly implies

har = Ahi (9)

for all A > 0, as well as

her = hi o ¢* (10)
for all ¢ € GL(n,C).
Given two real numbers ¢, d > 0, the Minkowski sum c¢K + dL is defined via
cK+dL={ck+dl:ke Kandle€ L},

or equivalently,
th+dL = chg + dhy,.

In particular, the central symmetral AK of K is given by AK = %K + %(—K ). Clearly,

A(Cu) = (AC)u (11)

for all C € K(C) and u € C".

The support function of an origin-symmetric body C' € K(C) can be written as an
integral over the unit circle. In fact, every origin-symmetric planar convex body is a
centered zonoid, and hence there exists a finite even Borel measure pc on S! such that

he(u) = /Sl ) dpic (12)

for every u € S'. We therefore call puc the complex generating measure of C. The
measure ¢ is actually unique. This follows from the following general result: If p is a
signed finite even Borel measure on S”, then

/ hi_yudp =0 foreveryueS" <= p=0. (13)
Sn

The complex surface area measure Sk of K is the Borel measure on S™ defined for every
Borel set w C S™ by

Sk (w) =H*" (1{z € K : Fu € w with R[z - u] = hx(u)}).

Here, H?"~! stands for (2n—1)-dimensional Hausdorff measure on R?". It is not difficult
to show that surface area measures are translation invariant and

Sex (w) = Sk (cw) (14)



for all ¢ € S! and each Borel set w C S*. Up to translations, a body K € K,(C") is
uniquely determined by its surface area measure, i.e.

Sk =85, <= K=L+t forsometecC" (15)
Together with Minkowski’s existence theorem for surface area measures, this allows us
to define the complex Blaschke body VK as the unique origin-symmetric convex body
with

Svk = 39k + 35-k-
From (14) and (15) it follows that for all ¢ € S*
V(eK) = ¢VK. (16)

Moreover, by (15) we have

K=L+t forsometeC"and L=—-L = VK =1L. (17)
The complex mixed volume V (K, L) of two bodies K and L is defined as

. |K+eLl| - |K]
lim ———————.
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2nV (K, L) =
By our definition of volume we have
V(K,L)=V(K,.L), (18)

where the mixed volume on the right hand side is the usual real mixed volume in R?".
Obviously,

V(K,K) = |K], (19)
and if ¢ € GL(n,C), then (6) implies

V(¢K, ¢L) = | det 6|V (K, L). (20)

Cauchy’s projection formula states that the volume of an orthogonal projection can be
expressed as a special mixed volume. More precisely,

vol(L K |(tu) ) = nV (LK, [—1,1]eu), (21)

for all u € S™. The last fact for mixed volumes we want to mention is the representation

1
V(K.L) =5 | hidSg. (22)

We conclude this section with a few remarks on polar sets. Given M C C", its polar set
M* is defined by



M ={zeC": Rz -y <1lforalye M}.

It is easy to see that

(OM)" = ¢~ M", (23)

and in particular, for every A > 0,

(AM)* = X1, (24)

Let K € K(C™) contain the origin in its interior. Then K™ belongs to K(C") and also
contains the origin in its interior. Moreover, K can be described not only by its support
function, but also by its radial function. The latter is the function px : C*"\{0} — R
with

pr(z) =max{A >0: \z € K}.
On C™\{0} we have

Finally, the volume of K can be written by the polar formula for volume as
K| =5 [ sedo (26)
2n Jsn ’

where o stands for the the push forward with respect to ¢t=1 of H?"~! on the (2n — 1)-
dimensional Euclidean unit sphere.

3 A characterization of Hermitian ellipsoids

We begin with the following symmetry property of Hermitian ellipsoids.
3.1 Lemma. If K € K(C") is an Hermitian ellipsoid, then cVK = VK for all c € S!.
Proof. By assumption, there exists a positive definite Hermitian matrix ¢ € GL(n,C)
and a vector ¢t € C" such that K = E4 +t, where

Ey:={zecC": 2 ¢z <1}
Since Ey is origin-symmetric, it follows from (17) that VK = E,. Hence it suffices to
prove for all ¢ € S! that cEy = Ey. Solet c € S'. Clearly,

cBy={x e C": (c'z) ¢(c'z) <1}.
From the sesquilinearity of the Hermitian inner product we obtain
(c ) -p(cta) = (c e Do gz = | HPr - pa.

By assumption, ¢ has norm one. Thus ¢! has also norm one which implies cky = Egy,
as desired. ]



Our goal is to establish a converse of the last lemma. This will be done in Theorem 3.4.
But in order to do so, we need some preparations.

Let ¢ € GL(n,C) be Hermitian. Then x - ¢ is real. Combining this with (3) yields
x - = Rz - Yz] = wx - (). By (5) we obtain
x - Y = - Ry, (27)

Now, let us establish a condition which ensures that a matrix ¢ € GL(2n,R) is the real
matrix representation of some complex matrix 1) € GL(n, C).

3.2 Lemma. Let ¢ € GL(2n,R) be a positive definite symmetric matriz such that

¢R[cId] = R[cId]¢

for some ¢ € C with 3[c|] # 0. Then there exists a positive definite Hermitian matriz

1 € GL(n,C) with ¢ = R[¢].

Proof. Partition ¢ in four n X n-matrices by

A C
Moreover, the real matrix representation of RlcId] equals
[ R[cJId —S[c]Id
Rletd) = (s[c]ld R[c]Id

Performing the matrix multiplications in our assumption ¢R[cId] = R[cId]¢ with the
above representations gives

R[c]A + Sc]C  R[|C
(?R[C]B +SQ[c]D  R[e|D

-9
-9

[c]A) _ (?R[c]A —~S[dB R[dC - %[c]D)
[c| B R[c|B + S[c]A R[c]D + Sc]C )

Comparing the upper left entries proves C' = —B, whereas comparing the lower left

entries proves A = D. Thus
A —-B
(D) »

which proves that ¢ = R[] where ¢ = A+ ¢B. Since ¢ € GL(2n,R), we infer from (4)
that ¢ € GL(n,C).
Next, let us show that 1 is Hermitian. Since ¢ is supposed to be symmetric, i.e. ¢ = ¢,

representation (28) implies
A -BY [ A B
B A ) \-BY A)

Thus A = A' as well as B = —B!. If we combine this with the definition of ¥ we get
Y =A+iB = A — iB! = 4*. Hence v is Hermitian.



It remains to show that v is positive definite. From (27) we know that z - Yz = 1z - prx.
Since, by assumption, ¢ is positive definite, 1 is therefore also positive definite. O

Let ¢ € GL(2n,R) be a positive definite symmetric matrix. Then

Ey:={zeC": 1z -drx <1}

is an origin-symmetric ellipsoid. The next lemma proves that the defining matrix ¢ of
Ey4 is uniquely determined.

3.3 Lemma. Let ¢, € GL(2n,R) be positive definite and symmetric. Then
E¢ = Ew = =1

Proof. First, note that for an arbitrary symmetric § € GL(2n,R) and k,l =1,...,2n,

. = — 98 s == 29 . 2
axkaxlaj O 0x,0x; sgz:l LTt M (29)

Now assume that E, = Ey, since the other direction is trivial. Then pg, = pg,. It
follows easily from the definition of radial functions that for all z € R?"\{0}

o, (712) = (- g) V2 and  pp,(71e) = (o) V2,
Hence z - ¢ = x - ¢ for all z € R?". Differentiating this equation with respect to x,
and xz; implies, by (29), that ¢g; = ¥y for all k,l =1,...,2n. Thus ¢ = ¥. O

We are now in a position to establish the desired characterization of Hermitian ellipsoids.

3.4 Theorem. Let K € K(C™) be an ellipsoid. Then K is Hermitian if and only if
cVK = VK for some c € St with 3[c] # 0.

Proof. First, assume that K is Hermitian. Then the assertion is an immediate conse-
quence of Lemma 3.1.

Next, suppose that there exists a ¢ € S! with S[c] # 0 and ¢VK = VK. Since K is an
ellipsoid, there exists a positive definite symmetric ¢ € GL(2n,R) and a t € C" with
K = E4 +t. By (17) we have

VK = E,. (30)
It follows easily from the definition of E; and (5) that

cEy = ER[c1dj¢R[c1d]-! -
By our assumption and (30) we know that Eyg = cEy. So by the last equation

Ey = ER[c1dj¢R[cId]-!-

Now Lemma 3.3 proves



¢ = RcId]¢R[cId]

and thus ¢R[cId] = R[cId]¢. Lemma 3.2 reveals that there exists a positive definite
Hermitian matrix ¢ € GL(n,C) with ¢ = R[¢]. Thus E4; = Egjy and hence K =
Egpy)+t. An application of (27) to the definition of Epfy implies that K is an Hermitian
ellipsoid. O

4 Some properties of the complex projection body operator

In this section we collect some basic properties of complex projection bodies which will
be used in the proof of the complex Petty projection inequality. Throughout this section
let C' € £(C) and K € K(C™).

Let us begin with rewriting the definition of II¢. Indeed, by relation (22) we have

1
hiox(u) = 3 /Sn hew dSk (31)

for all u € S™. Next, we note a simple homogeneity property of II. From (31) as well
as relation (9) we obtain for all A > 0

MoK = AIcK. (32)

Moreover, it was shown in [3] that II¢ is translation invariant and SL(n, C)-contravariant.
The following theorem extends this contravariance to the whole general group GL(n,C).
For ¢ € GL(n,C), we denote by ¢~* the inverse of the conjugate transpose of ¢.

4.1 Theorem. Let ¢ € GL(n,C) and t € C*. Then llg(¢pK +t) = | det ¢|>¢ I K.

Proof. The definition of mixed volumes immediately implies that they are translation
invariant in their first argument. A glance at the definition of ITo therefore reveals that
IIo is also translation invariant.

Now, let ¢ € GL(n,C). From the definition of II¢, equality (20), and the fact that
¢~ 1Cu = Cop~'u we infer

hite (ox) (W) = nV (0K, Cu) = n|det ¢|*V (K, ¢~ Cu) = n| det ¢|*V (K, Co ™ u).

The definition of Il again as well as (9) and (10) give

hiig(or) (1) = | det ¢ hire i (67" 1) = By deq g2 <110 1 (1)
Since convex bodies are uniquely determined by their support functions we are done. [
A special case of the last theorem is
[Ie(cK) = cllgK (33)

for each ¢ € S'. Now, we determine the image of Il on balls.
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4.2 Theorem. If dim C > 0, then Ilc maps balls to origin-symmetric balls.

Proof. Since Il is translation invariant by Theorem 4.1, it suffices to prove the lemma
for an origin-symmetric ball 7B with radius r > 0. It is easy to see that S,p = r*"~lo,
and thus

70271—1

hiig(rp)(w) = 5

hcy do (34)
Sn
for all uw € S". Now fix some ug € S". Since SU(n) acts transitively on S”, we can find
for every u € S™ a 9, € SU(n) with ¢, up = w. This implies Cu = 9,Cug. If we plug
this into (34) and use (10), we get

7,2an .
hito(rp)(w) = —5 /S heug 09y, do.

But o is SU(n)-invariant, so the right hand side is independent from u and, since dim C' >
0, greater than zero. Hence Il (rB) is an origin-symmetric ball. O

4.3 Theorem. If K € K,(C"), then lIo(VK) =acK.

Proof. A special case of (14) is the equality S_g(w) = Sk(—w) for every Borel set
w C S™. If we plug the definition of V into representation (31) and use the just mentioned
fact, then

(o) = § [ Boulw) + heu(—v) dSk (@),

From (10) we know that hcy(—v) = h_(cyy(v). Thus the definition of A implies

1
by (v (u) = 3 /Sn ha(cuy(v) Sk (v).
Since, by (11), A(Cu) = (AC)u, a glance at (31) concludes the proof. O
4.4 Corollary. If K € IC,(C"™) is centrally symmetric, then oK = Ao K.

Proof. By assumption, K is the translate of an origin-symmetric body. From (17) we
infer that VK is a translate of K. The translation invariance of Il therefore gives
IIoc K =IlIocVK. Now Theorem 4.3 prove the assertion. ]

We conclude this section by relating I to the classical projection body operator. Define
K :=1I_; 3jK. By the definition of II|_; j), relation (18), and equality (21), we have

hik () = nV (K, [-1,1]u) = nV (K, [-1, 1]wu) = vol (oK | (1u)t)
for all u € S™. Keeping (8) in mind, we arrive at

JIK =1LK, (35)

which justifies our notation II for ITj_y y.

11



Let us also give a more explicit definition of II. Indeed, the equality hj_y 1}, (v) = |R[u-v]|
together with (31) show, for all u € S™,

Bt () = ;/S R[u - 0]|dS (v). (36)

Finally, we reformulate a well known injectivity property of projection bodies. Since
A[-1,1] = [-1,1], Theorem 4.3 yields IVK = IIK. So for K, L € IC,(C"), the equality
I[IK = TIL holds if and only if IVK = IIVL. It follows from (13) that this happens
precisely if Syx = Syr. By (15) this holds if and only if VK = VL +t for some t € C".
Due the origin-symmetry of Blaschke bodies, ¢ = 0 and we arrive at

K =1L <= VK=VL forall K,L € K,(C"). (37)

5 Proof of the complex Petty projection inequality

We begin with rewriting the support function of Cu for C € K(C) and u € C.
5.1 Lemma. Let C € K(C). Then hcy(v) = ho(u-v) for all u,v € S™.

Proof. If follows from the definition of support functions and the linearity of the Hermi-
tian inner product in the second argument that

heu(v) = max{R[v - (cu)]} = max{R[(v - u)c]}.

Furthermore, by the conjugate symmetry of the Hermitian inner product, the definition
of the Hermitian inner product in C, and the definition of support functions

hew(v) = rgleac)v({%[u o)} = r%%({%[(u ‘v) -]} = ho(u-v). O
5.2 Lemma. Let C € K(C) be origin-symmetric. Then, for all u,v € S",

how(®) = [ [Rleu-vlldc (o)

where po is the complex generating measure of C.

Proof. Let u,v € S". From (12) we know that

ho(u-v) = /Sl h[wv,um}(c)dﬂC(c)'

It is easy to see that hj_,,,(c) = |R[c- w]| for all ¢,w € C. Thus

hotu-v) = [ [Rle- (u-v)duc(e). (38)

By the definition of the Hermitian inner product in C and the sesquilinearity of the
Hermitian inner product in C"

12



¢ (u-v)=¢(u-v)=(cu)-v.
Plugging this into the integrand of (38) gives
hotu-v) = [ |Rlew-vl|duc(e)
Combining this with Lemma 5.1 yields the desired representation of hcy,(v). O

Based on the representation of the last lemma, we will now see that Il is an average
over multiples of II.

5.3 Lemma. Let C € K(C) be origin-symmetric. Then, for u € S™ and K € K(C"),

hiio i (u /thK (u)dpc(c). (39)

Moreover, the total mass |uc| satisfies

1
el = ”
|1IZ, B|

Proof. By the integral representation (31) and Lemma 5.2 we have

1
hcie() = 5 [ heu@idsi@) =5 [ [ Rleu-vlldne(©)Si )
Now Fubini’s theorem and (36) yield
1
() = / [Rl(ew) - o]| Sxe (w)dpc (e / hie (cu)dpc(c).
Since, by equality (10), hig (cu) = herix (u), we arrive at the desired representation of

th K(u)

It remains to calculate the total mass of puc. By Lemma 4.2, hrp is constant on S™.
From (10) we deduce that heryp is also constant and herip = hipp. Consequently, relation
(39) and the homogeneity property (9) yield

hues = |lpclhus = hju s
In other words, II¢B = |uc|IIB. Keeping (24) in mind, polarizing gives
5B = [uo| B
Taking the volume on both sides and using (7) we obtain the claimed value for |uc|. O

We now relate the volume of a general complex projection body II5,K to that of II*K

13



5.4 Lemma. Let C € K(C) be origin-symmetric with dimC > 0 and K € KC,(C").
Then

K| < |ue| "I K], (40)

with equality if and only if there exists a point d € S* with eVK = dVK for uc-almost
every ¢ € SL.

Proof. From (25) and the polar formula for volume (26) we get

1
ITE K| = — / hite i (u) =2 do(w).
2n Jsn

Since C' is assumed to be at least one-dimensional, |uc| > 0, and by (39) we obtain

i = B2 T e (@) ot
2n Jsellpcl Jst

Now an application of Jensen’s inequality, Fubini’s theorem, and the polar formula for
volume (26) give

—2n—1
e < PO ] ) de(e)do )
mn n JS1
_ lpel ™ L, [ (w2 do () dpc(@
= on st Jon clIK 1226
— o2 /S1 eI K | dpac(c).

From (7) we know that [eII* K| = [II*K]| for all ¢ € S!. This proves (40).
It remains to establish the equality condition. To do so, let us first prove the following
equivalence for K € IC,(C"):

Vu € S" : ¢ — hanig (u) is constant pc-almost everywhere
= (41)
Jeg € S ¢ henk (u) = hgyni(u)  Vu € S™ and pe-almost all ¢ € S
Obviously, the second condition implies the first one. So let us assume that the first
condition holds. Then for each u € S™ there exist a ¢, € S' and a Borel set N, ¢ S!
with
e (Ny) =0 and henk (w) = hg, i (u) for all ¢ € N. (42)

Let u € S" and b € supp(uc). By definition, each open neighborhood of b has positive
wo measure and therefore non-empty intersection with NS. So we can find a sequence
(bk)ken with by, € NS and by, — b. By the continuity of ¢ — hzr (u) and (42) we get
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P () = ,}Lm Mk (W) = he,uk (v) = henk ()

for all ¢ € NS. Since C' is at least one dimensional, there exists a ¢y € supp(uc) and
NS # 0. So for all uw € S™ and ¢ € supp(puc) we have

heni (u) = hzoni (u).

But peo(supp(pe)©) = 0, which concludes the proof of equivalence (41) .

Now, assume that equality holds in (40). Inspecting the above derivation of (40), this
happens if and only if for all u € S equality holds when Jensen’s inequality is applied.
The equality condition of Jensen’s inequality implies that this is the case if and only if
for all uw € S™ the map ¢ — hegri (u) is constant pc-almost everywhere. But (41) reveals
that this happens precisely if there exists a ¢g € S' with hanix = hgn for pc-almost
every ¢, or equivalently, by (33), if II(cK) = II(¢oK) for uc-almost every c. From (37)
we know that this happens if and only if V(¢K) = V(¢oK) for puc-almost every c. Set
d :=¢y. An application of (16) concludes the proof of the equality conditions. O

Before we continue, let us recall the classical real Petty projection inequality.

5.5 Theorem (Petty’s projection inequality). Let K C R?" be a convex body with
nonempty interior. Then

|K|*" T K| < B> TT*.B]
with equality if and only if K is an ellipsoid.

Now, we are in a position to prove the complex Petty projection inequality. We first
establish a version where C' € K(C) is origin-symmetric and K € K(C") is arbitrary.
Theorem 1, formulated for arbitrary C and centrally symmetric K, will be an easy
consequence.

5.6 Theorem. Let C € K(C) be origin-symmetric and K € K(C"). Then
KPP K| < | BT HIG B (43)

If dim C = 1, equality holds if and only if K is an ellipsoid. If dim C' = 2, equality holds
if and only if K is an Hermitian ellipsoid.

Proof. If K has no interior points, then |K| = 0 and by our convention 0 - co = 0, the
left hand side of (43) is always zero, whereas the right hand side is non-negative. Hence
(43) trivially holds true and we can assume that K € IC,(C™).

First, suppose that dim C' = 0, i.e. C' = {0}. Then, by (31), we have IIc K = {0}. Hence
II}, K = C™ and therefore |II5 K| = co. So inequality (43) is again trivially true.
Now, assume that dim C' > 0. Polarizing both sides of (35) and using *or =1 o

* gives

K = TT*K. (44)
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From inequality (40), the definition of volume, relation (44), and Theorem 5.5 we get

(KPP I K < |~ |[K I K]
= uc| 72" oK Pl K|
= |uc| 2 oK PP |
< |pe| ™" BP"THIT B,

Plugging in the value of the total mass |uc| from Lemma 5.3 proves (43).

Let us turn towards the equality conditions. By Lemma 5.4 and the equality conditions
of the real Petty projection inequality, equality occurs in (43) if and only if there exists
a d € S! such that eVK = dVK for puc-almost all ¢ € S' and (K is an ellipsoid. By
definition, the latter is equivalent to K being an ellipsoid.

First, suppose that dimC = 1, i.e. C is a segment [—co,co] for some ¢ € C\{0}.
It suffices to show that the first of the above equality conditions is always true. The
generating measure uc of C is given by

|col
e = 5 (8- + 8-

where § denotes the Dirac measure and {cq) := cp|co| ! stands for the spherical projection

of ¢p to the unit circle. Thus the first equality condition holds if and only if —(co) VK =
{co) VK. But this is always true since VK is origin-symmetric.

Next, suppose that dim C' = 2. If K is an Hermitian ellipsoid, then Lemma 3.1 shows
that the above equality conditions hold. It remains to prove that the above equality
conditions imply that K is an Hermitian ellipsoid. The first equality condition implies
the existence of a point d € S' and a Borel set N C S with uc(N) = 0 such that
¢VK = dVK for all ¢ € N€. Since dimC = 2, N¢ contains two non-antipodal points,
i.e. there exist cg,c1 € N€ such that ¢y # —c; and ¢gVK = ¢, VK. Clearly, ¢ and ¢

are also non-antipodal. So for ¢ := 6061_1 we have

¢VK = VK where c € S' with [c] # 0.

Now Theorem 3.4 concludes the proof. ]

Proof of Theorem 1.1. Since K is assumed to be centrally symmetric and B is centrally
symmetric, Corollary 4.4 proves [Ic K = llacK and IlIgB = IIacB. So the desired
inequality (1) is equivalent to

[K[** T AcK| < |BI** A B.

By definition, AC is origin-symmetric and hence Theorem 5.6 immediately implies The-
orem 1.1. O
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6 Affine vs. unitary inequalities

The isoperimetric inequality states that among bodies of given perimeter, balls have
largest volume. This can be written as

‘a}(‘ - 2n—1 2n—1
(, aB,) K1 < |B| (45)
for all K € K(C"), where the surface area |0K| of K is defined as H?" 1(10K). We
will show that each of our new Petty projection inequalities (1) is stronger and directly
implies the isoperimetric inequality.
Note that the isoperimetric inequality is only invariant with respect to the unitary group,
whereas the complex Petty projection inequalities are invariant with respect to the larger
affine group SL(n,C). Nevertheless, the affine inequalities turn out to be stronger. This
fact will be an easy consequence of the following theorem.

6.1 Theorem. Suppose that C € K(C) has dimC > 0 and is normalized such that
o B =1IB. For centrally symmetric K € K(C™)

yaK|)2” . \ )
—_— II"B| < |IIHK| < |IT*K]|. 46
(G51) BI< K| <K (16)
Equality holds in the first inequality if and only if llc K is a ball. Equality holds in the
second inequality if and only if there exists a point d € S such that cVK = dVK for
pac-almost every c € St

Proof. First, our normalization IIc B = IIB is possible due to Theorem 4.2 and equation
(32). Next, let v € S*. We write T for the vector obtained from v by componentwise
conjugation. As a special case of Theorem 4.2 we deduce that IIB is a ball and hence
IIB = hpp(v)B. By our normalization assumption we have hip(v) = hn.p(7), and
thus IIB = hyy,,g(0)B. If we polarize both sides of the last equation, keep (24) in mind,
take the volume, and solve for hy.5(7), we obtain

1/2n

es® = (g

Lemma 5.1 and the fact that o is invariant with respect to componentwise conjugation
show

hoy(w)do(u) = | he(u-v)do(u) = | he(a-v)do(u).
sn sn S

By the relation % - v = 7 - u, Lemma 5.1 again, and (31) we have

how(v)do(u) = / he(v-u)do(u) = | heg(u)do(u) = 2hn,B(0).
sn n sn

If we combine this with (47) then
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1/2n
B ) (48)

3 L heu(wydotu) = (,H* 5

Now, by the polar formula for volume together with the equality 2n|B| = |0B]|, Jensen’s
inequality, integral representation (31), and Fubini’s theorem

Hek| 1 on
2= |({)B|/Sn bt i (u) 2" dor(u)

2( ! hHCK(u)dJ(u))_M

0B8] Js
1 —2n
_ <2|E)B| ] hcu(v)dSK(v)da(u)>
1 —2n
_ (2\63\ [ [ heuw) da(u)dSK(v)> .

Plugging (48) into the last term and using the fact that the total mass of Sk equals
|0K | yields the first inequality of (46). Equality holds if and only if there is equality in
the above application of Jensen’s inequality, i.e. hy,k is constant. This is equivalent to
II¢ K being a ball.
Let us now prove the second inequality of (46). By Corollary 4.4, IIc K = I[Iac K. Hence
it suffices to prove

[Mac K| < [ITK].

But this is an immediate consequence of Lemma 5.4, since |uac| = 1 by our normaliza-
tion and Lemma 5.3. [

If we multiply the inequalities (46) with |K|?>"~! and apply Theorem 1.1, then

—2n
(\g{;) I B [K 2! < ML KK P! < [IFK[KP < BRI B
Keeping our normalization |IIB| = |II*B| in mind, a glance at Theorem 1.1 and (45)
reveals that each complex Petty projection inequality strengthens and directly implies
the isoperimetric inequality. Moreover, the classical Petty projection inequality turns
out to be the strongest inequality. So roughly speaking, the more invariance properties
the inequality has, the stronger it gets.

7 Some properties of the complex centroid body operator

In this section we collect some basic properties of complex centroid bodies which will be
used in the proof of the complex Busemann-Petty centroid inequality. Throughout this
section let C' € K(C) and K € K,(C™). We begin with rewriting the definition of I'c. If
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K contains the origin in its interior, then a change to polar coordinates in the definition
of hr, shows

1
h = ———— | houpid 4

for every u € S™. Next, we will show that ['c intertwines with the complex general linear
group GL(n,C). More precisely, I'c turns out to be GL(n, C)-covariant.

7.1 Theorem. Let ¢ € GL(n,C). Then I'c(¢K) = ¢I'c K.

Proof. From the definition of I'c and relation (6) together with the transformation for-
mula we get

1 1
hFc(¢K)(u) = M oK heu() doe = W /KhCu(¢$) dx

for all w € S™. Now (10), the equality ¢*Cu = C(¢*u), and the definition of "¢ yield

1 1
h u:—/h*uxdx:—/h w)(T)dr = h *u).
Te (oK) (1) K] Ji e (x) K] Ji o u) () rok (¢ u)
By (10) again we have hp, (k) = horor, and hence I'c(¢K) = ¢I'c K. O
The following theorem describes the image of I'c on origin-symmetric balls.

7.2 Theorem. Ifdim C > 0, then I'c maps origin-symmetric balls to origin-symmetric
balls.

Proof. Let r > 0. From representation (49), the fact that p,p = r, and (7), we get

r
h = ——+— [ hcud

for every u € S™. As in the proof of Theorem 4.2 if follows that the right hand side
is independent from u and, since dimC' > 0, greater than zero. Hence I'c(rB) is an
origin-symmetric ball. O

7.3 Theorem. If K is origin-symmetric, then oK = LacK.

Proof. Since K is assumed to be origin-symmetric we have

B () = 2‘1[(’ /K how(@) + how(—2) da.

From (10) we know that hcy(—v) = h_cy(v). Thus the definition of A implies

1
hrex(u) = K| /K ha(cu) () dz.

Since, by (11), A(Cu) = (AC)u, we are done. O
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We conclude this section by relating I'c to the classical centroid body operator. De-
fine 'K := I'|_jjK. Let u € R2". By (8), the definition of [~1,1), and relation

h[—l,l}bflu(x) = ‘%[Lilu ' IIJ”,
1 _
hLFK( )—hFK u ’K| / [—1,1]c1u dx: W/K‘?R[L 1ug;”daj

But by the definition of volume, equality (3), and the definition of the real centroid body

hur i (u LK!/ Yyt de = LK\/ |u- x| de = hp,x(u).

Hence we arrive at

TK =TK, (50)

which justifies our notation I' for I'_; 1. I' is actually the basis for all operators I'c,
provided that C is 1-dimensional. This is the content of our next result.

7.4 Theorem. If C is origin-symmetric and dim C' = 1, then I'c = ¢ for some c € C.

Proof. By our assumption, C is an origin-symmetric line segment. Thus there exists a
d € C\{0} with C' = [—d, d] and therefore

1
hres() = /K Byt 1)(aw) (@) d = By (du),

So (10) proves hr. i = hgp . If we set ¢ := d, the assertion is proved. O

8 Proof of the complex Busemann-Petty centroid inequality

It was shown in [28] that once the real Petty projection inequality is established, the real
Busemann-Petty centroid inequality can be obtained as an almost effortless consequence.
We will adapt this clever argument to prove Theorem 1.2.

Let K, L € K(C") contain the origin in their interiors. The dual mixed volume V (K, L)
of K and L is defined by

1 mn
V(K,L) = 2n/ PRt pr do.

An application of Holder’s inequality and the polar formula for volume proves the dual
Minkowski inequality

V(K, L) > ‘I{|1+1/27L|L‘71/2n7 (51)

with equality if and only if K and L are real dilates.
The following lemma provides a connection of Il and I'¢ in terms of mixed volumes
and their duals. For C C C we write C := {c: c € C}.
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8.1 Lemma. Let C € K(C) have dimC > 0. Then

92 -
T V(LK
G et

for all K, L € K(C™) containing the origin in their interiors.

V(K,TcL) =

Proof. Representation (22) of mixed volumes and (49) prove

VK.TeL) = oo [ hron(wdSk(u

1
= h " do(v)dSk (u).
ST o L BP0 o 0) S ()
It follows directly from the definition of support functions that hcy(v) = ha,(w). This
together with Fubini’s theorem, representation (31), equality (25), and the definition of
dual mixed volumes gives

1 . )
V(K,TcL) = 2n(2n + 1)[L] Jso pr(v)2 /gn hey, (w)dSk (u)do(v)
- M [ o e (0)do (v)
- n(2nj—1)|L] o pL(U)QnHPH’éK(U)*ldU(v)
2 () *
= @ Bk 0

Let us introduce two abbreviations which contain all terms of the complex Petty projec-
tion and Busemann-Petty centroid inequality, respectively:

pp(C. K) = (|[KPr k) (18P B)) (52)

and
bpe(C, K) = (|K| LK) (1B [FeBl) (53)

Note that the complex Petty projection inequality is equivalent to pp(C, K) > 1, whereas
the complex Busemann-Petty inequality is equivalent to bpc(C, K) > 1.

8.2 Lemma. For C' € K(C) with dimC > 0 and origin-symmetric K € K,(C"),
bpe(C, K) > pp(C, T K),

with equality if and only if K and II;T'c K are real dilates.

Proof. Tt is enough to prove that

2
2n+1

2n —1
) (rerPtinzrex)) (54)

K[ rer] > (
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with equality if and only if K and IIZI'c K are real dilates. Indeed, assume that (54)
holds. By Theorems 4.2 and 7.2, as well as the fact that the polar of an origin-symmetric
ball is an origin-symmetric ball, B and H*(‘:,FCB are real dilates. So there is equality in
(54) for K = B. This together with the definitions of bpc and pp show that is indeed
enough to prove (54) along with its equality conditions.

So let us turn towards the proof of (54). Note that by assumption K is origin-symmetric
and contains the origin in its interior. Since dim C' > 0, also I'c K contains the origin in
its interior. So from (19) and Lemma 8.1 we get

2
(2n + 1) K]
The dual Minkowski inequality (51) applied to the right hand side gives

TeK| = V(LeK,TeK) = V(K TS0 K).

2 1/2n
ToK| > ——(|K|[I5Tc K|~}
Tek| > oo (IK|HEreK]| )
with equality if and only if K and II5I'c K are dilates. Rearranging terms yields (54). [

Before we prove the complex Busemann-Petty centroid inequality, let us state the clas-
sical real version.

8.3 Theorem (Busemann-Petty centroid inequality). Let K C R?" be a convex body
with nonempty interior. Then

KU TK] > 1B~ ruB]
with equality if and only if K is an origin-symmetric ellipsoid.

Proof of Theorem 1.2. First, assume that dimC = 0, i.e. C' = {c} for some ¢ € C. Let
u € S". Then hcy(x) = Rlz - (cu)] for every x € C™. So by the definition of complex
centroid bodies and the assumption K = — K together with the transformation formula

hFcK ’K‘/ d.%'_ ‘K|/ cu d:):——hFCK( )

Thus hr,x = 0 and hence I'c K = {0} for every origin-symmetric K. Consequently,
inequality (2) holds trivially true.

Next, let dimC = 1. By Theorem 7.3 we can assume that C is origin-symmetric.
Moreover, by Theorem 7.4 and (7) it suffices to prove the assertion for I'. But by
(50), inequality (2) is equivalent to the classical Busemann-Petty centroid inequality. So
Theorem 8.3 settles the case where dim C' = 1.

Finally, let dim C' = 2. From Lemma 8.2 and Theorem 1.1 we get

bpe(C, K) > pp(C,TeK) > 1. (55)

By the definition of bpc(C, K), this immediately implies the complex Busemann-Petty
centroid inequality (2).
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Assume that there is equality in (2). Then there must be equality in both inequalities
from (55). Thus K must be a dilate of IIFI'c K and I'c K must be an Hermitian ellipsoid.
So there exists a ¢ € GL(n,C) and at € C" with ¢ K = ¢B+t. From Theorems 4.1 and
4.2 as well as (23) we deduce that II5I'c K is an origin-symmetric Hermitian ellipsoid.
So K, being a dilate of II;I'c K, is an origin-symmetric Hermitian ellipsoid as well.

It remains to show that the equality condition are also sufficient. So assume that K is
an origin-symmetric Hermitian ellipsoid, i.e. K = ¢B for some ¢ € GL(n,C). This,
Theorem 7.1, and (6) prove

K| " YT¢K| = |¢B| ' [TcoB| = |¢B| }|¢I'cB| = |B| ! |TcB. O
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