L)

Check for
updates

ACI‘-JI@ DIEETAL ) it @mopen)
{fs Latest updates: https://dl.acm.org/doi/10.1145/3779416

RESEARCH-ARTICLE
An Abstract Fixed-Point Theorem for Horn Formula
Equations

STEFAN HETZL, Vienna University of Technology, Vienna, Vienna,
Austria

JOHANNES KLOIBHOFER, University of Amsterdam, Amsterdam,
Noord-Holland, Netherlands

Open Access Support provided by:
University of Amsterdam

Vienna University of Technology

PDF Download
3779416.pdf

25 March 2026

Total Citations: 0

Total Downloads: 329

Published: 20 March 2026

Online AM: 15 December 2025

Accepted: 29 October 2025
Revised: 16 March 2026
Received: 15 February 2022

Citation in BibTeX format

ACM Transactions on Computational Logic, Volume 27, Issue 2 (April 2026)

https://doi.org/10.1145/3779416
EISSN: 1557-945X


https://dl.acm.org
https://www.acm.org
https://libraries.acm.org/acmopen
https://dl.acm.org/doi/10.1145/3779416
https://dl.acm.org/doi/10.1145/3779416
https://dl.acm.org/profile/81384609876
https://dl.acm.org/institution/60018163
https://dl.acm.org/institution/60018163
https://dl.acm.org/profile/99661034407
https://dl.acm.org/institution/60002483
https://dl.acm.org/institution/60002483
https://libraries.acm.org/acmopen
https://dl.acm.org/institution/60002483
https://dl.acm.org/institution/60018163
https://dl.acm.org/action/exportCiteProcCitation?dois=10.1145%2F3779416&targetFile=custom-bibtex&format=bibtex
http://crossmark.crossref.org/dialog/?doi=10.1145%2F3779416&domain=pdf&date_stamp=2026-03-20

An Abstract Fixed-Point Theorem for Horn Formula
Equations
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We consider a class of formula equations in first-order logic, Horn formula equations, which are defined by a
syntactic restriction on the occurrences of predicate variables. Horn formula equations play an important
role in many applications in computer science. We state and prove a fixed-point theorem for Horn formula
equations in first-order logic with a least fixed-point operator. Our fixed-point theorem is abstract in the sense
that it applies to an abstract semantics which generalises standard semantics. We describe several corollaries
of this fixed-point theorem in various areas of computational logic, ranging from the logical foundations of
program verification to inductive theorem proving.
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1 Introduction

Solving Boolean equations is one of the oldest and one of the most central problems of logic. It
goes back to the 19th century and was already thoroughly investigated in [56]. It has connections
and applications throughout computational logic: It can be understood as a variant of unification,
see, e.g., [47]. It is strongly related to second-order quantifier elimination and thus has many
applications in areas such as modal logic, knowledge representation, and common-sense reasoning,
see, e.g., [22]. It is suitable as a logical foundation for software verification via constrained Horn
clause solving, see, e.g., [8].

We are interested in formula equations in first-order logic. A formula equation is simply an
existential second-order formula, such as:

3X (X(2) A Va (X (1) = X(u+ 1) A ~X(3)). *)

Solving this equation means finding a first-order formula ¢ (v) such that, when X (v) is replaced by
¢(v), a valid first-order formula is obtained. In this example, the formula 3w w + w = v, expressing
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9:2 S. Hetzl and J. Kloibhofer

that v is even, would be a solution (assuming some basic background theory of natural number
arithmetic).

In this paper, we consider a certain class of formula equations, Horn formula equations. Horn
formula equations are characterised by the syntactic restriction of being a clause set where every
clause contains at most one positive occurrence of a predicate variable (just as the above example (*)
does). In the context of verification, Horn formula equations are known as constrained Horn clause
sets. It is known that solving a Horn formula equation is strongly related to the computation of a least
fixed point. In our example (*), the definite clauses, i.e., those with at least one positive occurrence
of the predicate variable X, define the mapping F : P(N) —» P(N), S — {2} U{2-n | n € S}. The
least fixed point of F is P = {2™ | m > 1}. By inserting P for X, the definite clauses are satisfied
trivially. Thus, (*) is seen to be equivalent to the conjunction of the remaining clauses, i.e., those that
do not contain a positive occurrence of X, satisfying P. In our case, this amounts to the statement
3 ¢ P. This is true, so (*) is true.

This solution P, the set of powers of two, is known to be undefinable in the original language of
the problem: that of linear arithmetic [18]. Another solution of (*) is E = {n > 2 | n is even} which
is definable in linear arithmetic (by the formula 3y y + y = x). The question of the expressivity of
solutions in a restricted language is central for solving formula equations, and, in a wider context,
for inductive theorem proving and software verification where the solutions of formula equations
correspond to induction and loop invariants, respectively. The technique of abstract interpretation,
introduced in [12], is a flexible and powerful approach to dealing with such situations in software
verification. In this paper, we introduce model abstractions, a notion of abstract Tarski model which
corresponds to abstract interpretation and thus allows to deal with this phenomenon in the context
of formula equations.

In this paper, we formulate and prove a fixed point theorem for Horn formula equations which,
in its simplest form, states the following: Every Horn formula equations 3X ¢ (X) has a solution of
the form lfp,, ®(X) and, moreover, this is the least solution. Here, ®(X) is a formula that defines an
operator and is induced by ¢(X). The mere fact that this is true is well known in constrained Horn
clause solving and in logic programming. Our main contributions are: (1) We formulate and prove
this result in a logic with an explicit fixed point operator in a general way that encompasses both,
simultaneous least fixed points and abstract interpretation. (2) We show that this formulation with
an explicit least fixed point operator is useful for a wide range of different applications. In fact,
about half of this paper is devoted to discussing these different applications: as a simple corollary,
one can obtain the expressibility of the weakest precondition and the strongest postcondition and
thus the partial correctness of an imperative program in FO[LFP] without expressivity hypothesis.
It permits to considerably simplify the proof of the decidability of affine formula equations [30].
As another corollary, it allows a generalisation of a result by Ackermann [1] on second-order
quantifier-elimination in a direction different from the recent generalisation [63]. A result from a
recently introduced approach to inductive theorem proving with tree grammars described in [16]
can also be obtained from our fixed-point theorem as another straightforward corollary.

This paper is structured as follows: in Section 2, we introduce basic technical notions and
results. In Section 3, we introduce and discuss formula equations and, in particular, Horn formula
equations. The abstract fixed-point theorem is stated and proved in detail in Section 4. In Section 5,
we obtain the decidability of the affine solution problem as corollary of the abstract fixed-point
theorem. Section 6 describes the applications of our fixed-point theorem to the logical foundations
of program verification, in particular the definability of the weakest precondition and the strongest
postcondition in FO[LFP] without expressivity hypothesis. In Section 7, we use it to approximate
certain second-order formulas, and in Section 8, we obtain a result about a method for inductive
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An Abstract Fixed-Point Theorem for Horn Formula Equations 9:3

theorem proving based on tree grammars [16] as corollary of the fixed-point theorem. In Section 9,
we discuss the related work.

Many of the results of this paper originate from the second author’s master’s thesis [41]. A
concise presentation of the main results of the master thesis, in particular the fixed-point theorem
for standard semantics, can be found in [28]. The abstract version of the fixed-point theorem and
its corollaries have been obtained later and have been announced in the abstract [29]. In this paper,
we give a full proof of the abstract fixed-point theorem and describe its applications in detail.

2 Preliminaries
2.1 Notations

A language L consists of constant, predicate and function symbols. Terms over L are built from
individual variables, constant and function symbols of L. First-Order (FO) formulas over L are
built from predicate symbols, terms, the logical connectives -, V, A and the quantifiers 3,V over
individual variables. Moreover, we use the symbols — and <, where A — B is defined to be an
abbreviation for ~A V B and A < B to be an abbreviation for A — B A B — A. In a Second-Order
(SO) formula, in addition, there may occur predicate variables, which may be bound by universal
or existential quantifiers. Predicate variables stand for predicates of a certain arity. To distinguish
them from individual variables, we denote them with upper-case letters. Unless otherwise noted,
we always talk about logic with equality, which means that we have a specified binary predicate
symbol ‘=", which is interpreted as equality.

A subformula i of a formula ¢ occurs positively in ¢ if i occurs in the scope of an even number
of negations in ¢ and occurs negatively if it occurs in the scope of an odd number of negations. For
example, in the formula ¢ := A — B, the subformula A occurs negatively and B occurs positively
in @, as ¢ is an abbreviation for —A V B. A predicate variable X occurs only positively in ¢ if every
occurrence of X as a subformula in ¢ occurs positively. Conversely, X occurs only negatively if
every occurrence of X as a subformula in ¢ occurs negatively.

For a formula ¢, variables xi, ..., x, and terms ti, ..., t, we define ¢[x;\t, ..., x,\t,] to be the
formula ¢, where every occurrence of x; is replaced by ¢; for every j € {1, ..., n} simultaneously. If a
free variable in f4, ..., t, also occurs as a bound variable in ¢, then we consider the variant ¢’, where
every bound variable which occurs in ty, ..., t,, is renamed. Thus, the substitution ¢[x1\#1, ..., X, \t5]
is always defined, with possible renaming of bound variables. Similarly, for predicate variables
Xi, ..., X, and formulas ay, ..., a,, we define ¢[Xj\ a1, ..., X, \@] to be the formula ¢, where every
occurrence of Xj is replaced by «; for every j € {1, ..., n}. We use the usual vector notation, i.e., we
write X for X, ..., X,, if n is clear from the context or unimportant. Consistently, we write (p[)_(\ﬁ]
for o[ X1\, ... Xpn\an].

An L-structure is a pair M = (M, I), where M is a set and I is an interpretation of L, i.e., I(P) C
MF for a k-ary predicate symbol P € £ and I(f) : MK — M for a k-ary function symbol f € £. An
environment is an interpretation of free variables by elements of the structure. For an environment
0, a variable x and m € M we define 0[x := m] by 0[x := m](x) = m and 0[x := m](y) = 6(y) for
x # y. O[X := S] is defined analogously for a k-ary predicate variable X and S C M. For a structure
M, an environment 6 and a formula ¢ we define M, 6 |= ¢ as usual. In particular M, 0 |= IX¢p(X)
for a k-ary predicate variable X if there exists an S C M* such that M, 0[X := S] |= ¢(X). We
also write M, 6 |= ¢(S) as an abbreviation for M, 8[X :=S] |= ¢(X), where X is a fresh predicate
variable. Similarly, if a € M, we write M, 6 |= /(a) as abbreviation for M, 0[x := a] |= (x). We
define M |= ¢ if M, 0 |= ¢ for all environments 0. A formula is valid, written as |= ¢, if M |= ¢
for all structures M. We write ¢ = ¢, if ¢ and ¢ are logically equivalent, i.e. if |5 ¢ < .
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9:4 S. Hetzl and J. Kloibhofer

We also consider atomic Least Fixed-Point (LFP) formulas of the form:

(Ifpg @(R,X)](2),

where ¢ (R, X) is a first-order formula in £ U {R}, such that R occurs only positively in ¢, R is k-ary
and ? is a k-tuple of terms. The semantics of an atomic LFP formula will be defined in the next
subsection.

In this paper, we talk about the following formula classes:

(1) FO: Classical first-order logic.

(2) SO: Second-order logic.

(3) FO[LFP]: Least fixed-point logic is an extension of first-order logic, which in addition to the
usual formation rules allows atomic LFP-formulas.

(4) SO[LFP]: Second-order least fixed-point logic is a syntactic extension of second-order logic,
which additionally allows atomic LFP formulas.

Example 1. Let £ = {E, s} be the language of graphs with edge relation E and one specified vertex
s. Then:

(1) ¢(R x) := E(s,x) V Ay(R(s,y) A E(y,x)) is an FO-formula, where R is a binary predicate
variable.

(2) YR(¢(R,x) — E(s,x)) is an SO-formula.

(3) ¥(y) == [lpg ¢(R x)](y) is an FO[LFP]-formula.

(4) 3P(Y(y) < —P(y)) is an SO[LFP]-formula.

Monotonicity is a key property for defining least fixed-points. Before we define the semantics
of atomic least fixed-point formulas, we state a simple monotonicity lemma that will be useful at
several occasion later on.

LEmMA 2. Let L be a language and M be an L-structure. Let R be a predicate variable and let S
and S’ be relations in M with the same arity as R. Let ¢ be a first-order formula in L U {R}, such
that R occurs only positively in ¢. Then:

MESE) - S'(x) = MIE@[R\S] - ¢[R\S].
Conversely, if R occurs only negatively in ¢, then:

MESE) - S'(x) = ME@[RS] - ¢[R\S].

2.2 Fixed-Point Logics

2.2.1 Semantics of Least Fixed-Point Formulas. For the semantics of least fixed-point logic, we
need some background on fixed points, which is best presented in the context of complete lattices.

Definition 3. Let (E, <) be a complete lattice.

(1) A function f : E — E is called an operator on E.

(2) f is called monotone if for all x < y it holds that f(x) < f(y).

(3) An element x is a fixed point of f if f(x) = x.

(4) An element x is the least fixed point of f, if x is a fixed point of f and for any fixed point y of
f it holds that x < y. This is denoted as x = Ifp(f).

We are particularly interested in the complete lattice (M, C), where M is the domain of a
structure M. Towards the definition of the semantics of least fixed-point atoms, we start with
defining the operator induced by a formula.
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An Abstract Fixed-Point Theorem for Horn Formula Equations 9:5

Definition 4. Let £ be a language and R a predicate variable of arity k. Let ¢(R, x1, ..., x;) be a
first-order formula in £ U {R}. Note that there could also occur free variables in ¢, which are not
stated explicitly. For an £-structure, M define the operator F, on MF by:

Fp: X {aeM | MEo(X,a)}.

For the definition of F, in the case that ¢ has free variables, recall that we defined M |= ¢ if

M, 0 |= ¢ for all environments 0.

LEMMA 5. If R occurs only positively in ¢, then F,, is monotone.

PROOF. Let A C B C M*. We have M |= A(X) — B(X). Then, Lemma 2 yields M |= ¢(A,a) —
@ (B, a). Thus, F,(A) € F,(B). O

The following theorem is an important result in the study of complete lattices, a proof can be
found in [2].

THEOREM 6 (KNASTER-TARSKI). Let (E, <) be a complete lattice and f be a monotone operator on
E. Then, f has a least fixed point and:

p(f) = /\ {x | f(x) < x}.

Definition 7 (LFP). The semantics of an atomic least fixed-point formula is defined as follows:
M E [lfpg ¢(RX)](a) : a € lfp(F,).

As R occurs only positively, F, is a monotone operator according to Lemma 5. Using Theorem 6,
the least fixed point exists, and thus, the semantics of least fixed-point atoms is well defined.

Example 8. Let L = {E} be the language of graphs, where E is a binary relation symbol repre-
senting the edge relation, and let R be a binary predicate variable. Define:

¢(R,u,0) = E(u,0) V Iw(R(u, w) A E(w,0)).

As R occurs only positively in ¢, we can define [lfp, ¢(R, u,v)](x, y), which holds iff there is a
path from x to y.

2.2.2  Simultaneous Fixed-Point Logics. The previously introduced concepts may be generalised
for product lattices. This leads to the notion of simultaneous fixed points.

Definition 9. Let (Ey, <), ..., (En, <) be complete lattices.

(1) Afunction f : Ey X --- X E, — E; X --- X E, is called an n-ary operator on E; X - - - X E,,.

(2) For two tuples of elements X := (x1,....x,) and § := (y1,...,y,) in E; X - -+ X E,,, we write
x<yifx; <y;forallie{1,..,n}.

(3) f is monotone if for all x < g it holds that f(x) < f(y).

(4) x is a fixed point of f if f(x) =X.

(5) If x is a fixed point of f and for every fixed point y we have x < 7, then ¥ is called the least
fixed point of f, written X = lfp(f).

Similarly to Theorem 6 we have (cf. [2]):

THEOREM 10. Let (Eq, <), ..., (Ep, <) be complete lattices and f be a monotone operator on E1X- - -XE,,.
Then, f has a least fixed point.

Definition 11. Let £ be a language and Ry, ..., R, be predicate variables, with R; being of arity
k;. Consider an n-tuple of first-order formulas ® = (¢;(Ry, ..., Ry, 7))L, in LU {Ry, ..., R, }, where
x| = ki.
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9:6 S. Hetzl and J. Kloibhofer

For a structure M define:
FM. MR x . ox MR — MR

1
(X1y .o Xn) = {x € MM | M |2 0i(X1, o X, )}

Now define Fq/)’( = (F M F,{M) If M is clear from the context, we write Fp. Moreover, we write
(Fg); for FIM

LEMMA 12. If Ry, ..., R, occur only positively in ®, then Fg is monotone.
Proor. This proof is analogous to the proof of Lemma 5. ]

Definition 13 (LFPS'). Let £ be a language and R;, ..., R, be predicate variables with R; being of
arity k;. Let ® = (¢;(Ry, ..., Ry, X;))IL, be an n-tuple of first-order formulas in L U{Ry, ..., R,}, where
;| = k; and Ry, ..., R, occur only positively in ®. An atomic simultaneous least fixed-point(LFPS'™ )
formula is of the form:

(lfpg, @1(2),
where ? is a k;-tuple of terms in £. The semantics is defined as follows:

M = [lfpg, @](a@) : & a € lfp(Fo);.

Example 14. Again consider the language of graphs £ = {E}, where E is a binary relation symbol.
Let R and S be two binary predicate variables. Define @ as:

¢01(R, S, u,0v) = E(u,0) V Iw(S(u, w) A E(w,0)),
©2(R, S, u,v) = Fw(R(u, w) A E(w,v)).

As R and S occur only positively in @, we can define the atomic LFP*™ formulas [lfp, ®](x, y)
and [lfpg @] (x, y). The former holds iff there is a path of odd length and the latter iff there is a path
of even length from x to y.

Define FO[LFPS'M] to be an extension of first-order logic, which also allows atomic LFP>™
formulas. Analogously SO[LFPS/M] is an extension of second-order logic, which additionally allows
atomic LFPS™ formulas.

Note that FO[LFPS™], while being more convenient, is not more expressive than FO[LFP] in the
following sense: For every formula ¢ in FO[LFPS™], there exists a formula 1/ in FO[LFP], such that
¢ = . A proof of this result can be found in [45]. Note that the converse of this result is also true,
as FO[LFP*™] is a generalisation of FO[LFP]. Thus, we can use LFP and LFPS'™ interchangeably.
It is also well-known that the LFP-operator can be expressed in second-order logic so that we have:
For every FO[LFP] formula ¢, there exists an SO formula ¢/ such that ¢ = ¢.

2.2.3  Fixed-Point Approximation. We are particularly interested in least fixed-point formulas
defined from existential first-order formulas. We call a first-order formula ¢ existential, if there
exists a formula ¢ in prenex normal form without universal quantifiers, that is logically equivalent
to ¢. For many applications, in particular in software verification, it suffices to consider least
fixed-points of existential formulas. This point has been made prominently in [9]. Those least
fixed-point formulas may be approximated by first-order logic formulas. In order to achieve this,
we first define infinite conjunctions and disjunctions:
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An Abstract Fixed-Point Theorem for Horn Formula Equations 9:7

Definition 15. Let £ be a language and M be an L-structure. Let ¥ be a set of first-order formulas
in L. Define:
M|=\/zp:<:> Jpe¥: Mo,
pe¥Y
M|=/\(p:c> Yoe¥: Ml=o.
pe¥

LEMMA 16. Let L be a language and let ¥y, ¥, be sets of first-order formulas in L. Then:

(1 = \/(pe‘l’l ¢ = /\gae‘l’l P,

( ) /\(ple\lfl o1V /\(pze\lfz Q2 = /\(gal,(pz)e\l’lx\llz P1V @2,
() Apewr, @1 A Npyew, 92 = Ngpew,uw, ¢

(4) Yy Npew, (y) = Npew, Yy 0(y).

For existential first-order formulas, we can define a sequence of sets that converges to the least
fixed point. These sets may be described by first-order formulas.

S

Definition 17. Let (Eq, <), ..., (En, <) be complete lattices and f be an n-ary operator on E; X - - XEj,.
By induction define the following elements in E; X - - - X Ep:

Sj(l =(1,..,1),
SET = f(Sh), (1)
@ __ n
S¢ = U S,
new

If it is obvious which operator we talk of, we sometimes omit the subscript and write S” and S®.

We are interested in the operator Fy of Definition 11. If Fy is defined from existential formulas,
then Fy is continuous. In this case, Kleene’s fixed point theorem states that S“ coincides with the
least fixed point of Fg. The lemma also follows from [9, Theorem 9].

LeEMMA 18. Let L be a language and Ry, ..., R, be predicate variables. Let ® = (¢;(Ry, ..., Rn, X;)) 1,
be an n-tuple of existential first-order formulas, such that Ry, ..., R, occur only positively in ®. Let M
be an L-structure and f = Féw. Then, S;J =1fp(f).

The next step is to describe the sets S” and S® with first-order formulas.

Definition 19. Let £ be alanguage and Ry, ..., R, be predicate variables. Let & = (¢;(Ry, ..., Rn, X;)) [,
be an n-tuple of first-order formulas. For j € {1, ..., n} define:
ag’q,(x_j) =1
Gjl',:bl (xj) = ‘Pj(af,q» O—rll,q)’ xj)
o) = \/ 0 ().

lew

LEMMA 20. Let L be a language and let Ry, ..., R, be predicate variables. Let ® = (¢;(Ry, ..., Rn, X3)) 1L,
be an n-tuple of first-order formulas, such that Ry, ..., R, occur only positively in ®. Let M be an L-
structure. For every j € {1,..,n} anda € M*i | where k; equals the arity of R;, we have:

MEdi (@ o ae(Sy)

foreveryl € w U {w}.
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9:8 S. Hetzl and J. Kloibhofer

Proor. This follows by induction on ! from the definition of o*j. o and Sé@. O

THEOREM 21. Let L be a language and let Ry, ..., R, be predicate variables. Let® = (¢;(Ry, ..., Rn, Xi)) 1,
be an n-tuple of existential first-order formulas, such that Ry, ..., R, occur only positively in ®. Then,
forallj e {1,..,n}:

[lfpg, @] = 07

PrROOF. Let M be an L-structure and a € M¥/. Lemma 18 states that M |= [lprj ®](a)iffa €
(S;;)j for j € {1,...,n}. Now Lemma 20 concludes M |= [lprj ®](a) & 0';.‘”@(5) for j € {1,...,n}.O

3 Formula Equations
3.1 Introduction to Formula Equations

Equations are pervasive in mathematics. Solving a given equation means to find objects for the
unknowns such that, after substitution, the two sides of the equation are equal. What kinds of
objects are permissible as solutions and what ‘equal’ means depends on the type of equations under
consideration. Occasionally, equations can be brought into normal forms in which one of the two
sides becomes trivial. This is, for example, the case for systems of linear equations.

In this paper, we work with formula equations in first-order logic. As a formula equation we
want to consider

an L-formula ¢; < i, containing predicate variables X=X, .., X, (2)

The kind of objects we want to allow as solutions are first-order formulas. The notion of equality
we want to satisfy after inserting a solution for the predicate variables is logical equivalence.
Consequently, a solution of Equation (2) is a first-order substitution [)_(\Y] such that |= (X \x] &
,[X\¥]. Formula equations can easily be brought into a form in which one of the two sides is
trivial: we can simplify formula equations by instead considering:

an L-formula i containing predicate variables X = X1, ..o Xp. (3)

Then, as a solution, we ask for a first-order substitution [)_(\}] such that |= lﬂ[Y \x]. Note that
every instance of Equation (2) is an instance of Equation (3) by letting i be ¥; < ¥, and every
instance of Equation (3) is an instance of Equation (2) by letting y/; be ¥ and /; be T. Moreover, it
will be notationally useful to explicitly indicate the predicate variables by existential quantifiers.
Consequently, we define:

Definition 22. A formula equation is a closed £-formula 3X i where i/ contains only first-order
quantifiers. A solution of X ¢/ is a first-order substitution [X\y] such that |= /[ X\y]. We call a
formula equation solvable if there exists a solution.

Note that a formula equation is simply a closed existential second-order formula. We prefer to
work with the terminology ‘formula equation’ because (1) it is shorter and (2) it emphasises the
aspect of finding a solution which is central for this entire work.

Example 23. We will now start a more precise treatment of the formula equation:
AX (X (2) AVu (X(u) = X(u+u)) A=X(3)),

mentioned in the Introduction: we work in the language £4 = {0, s, +, <} of linear arithmetic. 2 is
an abbreviation for the term s(s(0)), 3 is an abbreviation of s(s(s(0))), and so on. We need a simple
background theory to establish basic facts, such as, =3x 3 = x + x. To that aim let T be the theory
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of open induction for L4 = {0, s, +, <}. Then, we define the formula equation:
3AX (T — (X(2) AVu (X (w) = X(u+u)) A=X(3))).
Let y1(v) = 3w (v =w + w) and y2(v) = v # 3. Then, [X\ y1] and [X\ y2] are solutions.

The problem of computing a solution of a formula equation given as input will be denoted as
FEQ in the sequel. A formula equation 3X y/ is called valid if it is a valid second-order formula and
satisfiable if it is a satisfiable second-order formula. Every solvable formula equation is valid, and
every valid formula equation is satisfiable but neither of the converse implications are true as the
following example shows.

Example 24.1f ¢ is a first-order formula which is satisfiable but not valid and does not contain X
then, trivially, 3X ¢ is a formula equation which is satisfiable but not valid.

Towards an example for a valid but unsolvable formula equation, we work in the first-order
language £ = {0, s}, where 0 is a constant symbol and s is a unary function symbol. Let A; be
Vxs(x) # 0, let A, be VxVy (s(x) = s(y) — x = y) and consider the formula:

A ANAy — AX3YVu (X(O) AY(s(0)) A (X(u) = Y(s(u)) A (Y(u) = X(s(u)) A =(X(u) A Y(u))),

which, up to some simple logical equivalence transformations, is a formula equation ®. Now
@ is valid since, in a model M of A; A Aj, interpreting X by {s?*(0) | n € N} and Y by
{s?"*1(0)M | n € N} makes the remaining formula true.

For unsolvability suppose that ® has a solution [X\ y(u), Y\¢/(u)]. Then, since the standard
model N in the language £ satisfies A; A Az, we would have:

N = x(0) A(s(0)) A Vu (x(u) = Y(s(w)) AVu (Y (u) = x(s(w))) AVu=(x(w) Ay(u),

in particular, y would be a definition of the even numbers and i a definition of the odd numbers.
However, the theory of N in £ admits quantifier elimination [18, Theorem 31G], which has the
consequence that the L-definable sets in N are the finite and co-finite subsets of N [18, Section 3.1,
Exercise 4]. Thus, we obtain a contradiction to y being a definition of the even numbers (which is
neither finite nor co-finite).

Solving formula equations (FEQ) is closely related to the problem of second-order quantifier
elimination: given a formula 3X 1 where ¢ contains only first-order quantifiers, find a first-order
formula ¢ such that = 3X ¢/ < ¢. The relationship between FEQ and SOQE is often based on
a third problem: second-order quantifier elimination by a witness (WSOQE): given a formula
3X i where 1 contains only first-order quantifiers, find a first-order substitution [X\] such that
= 3X ¢ < [X\¥]. Such formulas ¥ are called ELIM-witnesses in [64]. Such a tuple ¥ of formulas
is a canonical witness for 3X i/ in the sense that, whenever there is a tuple of sets X satisfying
then y does. The existence of (computable) canonical witnesses has two useful corollaries: (1) SOQE
can be solved in a straightforward way and (2) FEQ boils down to a validity check. This has been
exploited, for example, in the proof of decidability of the QFBUP problem [17]. Our fixed point
theorem can be seen as precisely such a result on the existence of a canonical witness in FO[LFP].

The complex of these three problems, FEQ, SOQE and WSOQE, has a long history in logic and
a wealth of applications in computer science, see the textbook [22] on second-order quantifier
elimination. A number of algorithms for second-order quantifier elimination have been developed,
for example: The SCAN algorithm introduced in [21] (tries to) compute(s) a first-order formula
equivalent to 3X ¢ for a conjunctive normal form ¢ by forming the closure of i under constraint
resolution which only resolves on X-literals. The DLS algorithm has been introduced in [14] and
consists essentially of formula rewriting steps tailored to allow application of Ackermann’s lemma
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9:10 S. Hetzl and J. Kloibhofer

(which instantiates a predicate variable provided some conditions on the polarity of its occurrences
are met). This approach has been generalised by Nonnengart and Szalas in [50] by allowing FO[LFP],
which resulted in the DLS* algorithm.

3.2 Horn Formula Equations

Towards the definition of Horn formula equations, we first introduce the notion of constrained
clause.

Definition 25. Let £ be a first-order language. A constrained clause is a formula C of the form:
m n
v\ =Xi@ v\ Y.
i=1 j=1

where y is a first-order formula in £, X;, Y; are predicate variables and t;, s; are tuples of terms in
Lforie{1,..m},j€{1,..n}. Cis called

(1) Horn,ifn <1,
(2) dual-Horn,if m < 1, and
(3) linear-Horn, if m,n < 1.

Note that a constrained clause is allowed to (and typically does) contain free individual variables
which, as usual in clause logic, are treated as universally quantified. A finite set S of constrained
clauses is considered the conjunction of these clauses and is thus logically equivalent to a formula
of the form V* A ccg C where V* denotes the universal closure w.r.t. individual variables.

Definition 26. A formula equation 3IXV* A ccg C is called a

(1) Horn formula equation, if S is a set of constrained Horn clauses,
(2) dual-Horn formula equation, if S is a set of constrained dual-Horn clauses and
(3) linear-Horn formula equation, if S is a set of constrained linear-Horn clauses.

Thus, Horn formula equations correspond to existential second-order Horn logic, which also
plays a significant role in finite model theory, see [24].

Example 27. The formula equation:
3AX (T — (X(2) AVu (X(u) = X(u+u)) A=X(3)),
from Example 23 is logically equivalent to the Horn formula equation:
AXy =3X ((T - X(2)) AVu (T AX(u) = X(u+u) AT - -X(3))).
We will use this Horn formula equation as running example throughout most of this paper.

There are different notions of solvability for constrained Horn clauses in the literature: satisfia-
bility of [26] is satisfiability of a Horn formula equation, semantic solvability of [55] is validity of a
Horn formula equation, and syntactic solvability of [55] is solvability of a Horn formula equation.
In this paper, we will primarily be interested in this last notion: solvability of a Horn formula
equation. Note that the formula equation considered in Example 24 is Horn so that, also when
restricted to the class of Horn formula equations, solvability implies validity and validity implies
satisfiability, but both inverse implications are not true.

Let 3X ¢ be a Horn formula equation. We distinguish three different types of clauses in i/:

(B) _ Y YY),
O yAXi(t) A AXp(tn) — Y(S),
E) yAXi(t) A AXp(t)  — L,
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where the constraint y is a formula in £ not containing predicate variables, m > 1, fi, ..., b, s are
tuples of first-order terms in £ of appropriate arity and Y, X, ..., X;;, are predicate variables. Note
that free variables § may occur in the formulas y and the terms s, 3, ..., t,. We call the first base
clauses, the second induction clauses, and the third end clauses.

For simplicity, let us first consider a Horn formula equation 3X ¢ containing only one predicate
variable X. For finding a solution R for X in a given model M, it is natural to proceed as follows:
for any base clause y — X(5), if M |= y, then add s to R. Inductively, for any induction clause
YAX(E) A AX(tm) = X(5),if M |=yand 1y, ..., t,, are already in R, then add 5 to R. In the
rest of this section, we lay the groundwork for pushing this procedure on the object level. We
translate the clauses of the form (B) and (I) to formulas, where all predicate variables occur only
positively: Let C be an induction clause of the form y A X; (1) A -+ - A X (tn) — Y (5). We define
the translated clause Te(X) to be y A X (#) A« -+ A X (tm) A X = 5. Similarly, for a base clause C of
the form y — Y(5), the translated clause Te(x) isy AXx =5.

Example 28. Continuing the running example, Example 27, let C; be the base clause T — X(2)
and C, be the induction clause T A X(u) — X(u + u). Then, Te,(x) = T Ax = 2 and T, (x) =
TAX(u)Ax=u+u.

Next, we gather all clauses having the same positive predicate variable. For a base or induction
clause C, let P¢ be the unique predicate variable that occurs positively. Let 3X; - - - 3X,, / be a Horn
formula equation with predicate variables Xj, ..., X,. We define B; and I; to be the set of base and
induction clauses C in ¢, such that Pc = Xj, for j =1, ..., n.

Definition 29. Let 3X; - - - 3X,,  be a Horn formula equation. Define &y to be the n-tuple of
first-order formulas (¢, ..., ¢,) defined as:
0 (X1, .. X, X5) = T7 v To (%)),
CeB,UI;

where y are the free variables occurring in the clauses in B; U I; and X; is a tuple of variables such
that |x;| equals the arity of X;. If the context is clear, we sometimes omit the subscript and write ®
instead of @y, to achieve clearer notation.

Example 30. Continuing the running example, Example 27, ® is a 1-tuple consisting of:
eX,x) =Fu((TAx=2)V(TAX(u) Ax=u+u)),
which is logically equivalent to:
TA((x=2)VIu(X(u) Ax =u+u)).

In @y, all predicate variables occur only positively. Hence, it defines a monotone operator which
has a least fixed point. From the point of view of (constraint) logic programming, the above tuple
of formulas is a first-order definition of the operator Tp induced by 3X 1/ when considered as a
constraint logic program P, see, e.g., [37].

LeEMMA 31. Let AX; - - - X, ¥ be a Horn formula equation. Let E be the set of end clauses in i and
@y = (¢1,.... on). Then:

¥y

n
AV (05X, X0 T5) = X)) A VG \ C.
j=1 CeE
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9:12 S. Hetzl and J. Kloibhofer

Proor. It suffices to show that, for all j € {1, ..., n}, for all models M, and for all environments 8
interpreting Xi, ..., Xp:

M, 0 |= C for all induction clauses C in i with head symbol X;.

First assume that M, 6 | C for some induction clause C with head symbol X;,i.e, M, 0 |= Jy(y A
ARL; Zi () A=X;(5)). Then, Te(X) = y AAJL, Zk(ti) AX =5 and therefore M, 6 |= 3y Te(5). Thus,
it holds M, 0 |= (¢;(X1, ... Xn,s) A ~X;(s)) and hence M, 8 £ Vx;(¢; (X1, ..., Xn, Xj) = X;(x})).
The analogous argument holds for base clauses.

For the other direction assume that M, 0 [ A\, Vx; (0 (X1, ..., Xn, X7) — X;(%))), ie, M, 0 |E
Tx; (i (X1, ... Xn, Xj) A =X(X;)) for some j € {1,...,n}. Thus, there is a clause C € B; U I; such
that M, 0 |= 3x;(Jy Te(x;) A ~X;(x})). Let C be an induction clause, the same argument also
holds for base clauses. Then, To(X) = y A AL, Zi(t) A X =5. It follows that X; =5 and M, 0 |=
Fy(y A AL, Zi(B) A =X;(5)). Hence, M, 6 £ C. m]

The idea of the above transformation is to split the positive and negative occurrences of Xi, ..., X,
in ¥, note that X, ..., X;, occur only positively in ¢y, ..., ¢, and only negatively in the end clauses
C € E. This will be taken advantage of later.

4 The Abstract Fixed-Point Theorem

The aim of this section is to prove the main result of this paper, the following abstract fixed-point
theorem. It states that Horn formula equations have a least solution.

THEOREM 32 (ABSTRACT HORN FIXED-POINT THEOREM). Let X/ be a Horn formula equation and
W= [lprj ®y] forj € {1,...,n}, then:

(1) ko 3X Y o Y[X\E] and
(2) if (M,G) =2 Y[X\R] for some model abstraction (M, G) and abstract relations Ry, ..., Ry,
then (M, G) Fa ANy (] — Ry).

Here, @y is the tuple of first-order formulas induced by 3X ¢ as in Definition 29. The theorem
is formulated for abstract semantics |=, which is a generalisation of standard semantics |= that
corresponds to abstract interpretation. It will be defined in detail in the upcoming Section 4.1. As
a special case, the fixed-point theorem also applies to standard semantics: Just replace |=, by =,
‘model abstraction (M, G)’ by ‘model M’ and ‘abstract relation’ by ‘relation’.

Example 33. Continuing the running example, Theorem 32 states that, for (y) := [lfpy @y ](y):
XY = (T — p(2)) AVu(T A p(u) = p(u+u) AT = —u(3)).

The first two clauses are true by the definition of y, hence 3X ¢ is further equivalent to T —

4.1 Model Abstractions

In this section, we define the semantics of model abstractions. This is a generalisation of the usual
semantics of SOL[LFP] obtained by restricting the scope of second-order quantifiers to range only
over certain relations and the domain in which the least fixed point of the lfp operator is computed.
The primary motivation for this semantics is that in many applications one is interested in speaking
about the relations definable by certain formulas, see, e.g., Sectiond 5 and 6. For example, we want
to prove that a formula equation has a solution in a certain class of formulas. We will cover this
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situation with the notion of definable model abstractions. Since we also want to interpret the 1fp
operators, the relations need to form a complete lattice.

Model abstractions are defined via a Galois connection to the powerset lattice, and thus, they
are the analogue of abstract interpretation for logical formulas. Abstract interpretation has been
introduced in [12] and is nowadays one of the most important techniques in static analysis and
software verification. For more background on Galois connections, see [13]. The standard semantics
is the special case where the Galois connection is the identity.

The idea of restricting the range of second-order quantifiers is reminiscent of Henkin semantics
of second-order logic [27]. Our abstract semantics differs from Henkin semantics in two respects:
on the one hand we do not require, as Henkin semantics does, closure under definability which has
the effect that there are model abstractions which are not Henkin structures. On the other hand,
we require the lattice of sets to be complete which is necessary for interpreting lfp formulas in a
suitable way.

Definition 34. Let A = (A, €) and 8 = (B, E) be two partially ordered sets. A Galois connection
between A and B consists of two functions @ : A — Band y : B — A, such that for all X € A and
Y € B:

XcylY) & aX)CYV.

From this condition, it follows that « and y are monotone.

Definition 35. Let £ be a language. A model abstraction is a pair (M, G), where M is an L-
structure and G = (Vi, @, Yk )ken is a sequence of triples, such that forall k e N : V;, = (W, E) isa
lattice and ay : P (M¥) — Vi and y : Vi — P (M¥) form a Galois-connection between (P (M¥), C)
and V. We call G the set domain of (M, G) and sets R E Vi abstract relations of arity k.

Remark 36. Note that the completeness of (M¥, C) and the Galois-connection imply the com-
pleteness of the lattices (Vg, E).

Model abstractions which are defined by a set of first-order formulas are of particular interest
for applications in program verification.

Definition 37. Let L be a language and M be a model. Let C be a set of first-order formulas such
that the sets definable by formulas from C, i.e., Vi = {R C M* |3p € C : M [ R(X) < ¢(%)}, form
a complete lattice Vi = (Vk, C) for all k € N. Then, there is a unique a such that o : P(MF) - Vi
and id; : Vi — P(M*) form a Galois-connection. We define Go = (Vi, ok, idi)ren and call
(M, Gg¢) a definable model abstraction.

Example 38. Consider the language Ly = (0,1, +, (¢)ceqg) Where the intended interpretation
of the unary function symbol ¢ for ¢ € Q is multiplication with c. Define the set domain G, =
((Aff QF, C), affy, idi )xen, where Aff QF is the set of all affine subspaces of Q, affy maps every
subset of QF to its affine hull and idy is the embedding of Aff Q¥ in P (QF). Then, (Q, Guy) is a
model abstraction. Moreover, letting C be the set of conjunctions of equations in Ly, (Q, Gagr)
turns out to be the definable model abstraction (Q, G¢).

The intention of the notion of definable model abstraction is seen most clearly in Theorem 72,
which shows that the truth of the verification condition of a partial correctness assertion in (M, G¢)
is equivalent to its provability in the Hoare calculus with invariants restricted to formulas from C.

We will now introduce the abstract semantics of SO[LFP] formulas by defining a satisfaction
relation (M, G) |=, ¢. The crucial difference between |=, and standard Tarski semantics |= will be
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9:14 S. Hetzl and J. Kloibhofer

that second-order quantifiers and the least fixed-point operator will not be interpreted in the power
set of the domain but in G instead (for the appropriate arity).

Definition 39. The defining clauses for first-order atoms, propositional connectives, and first-order
quantifiers for |=, are identical to those for |=. For formulas of the form 3X ¢/, where X is a k-ary
predicate variable, we define:

M.G),0 Fa XYy & FReVr: (M,G),0[X :=y(R)] [Fa ¥

and analogously for formulas of the form VXi. The semantics of the lfp-operator is defined as
follows: Let (M, G) be a model abstraction and X, ..., X, be predicate variables with X; having
arity k;. Let ® = (¢;(Xy, ..., X, 4;)) 1, be an n-tuple of first-order formulas such that |%;| = k; and
Xj, ... Xpn occur only positively in ®. Define:

Ff Vig Xo oo X Ve, = Vi,
(Y, Yn) > @k, © (E)i (i, (Y1), o Y, (V)
and Fg = (F!,..,F}). Leta € M, then:

(M.G) | [lpy, @1(@) & @€y, (Up(Fy)o).

Let R be an abstract relation of arity k. Then, we write (M, G), 0 |=, ¢(R) as abbreviation for
(M, G),0[X =y (R)] [Fa ¢(X).

Note that the semantics of the least fixed-point operator is well defined: We already know that
Fy is a monotone n-ary operator and ay, and yj, are monotone as they form a Galois connection
fori € {1,...,n}. Thus, Fl.# is monotone for all i € {1, ..., n}, and therefore, Fg is monotone as well.
As Vi is a complete lattice for all k € N, we can use the Knaster—Tarski theorem to obtain the least
fixed point of F}.

Note that every classical model defines, by choosing the identity for i and yx, a model abstraction,
that satisfies the same formulas. Hence, |z, ¢ = |= ¢ for every SO[LFP] formula ¢, and for a
formula equation 3X ¢, we even have (M,G) |z, 3X ¢ = M |= 3X ¢. The converse is not true
as the following example shows, yet for first-order formulas ¢ we have |=, ¢ & |= ¢. In particular,
if ¢1 and ¢, are logically equivalent first-order formulas, we also have |=, ¢1 < @a.

Example 40. We have observed in Example 24 that the formula equation ® defined there is valid,
ie., = ®. However, we do not have |=, ®. To see this, consider the model abstraction (N, G) where
N is considered as structure in the language £ = {0,s}, G = (Vi, ax, Vi )ken With Vi = (Vi ©)
where Vi = {0,N*}, o = id | Vi and Yk = id. Then, (N, G) &, ® because neither @ nor N is a
solution for the formula equation .

4.2 Proof of the Fixed-Point Theorem

The proof of the abstract fixed-point theorem relies on a generalisation of a result by Nonnengart
and Szalas [50], which is in turn a generalisation of Ackermann’s Lemma [1]. Ackermann’s Lemma
states that for every formula ¢ of the form IX(Vx(a(x) — X (x)) A f(X)), where « and f are first
order and X occurs only negatively in f, the formula f(a(x)) is equivalent to ¢. Nonnengart and
Szalas’ generalisation allows positive occurrences of X in a(X, X). In order to deal with this more
general case, they use a fixed-point operator. The equivalent formula becomes the FO[LFP] formula
B([lfpy a(X,x)]), i.e., they prove:

F3X(Vx(a(X,x) = X(x)) A (X)) & p([lpx a(X,X)]).
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We further generalise that allowing an arbitrary number of predicate variables by using a simul-
taneous least fixed-point, extending the scope of the result from standard semantics to abstract
semantics, and adding property (2) below on the minimality of the solution. This lemma will be the
main tool in the proof of the abstract fixed-point theorems.

LEMMA 41. Let Xy, ..., X,, be predicate variables. Let f(X, ..., X,,) be a first-order formula and
O = (0;(Xq, ... X, X3, )1 be an n-tuple of first-order formulas such that |X;| equals the arity of X;
forie{1,.., n}l. If Xa, ..., Xn occur only positively in ay, ..., an and only negatively in 3, then:

(1) Fa 3X (Al Y3 ((Xa, o0 X, 30) = Xi(30)) A B(X5, X)) & B([Hpy, @, ..., [Upy, @),
(2) If  M,G) |ma ALy VG (@i(Ry, ... Ry, X;) — Ri(X7)) for some model abstraction (M, G) and
abstract relations Ry, ..., Ry, then (M, G) =2 A2 Vi ([Upy, @](x1) — Ri(Xi))-

Proor. (1) ‘—’: Let (M, G) be a model abstraction and 6 an environment such that:
n
(M,G), 0 |y 3X N\ V35 (@(Xis o X X0) = X3 (50)) A B(Xis 0 Xir)-
i=1

Hence, there exist abstract relations Sy, ..., S, and an environment 8" := 0[X; := yk, (51), ..., Xp =
Yk, (Sn)] such that:

(M.G). 0 [ /\Vﬁ(ai(Xl,...,Xn,x_i) = Xi(%:) A (X1, 00 Xi). 4)
i=1

Then, (Fp);i (Y, (S1), - Yk, (Sn)) € vk, (S;) foralli € {1,...,n} and as a, yx form a Galois connection
for every k we have ay, o (Fp)i(yk,(51), .- Yk, (Sn)) E S; for all i € {1, ..., n}. Thus, (Sy,...,S,) isa
fixed point of F}. Using the monotonicity of y, for every k, this implies:

(M,G).0" = \ VR ([lfpy, @1(F0) — Xi(F0). )

Note that the FO[LFP]-formulas are well defined, as Xj, ..., X;, occur only positively in ay, ..., ay.
From Equation (4), we also obtain (M, G), 0" |=, (X, ..., Xy), and as Xj, ..., X, occur only negatively
in f, we may use Lemma 2 to obtain:

(M.G),0" |=a B([Upy, 1. ... [Upy, P]).

This formula does not depend on X, ..., Xy, hence (M, G), 0 |5 B([lfpy, @], ..., [lfpy, @]).
‘«—’: For the other direction let (M, G) be a model abstraction and 6 an environment such that:

(M. G),0 [Fa f([lfpy, @],..., [lfpy, @)

Let S; € Vj, be the abstract relations defined by [Ifpy, @] fori € {1,...,n}. (S, ..., Sn) is a fixed point
of Fg, therefore by the definition of F#, we have:

ak; © (F9)i(Yk, (S1)s s Yk, (Sn)) E i, forevery i € {1,...,n},

and as ax, yx form a Galois connection for all k we get:

(F3)i (Y&, (S1), - Yk, (Sn)) € ¥k, (Si), foreveryie {1,..,n}.

!Note that there could also be free variables in a1, ..., &, B, that are not stated explicitly.
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Thus, (yk, (S1), .- Yk, (Sn)) is a fixed point of Fp and by defining 8’ := 0[X; := yk,(S1), ... Xn =
Yk, (Sn)], we obtain:

(M.G),0 o [\ V3 (@i(Xs, o X ) = Xi(50)) -

i=1

By assumption (M, G), 0" |=, (X, ..., X,) and therefore we conclude:

(M.G),0 Fa 3X N\ V3 (@(Xs, o X ) = Xi(TD) A f(Xor 0 Xa).
i=1

We get (2) directly from Equation (5), if we choose S, ..., S, to be the abstract relations Ry, ..., R,. O

We are now able to prove the abstract fixed-point theorem, the main result of this paper. For
clarity, we restate the theorem.

THEOREM 32 (ABSTRACT HORN FIXED-POINT THEOREM). Let X1/ be a Horn formula equation and
W= [lfpxj ] for j € {1,...,n}, then:

(1) Fa 3K YIX\E and
(2) if (M,G) |=a Y[X\R] for some model abstraction (M, G) and abstract relations Ry, ..., Ry,
then (M, G) = N\joi (1 — R;).

Proor. ‘—’: Assume that (M, G) |=, 3)_(¢. We first note that in the transformation of Lemma 31
there does not occur any second-order quantifiers nor fixed point operators. Thus, it also holds for
abstract models and we obtain:

(M, G) [ra 3X N\ V55 (07 (X, 0 X 37) = X3(57) AVG [\ C(Xe, 0 X, T,

j=1 CeE

where Xj, ..., X, occur only positively in ¢, ..., ¢, and only negatively in the clauses C. Hence, we
can apply Lemma 41/1 to obtain:

M.G) VG N\ Clts oo pin.9).
CeE

By construction, the FO[LFP] formulas p, ..., i1, also satisfy the base and induction clauses, i.e.,
for any base or induction clause C(Xj, ..., Xy, y) it holds (M, G) =, Yy C(u, ..., tin, y). Therefore, it
follows that:

(M. G) [ra YIX1\ 1 - X \tn .

The other direction ‘«’ is immediate. The second part of the theorem follows directly from Lemma
41/2. O

We also present the fixed-point theorem for classical semantics. This has been proven directly in
[41], here it is a corollary of the abstract fixed-point theorem as every classical model is also an
abstract model if the abstraction and concretisation functions are chosen as the identity functions.

COROLLARY 42. Let X be a Horn formula equation and Hj = [lprj ®y] forj € {1,...,n}, then:

(1) 3%y © Y[\ and
(2) if M |=¢[X\R] for some structure M and relations Ry, ..., R,, in M, then M |= /\}’:1 (pj —
Rj).
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Remark 43. Note that Corollary 42 applies equally to constraints being FO[LFP]-formulas. It
therefore shows that FO[LFP], in contrast to first-order logic, has the property of being closed
under solving Horn formula equations. It thus shows that in FO[LFP] validity and solvability of
Horn formula equations coincide. This is in contrast to formula equations in first-order logic, cf.
Example 24.

Remark 44. One of the most prominent approaches to solving an SOQE problem 3X ¢ is to
solve the corresponding WSOQE problem to obtain formulas ¥ such that = 3X ¢ <> ¢[X\¥]. For
example, it underlies the family of DLS algorithms: the original DLS [14], DLS* [15, 50] and DLS’
[17]. In this context part (1) of Corollary 42 can be understood as yielding a solution to the WSOQE-
and hence the SOQE-problem for Horn formula equations in FO[LFP].

4.3 The Dual and Linear-Horn Fixed-Point Theorems

We now turn our interest to dual-Horn and linear-Horn formula equations. Recall that a constrained
dual-Horn clause consists of at most one positive predicate variable, in contrast to constrained
Horn clauses, where at most one negative predicate variables occurs. Thus, dual-Horn formula
equations are dual to Horn formula equations.

For a formula i, we define lﬁD as Y[ X;\-Xq, ..., X\~ Xy, ], where Xy, ..., X, are all predicate
variables occurring in . Note that y = (/°)® for all formulas 1. Moreover, note that [z 3X ¢/ <>
3X yP. If 3X ¢ is a Horn formula equation, then 3X ¢ is logically equivalent to a dual-Horn
formula equation and if 3X ¢ is a dual-Horn formula equation, then 3X ¢ is logically equivalent
to a Horn formula equation. Note that dualisation of a (dual) Horn formula equation interchanges
(B)- and (E)-clauses.

Example 45. Consider the constrained dual-Horn clauses in the language of arithmetic:

4

The dualisation of i is:

X(1) A (X(n) = X(n+1) vV X(n+2)) A =X(4).

yP = SX() A (=X(n) = =X(n+ 1)V -X(n+2) AX(4),
which is logically equivalent to the constrained Horn clauses:
“X(DAX(n+1) AX(n+2) > X(n)) AX(4).

If 3X is a dual-Horn formula equation, then 3X/" is equivalent to a Horn formula equation.
Now let 11 be the least solution of 3X1/°, then = is the greatest solution of 3X1/. Thus, the dual-Horn
fixed-point theorem follows from the Horn case in Theorem 32.

THEOREM 46 (ABSTRACT DUAL-HORN FIXED-POINT THEOREM). Let 3Xy/ be a dual-Horn formula
equation and v; := —|[lprj yp] forj € {1,...,n}, then:

(1) |za 3X ¢ © ¢[X\V] and

(2) if (M,G) [za Y[X\R] for some model abstraction (M, G) and abstract relations Ry, ..., Ry,
then (M, G) Fa N1 (R; — vj).

Proor. Let y; := [lprj ®yp] for j =1,...,n. For (1) note that, since 3X ¢ is a dual Horn formula

equation, 3X ¢/ is logically equivalent to a Horn formula equation. An application of Theorem
32.1. yields |=, IX yP « yP[X\H]. Since yP [X\x] is syntactically equal to [ X\V], we obtain
Fa 3X ¢ & IXYP o YP[X\E] © YIX\T].
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9:18 S. Hetzl and J. Kloibhofer

For (2) assume that (M,G) |=, ¥[X1\Ry, ..., X;\Ry] for some model abstraction (M, G) and
abstract relations Ry, ..., R,. Then, (M, G) =, P [X1\ =Ry, ..., X, \=R,], so, by Theorem 32/2., M |=
"iz1(gj — —R;) which yields (M, G) [ra A1 (R; — v;) by contraposition. O

Note that the operator induced by ®,» is not the dual operator of the one induced by @y in the
sense of [20] because ®» is not the (pointwise) negation of ®y. Therefore, v is not the greatest
fixed point of ®y.

As a constrained linear-Horn clause is both a constrained Horn and a constrained dual-Horn
clause, we can combine the two fixed-point theorems and we obtain for the case of linear-Horn
formula equations:

THEOREM 47 (ABSTRACT LINEAR-HORN FIXED-POINT THEOREM). Let 3X/ be a linear-Horn formula
equation, ji; := [lprj ®y] andv; := —|[1pr1_ ®yp] forj € {1,...n}, then:

(1) [ 3X ¥ & y[X\H] and |5, 3X ¢ & y[X\V] and
(2) if (M,G) |za Y[X\R] for some model abstraction (M, G) and abstract relations Ry, ..., R,
then (M, G) |=a N\j=i (i = Rj AR; — v)).

An interpolant of two variable-free tuples of FO[LFP] formulas g and v in the same first-order
language is a tuple of first-order formulas  such that = A_; (1; — x; A xj — v;). Theorem 47/2
states that every solution of the linear-Horn formula equation is an interpolant of 7 and v. The
converse is only true if we add another assumption.

COROLLARY 48. Let 3X/ be a linear-Horn formula equation, Hj o= [lprj ®y] andvj === [lprj o]
forj € {1,..,n}, then:

(1) Every solution of 3X is an interpolant of 1i and 7,
(2) an interpolant y is a solution of AXY iff ¥ satisfies all induction clauses.

Proor. (1) is an immediate consequence of Theorem 47/2. For (2), we first note that X occur only
positively in the base clauses and only negatively in the end clauses. Thus, we can use Lemma 2
to obtain that the interpolant y satisfies all base and end clauses, hence  is a solution iff it also
satisfies all induction clauses. O

Interpolation is an important technique for solving constrained Horn clauses, see, e.g., [48].
The above result provides a theoretical connection between interpolation and verification. The
relationship between interpolation and Horn clauses has also been studied by encoding interpolation
problems with a language condition on the constant symbols as Horn clause sets [25, 55].

5 Decidability of the Affine Solution Problem

As an application of the abstract fixed-point theorem, we take a look at the affine solution problem,
which is shown to be decidable in [30]. This result is based on a generalisation of Karr’s algorithm
[40] to non-Horn formula equations. It is proved by computing a fixed point similarly to how we
did in Section 4. The main difference is that the fixed point is not computed on the logical level, but
in the lattice of affine subspaces of Q". The abstract fixed point theorem shown in Section 4 applies
to this problem and drastically shortens the proof of decidability.

The setting of the affine solution problem is the language Lug = (0,1, +, (¢)ceq) as discussed in
Example 38. As we are only working in Q, we can assume without loss of generality that every
term £(xy, ..., x,) is of the form ¢y + Y12, ¢;x; and every atomic formula A(x, ..., x) is of the form
co+ 2y cix; = 0. We call such atomic formulas linear equations and conjunctions of linear equations
linear equation systems. It is well known that linear equation systems define affine subspaces of Q".
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Definition 49. An affine formula equation is a formula equation of the form 3X 1/, where ¢/ is a
quantifier-free first-order formula in L. U {X1, ..., X, }.

Definition 50. The affine solution problem is the set of affine formula equations that have solutions
in the class of linear equation systems in Q, i.e. the set:

{3X | There exist linear equation systems Fy, ..., F, such that Q |= ¢/[X;\Fy, ..., X, \F,]}.

Recall from Example 38 the set domain G, = ((Aff QF, C), affy, idy)ken, where Aff QF is the
set of all affine subspaces of QF, aff; maps every subset of QF to its affine hull and idy is the
embedding of Aff Q* in P(QF). Then, (Q, Gu) is a model abstraction. G, is defined such that an
affine formula equation 3X 1/ is in the affine solution problem iff (Q, Gug) =2 3X . Thus, we can
use the abstract fixed-point theorem.

THEOREM 51. The affine solution problem is decidable.

PROOF. As in [30], we reduce the solvability of a formula equation X/ to the solvability of one of
its finitely many projections, which are Horn formula equations. Let 3X¢ be one of them, then we
may apply Theorem 32. This yields a tuple of FO[LFP]-formulas 71 such that (Q, G) . 3X ¢ <
@[X\1]. Since all lattices Aff QF have finite height, we can compute fixed-point free formulas ¥
equivalent to p from 7.

For notational simplicity, we describe how this is achieved in the case of one predicate variable
X. Let p = [lfpx ®,] be an FO[LFP]-formula. As in Section 2.2.3, i can be approximated by the
sequence of sets in Vj:

S0 .= g,
s = Fi(sh).

These sets describe increasing affine subspaces of MF¥, thus, as the lattice Aff Qk has height k, it
holds F;(Sk) = Sk and therefore @ € S¥ & (Q, Gufr) |=a 1(@). In the actual computation, the affine
subspace S is represented by a linear equation system, i.e., a formula o;. The computation of F
is based on the fact that, given finite representations of affine spaces A and B and of an affine
transformation 7, it is possible to compute finite representations of AN B, AU B, T (A) and
7 ~1(A). This is an elementary result of affine geometry and linear algebra, see [57]. Hence, oy, is
the desired first-order formula such that (Q, G) |=a p(a) © Q | ok (x).

Therefore, (Q, Gagr) o 3X ¢ < @[X\¥]. Now ¢[X\¥] is a first-order formula and hence
(Q, Gagr) = @[ X\ 7] iff Q |= ¢[X\¥]. The latter statement can be checked by a decision procedure
for linear arithmetic. O

Karr’s algorithm was extended to the computation of polynomial invariants in [52, 53], see also
[34, 35]. The authors do not know whether the analogue of Theorem 51 for the case of polynomials
is true. If it is, a different proof strategy will be necessary because the reduction to projections is
not possible in the case of polynomials.

6 Applications to Program Verification

In this section, we will describe some direct applications of our fixed-point theorems to the foun-
dations of program verification. As an exemplary framework, we will consider the Hoare calculus
for a simple imperative programming language as in [65]. The two main goals of this section are:

(1) We show that proving a partial correctness assertion amounts to solving a linear Horn
formula equation in Theorem 65.
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(a) This allows to express the partial correctness of a program as an FO[LFP] formula, see
Corollary 66.

(b) We show that the canonical solutions of this linear Horn formula equation correspond
to the least precondition and strongest postcondition in Theorems 67 and 68.

(2) We give an alternative proof of completeness of Hoare logic based on our abstract fixed-point

theorem in Theorem 72 which has the following advantages:

(a) It does not need the expressivity hypothesis of the standard proof for Z.

(b) It accommodates abstract interpretation in the form of a restriction on the syntactic form
of the loop invariants.

6.1 Hoare Triples

In the study of program verification, it is quite common to only work in the language of arithmetic
and the structure Z. This may disguise the importance of the expressivity of Z. As we are aiming
for a framework where the usage of FO[LFP]-formulas replaces the encoding of finite sequences,
we work in a more general setting.

Definition 52. Let £ be a language. The set of programs in £ is defined by:
p ==skip | x :=t | po; p1 | if B then py else p; | while B do p,,
where ¢ is an L-term, B a quantifier-free first-order formula in £ and x is a program variable.

Definition 53. A Hoare triple is a triple (¢, p, /) consisting of a program p and two first-order
formulas ¢ and . This is traditionally denoted as {¢}p{¢'}.

Definition 54. Let £ be a language and M be a structure with domain M. Define Var = {xo, x1, ...}
to be the set of variables which may occur in a program. A function o : Var — M is called a state.”
We denote the set of all states with 3. For m € M, we write o[x; — m] for the unique state ¢’ such
that o’ (x;) = m and o’ (x;) = o(x;) for i # j.

Definition 55 (Denotational Semantics). For every program p, we define a relation C(p) on X x X
by structural induction:

C(skip) = {(0,0) | o€ X}
Cxj:=t)= {(o,0[xj > m])|ceX meMand M,o |=t =m}
C(posp1) = C(p1) o C(po)
C(if B then pg else p;) = {(0,0") | M,o EBand (0,0") € C(py)} U
{(0,6") | M,c |==Band (c,0") € C(p1)}
C(while B do p,) = Ifp(T),
where T is an operator on X X ¥ defined as:
I'(X) ={(0,0") | M,o |=Band (0,0") € X o C(po)} U
{(6,0) | M, 0 |=—B}.
We see that T is a monotone operator and thus 1fp(T’) is well defined. Moreover, we can convince
ourselves that C(p) is actually a partial function from ¥ — 3. If C(p) (o) is not defined, it means

that a while-loop is not terminating. To make it a total function, we extend the set of states ¥ with
the state L, which is associated with a non-terminating computation, i.e., we define ¥, :=X U {L}.

2Later, we will talk of formulas, in which the variables of a program occur. In this sense, a state may also be seen as an
environment.
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For every o such that C(p) (o) is not defined yet, we define C(p)(o) := L and in that way C(p) is a
total function from > — > .

Now, we define the meaning of partial correctness of a Hoare triple:

Definition 56 (Semantics of Hoare Triples). Let L be a language and M be a structure. Let o be a
state, for a Hoare triple {¢}p{¢/} define:

Mo E{pip{y} if Mok = M.C(p)(o) FV.

Here, M, L |= ¢ is defined to be true. In doing so, we only check validity for states, in which the
computation terminates. Now define:

M EA{pip{y} if YoeX: Mo {pip{y}.

Note that we can define M |= {R}p{S} analogously for relations R and S. This will be of use in
some proofs.

6.2 Verification Condition

We define a different semantics of Hoare triples using the verification condition, which turns out
to be equivalent to the usual semantics. As the verification condition is a linear-Horn formula
equation, we are able to apply our results from Section 4. In particular, we are able to express partial
correctness of a Hoare triple as an FO[LFP]-formula.

Definition 57. Th_e verification condition of a Hoare triple {¢}p{y}, written ve({@}p{y}), is a
formula equation 3IVx ve({@}p{y}), where vc({@}p{y}) is defined by structural induction on p.
Here, I is a fresh new formula variable, which does not appear in ¢ nor ¢:

ve({p}skip{y}) = (¢ = ¥)
ve({p}x; = t{y}) = (¢ = Y[x;\t])
ve({@}po; p{y}) = ve({e}po{l}) Ave({I}pi{y}),
ve({p}if B then p, else pi{y'}) = vc({¢ A B}po{y}) Ave({p A =Blp:i{y})
ve({p}while B do po{y}) = ve({I A B}po{I}) A (@ = I) A(IA =B — ).

Then, ve({p}p{¢}) = 3IVx ve({p}p{¢}) is defined by universal quantification of every individual
variable occurring in ve({¢}p{y}) and existential quantification of every predicate variable in

ve({p}piy)h).

Note that there are translations which are more efficient in practice, for example, in dealing
with composition. However, since we aim for theoretical results in this paper, we have opted for
this simple translation. Also note that this is a purely syntactic definition, thus we can define
vc({R}p{S}) analogously for a program p and predicate variables R, S.

LemmMa 58. Let {¢}p{y/} be Hoare triple. Then, vc({¢}p{y'}) is a linear-Horn formula equation.

Proor. The verification condition is a formula equation 3IVx vc({¢}p{1/}), where vc({p}p{¢})
is a conjunction of clauses. Each clause has the form y vV =C V D, where y is a first-order formula
(it is a disjunction of the first-order formulas B or =B) and C and D are either predicate variables
or the first-order formulas ¢ or . ]

LEmMA 59. Let {¢}p{y/} be a Hoare triple. Then, ¢ occurs only negatively andy occurs only positively
inve({p}p{y}), respectively.
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THEOREM 60. Let L be a language and M be a structure. Let {¢}p{y'} be a Hoare triple. Then:
Mve{olp{y) = ME{elp{y}

Proor. This theorem is shown by structural induction on p. For a detailed proof see [41]. O

The next aim is to show the converse direction of Theorem 60, i.e., that M |= {¢}p{¢/} implies
M Eve({p}p{y}). To prove this, we need the concept of the weakest precondition.

Definition 61. Let £ be alanguage and M be a structure. Let p be a program and ¢, ¢ be first-order
formulas in £. The weakest precondition® of p and v, written wp(p, ), is defined as:

wp(p,¥) ={oc € 2| M,C(p)(0) F¥}.

For technical reasons, we also define the relation Ry, (p, 1) defined by the weakest precondition,
ie.,

M, o |= Ry (p,¥) & M.C(p)(0) .
The strongest postcondition of p and @, written sp(p, ¢), is defined as:
sp(p,p) ={c€X|3c" €3: M,6’ |=¢pand C(p)(c’) =c}.

Definition 62. Let £ be a language and M be a structure. For every formula ¢ in £ define a
subset of X:

[p] ={oc €| Mo ¢}
Similarly, we define for a relation R in M:

[R] ={ceX| M,o |=R}.
In particular [Ry, (p, )] = wp(p, ¥).

The following properties of the weakest precondition and the strongest postcondition justify the
terminology and are of fundamental importance.

LEMMA 63. Let L be a language and M be a structure. Let {¢}p{y} be a Hoare triple. Then:

@ M EA{eipty} iff [o] < wp(p.¥),
(b) M = {eip{y} iff [¥] 2 sp(p. @)

LEMMA 64. Let L be a language and M be a structure. Let p be a program and y be a first-order
formula. Then, M |= ve({Ryp (p, ¥) }p{¥'}).

Proor. This is proven by structural induction on the program p. We prove the cases p = py; p1
and p = while B do py, the others are routine.
Let p = po; p1. We ought to show that M |= 3I ve({Rwp (p, ) }po{l}) A ve({I}p1{¢'}). By the
induction hypothesis it holds:
M = ve({Rwp(p1, ¥)}p1{y}) and
M = ve({Rwp (Po, Rup (p1, ¥)) }po{ Ruwp (p1, ) })-

3In the literature, this is mostly called weakest liberal precondition, and the term weakest precondition is reserved for the
context of total correctness. As we only talk about relative correctness of programs, there is no need for us to do so.
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We are finished if we can show that Ry, (p, 1) = Ryyp(po, Rup (p1, 1)), yet this follows from:

M, ERw(pY) & M,C(posp1)(o) FY
& M,C(p1) o Cpo)(0) E Y
& M,C(po)(0) [F Rup(p1, %)
oMok pr(Po, pr(pl, V).

Now consider the case p = while B do py. For shorter notation, we define R = Ry, (p, ¢/). We
have to show that M |= 3I ve({I A B}po{I}) A (R = I) A (I A =B — ). It suffices to show that:

(1) M= ve({R A B}po{R}) and
(2) ME(RA=B) —¥.
To prove these two claims, we use the following fact, cf. [65, Proposition 5.1], for a program of
the form p = while B do py:
C(p) = C(if B then py; p else skip). (6)

We now prove (1). The induction hypothesis states M |= ve({Rwp (po, R) } po{R}), hence it remains
to show that M |= (R A B) — Ry (po, R). This follows as:

M0 ERwp(p.¥) AB & M.C(p)(0) EYy AM,0 =B

& M,Clporp)(0) E P

& M,C(p) o C(po) (o) F Y
oS M, C(PO)(O') |= pr(P, [//)
& M, 0 & Rup(po, Rup (9, 1))

For the second claim, let o be a state such that M, o |= R A —=B. By the definition of R, we have
M,C(p)(o) |= ¢, thus Equation (6) yields M, skip(o) |= ¢, which translates to M, o |= ¢. O

THEOREM 65. Let L be a language and M be a structure. Let {¢}p{y'} be a Hoare triple. Then:
MEA{pip{yr = MEve({olp{y}).

Proor. By Lemma 63 the assumption M |= {¢}p{y} is equivalent to M |= ¢ — Ryp(p,¥).
Lemma 64 states that M |= vc({Rwp(p, ) }p{¢/}) and, as Ryp(p, ¥) occurs only negatively in
ve({Rwp (p, V) }p{¥}), Lemma 2 concludes M |= ve({p}p{¢}). O

As ve({p}p{y}) is a linear-Horn formula equation, we can now obtain the statement that a
partial correctness assertion of an imperative program is expressible as a formula in FO[LFP], a
point also made in [9] for existential least fixed-point logic.

COROLLARY 66. Let L be a language and M be a structure. Let {¢}p{y'} be a Hoare triple. Consider
the linear-Horn formula equation 31 © = ve({@}p{y'}) with predicate variables I, ..., I,,. Define
W= [lpr]_ ®,] andv; = —|[1pr]_ ®,p] forj e {1,..,n}. Then:

(1) M Eve({p}p{y}) iff M =vel{elp{yDIN\a] iff M Eve({@}p{yDI\V].
@) If M =ve({@}p{y}H)[I\R] for relations Ry, ..., Ry, then M |= N\j_; i = R; AR — vj.

ACM Transactions on Computational Logic, Vol. 27, No. 2, Article 9. Publication date: March 2026.



9:24 S. Hetzl and J. Kloibhofer

6.3 Weakest Precondition and Strongest Postcondition

By defining the equivalent semantics based on the verification condition, which is a linear-Horn
formula equation, we now get some corollaries of our linear-Horn fixed-point theorem. We will see
that the canonical solutions correspond to the weakest precondition and strongest postcondition.

In the integers, it is well known that for any program p and any formula ¢ there is a first-order
formula ¢y, which defines the weakest precondition, i.e., [¢wp] = wp(p, /) and, symmetrically, for
any program p and any formula ¢, there is a first-order formula /s, which defines the strongest
postcondition, i.e., [/sp] = sp(p, ¢). Note that these formulas rely on the expressivity of the assertion
language, i.e., in this setting, on an encoding of finite sequences in Z. By allowing FO[LFP] formulas,
we are not dependent on the expressivity of the structure, and moreover, the FO[LFP] formulas
more clearly describe the runs of the program. This point was made prominently in [9].

Consider the formula 3X ve({¢}p{X}), which asks for a relation X such that all states satisfying
¢ fulfil X after running the program p. Similarly, we are interested in solutions of the formula
3Y ve({Y}p{¢}). Note that these are linear-Horn formula equations, and therefore, we can apply
the results from Section 4. In general, there also occur predicate variables in ve({@}p{y'}), yet here
we are only interested in the predicate variables that are stated specifically.

THEOREM 67. Let L be a language and M be a structure. Let p be a program and  be a first-order
formula. Consider the linear-Horn formula equation 3Y & = Y ve({Y}p{y'}). Let v := =[lfpy, @,p],
then:

[v] =wp(p,¥).

Proor. As M |= ve({L}p{y}) we know that M |= 3Y vc({Y}p{¢}). Hence with Theorem 46/1,
we obtain M |= ve({v}p{¢¥'}), which implies M |= {v}p{¢'} due to Theorem 60. Now Lemma 63
states [v] C wp(p, ¢).

For the other inclusion, let Ry, (p, 1) be the relation defined by the weakest precondition, it
holds [Ryp(p, ¥)] = wp(p,¥). From Lemma 64, we obtain M |= ve({Rwp(p, ¥) }p{¥/}), and we
can apply Theorem 46/2. This yields M |= Vx (Ryp(p,¥)(X) — v(X)). In particular, we got
M, 0 |= Ryp(p, ) — v forall o € 3. Hence, [v] 2 [Rup(p, )] = wp(p, ). O

THEOREM 68. Let L be a language and M be a structure. Let p be a program and ¢ be a first-order
formula. Consider the linear-Horn formula equation 3X 7 = 3X ve({@}p{X}). Let p := [lfpy, D],
then:

(1] = sp(p, ).

Proor. Dual to the proof of Theorem 67. O

Note that the formulas p and v thus obtained do not rely on an expressivity hypothesis anymore.
The encoding of sequences is replaced by the least fixed-point operator.

6.4 Hoare Logic

It is well known that Hoare logic, as introduced in [31], is a sound and relative complete proof
system for Hoare triples. Hoare logic is usually formulated in the language of arithmetic L4 and for
the structure Z. We generalise this definition for an arbitrary structure and show its equivalence to
the abstract semantics of the verification condition of a Hoare triple. In the classical setting of Z, we
obtain the usual soundness and completeness result, where the use of the expressivity hypothesis
is pointed out explicitly.
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Since many practical algorithms for verification generate invariants of a particular form, we
introduce the Hoare calculus parameterised by a set of first-order formulas C which denotes the
formulas allowed as invariants. In Theorem 72, we show that provability in the Hoare calculus
restricted to C is equivalent to the truth of the verification condition in the definable model
abstraction of C.

Definition 69 (Hoare rules). Let £ be a language, M be a model and C be a set of first-order
formulas in L. Let {¢}p{¢/} be a Hoare triple. We define the following rules, called Hoare rules. We
write M +¢ {@}p{y} if {¢}p{¢} is provable by the Hoare rules in M and C. If C is the set of all
first-order formulas, we often omit the subscript and write M + {¢}p{y'}. Here, B is a first-order
formula in L, p, po and p; are programs, t is an .L-term, x; is a variable and, most importantly, I is
in C:

Toyskip(p) *FP)

{(p[x]\t] }xj = t{qo} (asSlgn)

{etpolly {Dp{y}
{e}po; p1{y}
{o ABYpo{y} {oA-Bip:i{y}
{¢}if B then p, else p;{y}
ME=p -1 {IANBIp{I} MEIA-B->Y
{¢} while B do p{¢}
MEp—-o {o'iply'} MEY -y
{o}p{y}

(sequence)

(conditional)

(while)

(consequence).

Remark 70. In most of the literature the (while)-rule is replaced by:

{o A Bip{e}
{p}while B do p{p A =B}

If C is the set of all first-order formulas, this leads to an equivalent proof calculus, as (while’) is a
special case of (while) for I = ¢ and ¥/ = ¢ A —B. In the other direction (while) can be obtained by
combining the (while’) and (consequence) rule. Observe that this is not true in general as (while’) is
not a special case of (while) if ¢ ¢ C.

(while’).

In the next theorem, we relate Hoare logic with the validity of the verification condition of a
Hoare triple. As the provability relation above, the validity relation will be parameterised with a set
of first-order formulas C. This leads to the relation M |=¢ ¢, where the second-order quantifiers in
¥ are interpreted over the formulas in C. Note that if (M, G¢) is a definable model abstraction,
then (M, Ge) =, ¥ iff M |=¢ ¢ for all SO-formulas /. The difference is that for the relation |=¢ we
do not demand that the sets defined by formulas in C form a complete lattice, and thus, fixed-point
operators cannot be interpreted.

Definition 71. Let C be a set of first-order formulas. Given a model M and environment 0, we
define the relation M, 6 |=¢ ¢ inductively on SO-formulas ¢. If ¢ is first-order, then |=¢ is identical
to |=. For formulas of the form 3Xv/, we define:

MOEcT o 3yeC: MOX:=yMEcy,
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and analogously for formulas of the form VX¢. As usual, we define M |=¢ ¢ if M, 0 |=¢ ¢ for all
environments 6.

THEOREM 72. Let L be a language and M be a model. Let {¢}p{y'} be a Hoare triple and let C be a
set of first-order formulas. Then:

M lzc ve({elp{y}) = Mrc {olp{y).

Proor. ‘=": The proof is by induction on the program p. We only show the cases p = skip and
p = while B do py, the others are similar.

—p = skip: The assumption is M |= ¢ — ¢ and the (skip)-rule yields M + {¢}skip{¢}. Hence,
we obtain M + {¢}skip{y/} with the (consequence)-rule. Note that in the (consequence)-rule
¢’ and ¥’ may be any first-order formulas and are not restricted to C, which is of importance
here.

—p = while B do py: The assumption is M |=¢ I ve({IAB}po{I}) A (¢ > ) A(IA-B — ¢),
which means that there exists y € C such that M |=¢ ve({y A B}po{x}) and M |= (¢ —
Xx) A (x A =B — ¢). By the induction hypothesis, we have M r¢ {x A B}po{ x}, now we can
use the (while)-rule to obtain M r¢ {¢}p{y}.

‘<’: This direction is shown by proving inductively, that every Hoare rule yields Hoare triples
such that M |=¢ ve({@}p{¢}). In other words, we show that the Hoare rules are sound with
respect to the semantics M |=¢ ve({p}p{y}). We concentrate on the exemplary (sequence) and
(consequence)-rule.

—(sequence): By assumption, there exists I € C such that M r¢ {@}po{I} and M r¢
{I}p1{¥}. Using the induction hypothesis, we obtain that there exists I € C such that

M e ve({@}po{l}) A ve({I}p1{¥}), which is the definition of M |=¢ ve({@}po; p1{¥'}).
—(consequence): By assumption M |= ¢ — ¢, M | ¢ — ¢ and M +¢ ve({¢'}p{¢'}).
Using the induction hypothesis, we have M |=¢ vc({¢’}p{y’}). Now Lemma 2 yields
M |=c ve({@}p{¥}). Note that we stated Lemma 2 only for classical semantics, yet it straight-
forwardly generalises to the relation |=¢. O

LEMMA 73. Let L be a language and M be a model. Let {¢}p{y} be a Hoare triple and let C be a
set of first-order formulas in L. Then:
Mzcve{elply}) = MEve({elp{y}).

Proor. This follows as ve({¢}p{¥/}) is an existential second-order formula. O

Notably in the traditional case of the integers and the set of all first-order formulas C the converse
of Lemma 73 holds as well. Here, the expressivity of Z is crucial.

LEmMA 74. Let L4 = {0, 1, +, —, -, <} be the language of arithmetic and C be the set of all first-order
formulas. Then:

ZEve({plp{y}) = Zkc ve({olp{y).

Proor. The fixed-point theorem Corollary 42 states that Z |= vc({¢}p{y}) is equivalent to
Z |=ve({o}p{y})[I\u], where § is a tuple of LFP-atoms. Using Godel’s -function, we can encode
those LFP-atoms and find first-order formulas Ay, ..., A, such that Z |= y; < A for j =1,..,n. We
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explain how this can be done for an LFP-atom p = [lfp, ¢], where ¢ is an existential first-order
formula containing R. For | € w, let oé, be defined as in Definition 19. Theorem 21 states that:

[ifpg @] = \/ aé,.

lew

Now define A(X) using Godel’s f-function as follows: “There exists a sequence of formulas 62, ..., oy

defined as above such that oy, () holds’. Then, Z |= p <> A. As i is defined from existential first-order
formulas, this applies here. Hence, Z |= vc({¢}p{y}) [1\A], which implies Z |=¢ ve({p}p{¢}). O

Remark 75. Theorem 72 together with Lemmas 73 and 74 yields:

ZEve({olpiy)) o  Zr{elp{y}.

This has also been shown in [41], yet here we pointed out explicitly where the expressivity of Z
is used and which parts of the proof can be generalised to different structures. Combining this
equality with Theorems 60 and 65, we obtain the classical statement:

ZEA{elplyr = Zr{e}p{y}

7 Fixed-Point Approximation

The problem of finding first-order formulas which approximate a second-order formula is an
intensively studied topic in the history of logic. For second-order formulas of the form 3XVy v,
where i/ is quantifier-free, it has already been investigated by Ackermann in 1935 [1]. Under the
assumptions that the language £ is relational, i.e., £ contains no function symbols, and there is
only one unary predicate variable X, Ackermann [1] shows in detail how to compute an infinite
conjunction of first-order formulas that is equivalent to the second-order formula 3XVy . This is
achieved with a method similar to modern resolution. This result has also been extended to any
number of predicate variables of arbitrary arity [1, 63], yet the assumption of a relational language
remains. In this section, we show how to obtain a similar result for any language £, but with
another assumption: we only consider Horn formula equations. Moreover, this is attained with a
completely different method as a straightforward corollary of our Horn fixed-point theorem.

Let 3X ¢ be a Horn formula equation. In the last section, we found least fixed-point logic formulas
J11, oy fin such that [= 3X ¢ < [ X;\pi1, ... X \fin]. We can now use the first-order formulas defined
in Section 2.2.3, which approximate pq, ..., i, and therefore lead to an approximation of the second-
order formula 3X.

THEOREM 76. Let X1 be a Horn formula equation. Then, there exists a, possibly infinite, set of
first-order formulas ¥ such that:

Xy = A 0.
peY

Proor. Let i := [lprj ®,] for j € {1,...,n}. Applying Corollary 42, we have:

3)_(1// = Y[Xo\p1s o X\ ]

By construction i satisfies all base and induction clauses, thus:

Xy = Vg /\ CIXi\tt, o X \tin] (3),
CeE
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where E is the set of all end clauses in 1. Note that the formulas ¢, ..., ¢, in the n-tuple ® are
existential first-order formulas, hence we can use Theorem 21 to obtain:

IXy =Vy A CIX\0Lg - X\ 021 (D),
CeE

where 0';.”@ = View 0}1@ is an infinite disjunction of first-order formulas for j € {1, ..., n}. The clauses

in E have the form =y V =X;, (t;) V - - V =X;,, (tm). We denote a clause in E by the determining
tuple (y, 1, 7), where ¢ := {i1,...,im} and 7 := {t1, ..., tn, }. Then:

Wy =vg [\ (orVoole@) Vv a0l o ().
(y,1,7)€E

Per definition, there is a set of first-order formulas ¥; such that o-j”.’<I> = Vypey, ¢ for every j €
{1, ..., n}. Thus, with repeated application of Lemma 16, there exists a set of first-order formulas ¥
such that:

i N\ |rvel Voe@|veoval \ e ]|= /e

(y,LT)EE peY €Y, ey
[m}

Note that the set ¥ in Theorem 76 is countable and given constructively, let us say ¥ = {¢1, {5, ...}
Then, the first-order formulas /1, /1 A ¢, ... approximate the second-order formula 3Xv.

8 Inductive Theorem Proving

In this section, we consider an approach to inductive theorem proving based on tree grammars
[16] and show how to obtain a central result of [16] from the Horn fixed-point theorem shown in
Section 4. The aim of this approach is to generate a proof of a universal statement in two phases.
In the first phase, proofs of small instances are computed, from which a second-order unification
problem is deduced. Each solution of the unification problem is an induction invariant. We will
not go into depth about phase one as we are more interested in phase two, in which solutions of
the second-order unification problem are computed. We will see that the second-order unification
problem is in fact a Horn formula equation, where we use the Horn fixed-point theorem to get
solutions. In [16], as a running example, the approach is demonstrated on a proof that the head-
recursive and the tail-recursive definitions of the factorial function compute the same function. For
space-reasons, we do not repeat this example here. The interested reader is referred to [16], and in
particular to Section 7.1 which contains the computation of a solution of the Horn formula equation
induced by this running example. This approach has been developed for the natural numbers in
[16]. However, this is not a fundamental restriction; the approach could easily be extended to
induction on recursive data types, such as lists, trees, and so on.

In this chapter, we work in a language £, which contains the constant symbol 0 and the unary
function symbol s. We define n = s"(0).

Definition 77. Let Fy, ..., F,, Gy, ..., Gy, be formulas. A formula of the form F{ A --- A F, —
G1V:--VGy, is called a sequent and is written asI" = A, where " = {Fj, ..., F,} and A = {Gy, ..., G }.

Definition 78 ([16], Definition 6.1). Let a, B, v, y be variables only occurring where indicated.
Let To(a, f), T (e, v, y), 2 (@) be multisets of quantifier-free first-order formulas and let B(«) be a
quantifier-free formula. Let ¢;(a, v, y) and u;(«) be terms for i € {1,..,n} and j € {1,..., m}, where
n,m > 1. Let X be a ternary predicate variable. Then, the list of the following three sequents is a
schematic simple induction proof (schematic s.i.p.):
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(1) To(a, p) = X(a,0, ).
2) Ti(a,v.y) Ai<icn X(a, v, ti(a, v, y)) = X(a,s(v), y).
(3) FZ(a)’ Algjgmx(a’ a, uj(a)) = B((Z)

Note that every schematic s.i.p. defines a Horn formula equation 3XVa, §, v,y ¥/, where ¢ is the
conjunction of the three sequents. A solution of a schematic s.i.p. S is defined to be a quantifier-free
formula F(x,y, z), such that the three sequents of S with X replaced by F are quasi-tautological,
which means that it is valid in first-order logic with equality. This means exactly |= Va, §, v, y [ X\F]
as we always talk about logic with equality. For solving a schematic s.i.p., Iy, I'1, I; may be arbitrary
multisets of first-order formulas. In [16], the aim is to prove a universal statement YaB(a). A
solution of an appropriate schematic s.i.p. yields a proof of VaB(«) as follows: Of particular interest
is the case, when Iy, I3, I, are instances of a theory I'. In applications, this is an arithmetic theory,
e.g., Robinson arithmetic. Assume we have a solution F of a schematic s.i.p. S in that specific
case. Then, we can obtain a proof of VI' = Vf F(«, 0, §) from the first sequent of S, where VT
is the universal closure of I'. Similarly, we obtain VI,VSF(a, v, ) = VBF(a,s(v),f) from the
second sequent. As we are interested in proofs with an induction rule, we then are able to deduce
VI = Vv, fF(a, v, B). Thus, using the third sequent of S yields a proof of VI = B(«) and therefore
of VI' = VaB(«).

Next, we examine how to get a solution of a schematic s.i.p.

Definition 79 ([16] , Definition 6.10). Let S be a schematic s.i.p. with premises given as in
Definition 78. By recursion define the following sequence of formulas:

Cso(x,z) := /\ To(x, z)
Csg(x2) = \Tix G2 A J\ Csqlxi(x7.2)).

1<i<n

Cs,q(x, z) is called the gth canonical solution of S.

Let (O—é‘//)lew be the sequence of first-order formulas, describing the unfolding of the fixed-

point operator, defined in Definition 19 from the 1-tuple ®;, of first-order formulas (¢) defined in
Definition 29 from the Horn formula equation 3X).

LEmMA 80. Let S be a schematic s.i.p. and let AX be the formula equation defined from S. Then, for
all ¢ € N it holds:

Csq(x.2) = 0 (%, 2)-

Proor. We show the equivalence by induction on gq. The definition of (Ufb)lm is og) = 1 and for
l e w:

aclpﬂ(x,y,z) = (p(o{b,x,y,z) Eﬂa,ﬁ,v,y((/\ro(a,ﬂ) Ax=aAy=0Az zﬂ)

V(Afl(a,v,y)/\ /\ O'é,(a,v,ti(a,v,y))Ax:a/\y:s(v)/\z:y)).

1<i<n
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In particular, it holds that oy (x,0,z) = A Ly(x,2) = Cs(x, z). For g > 0, we have:

crg+2(x,q +1,2) = /\Fl (x%,G,2) A /\ ol (x,q ti(x, G, 2))
1<i<n

= ATixG2) A\ Cogleti(x7,2) = Csgui(x.2).

1<i<n

Now, we want to present Lemma 6.12 from [16] as a direct corollary of Corollary 42.

LeEmMA 81 ([16], LEMMA 6.12). Let S be a schematic s.i.p. Then, for any solution F of S and any
q € N, the gth canonical solution Cs 4(x, z) logically implies F(x,q, z).

ProoF. From the definition of oy, it follows that [~ O'g — oy forall g € w. Theorem 21 states that
oy = [lfpy @y ], and thus, Lemma 80 yields |= Cs 4(x,z) — [lfpy @] for all ¢ € w. Now, Corollary
42 concludes |= Cs 4(x,z) — F(x,q,z) forall g € w. O

Thus, we see that using the results from Section 4 shortens the proofs of a result from [16] and
explains it as a corollary of our fixed-point theorem.

9 Related Work

Much of the motivation for studying the solutions of formula equations rests on the many connec-
tions this problem has to a wide variety of other topics in computational logic. In addition to the
connections described in the previous sections, in this section, we discuss work on various related
topics.

Boolean Equations and Unification. Under the name of Boolean equations, solving formula equa-
tions is one of the oldest and one of the most central problems of logic. It goes back to the 19th
century and was already thoroughly investigated in [56]. See [54] for a comprehensive textbook.
Solving Boolean equations is closely related to Boolean unification, a subject of thorough study
in computer science, see, e.g., [3, 11, 46] and [47] for a survey. The generalisation of this problem
from propositional to first-order logic has been made explicit as early as [6, 7], see [64] for a recent
survey.

Second-Order Quantifier Elimination. Solving a formula equation in first-order logic is closely
related to second-order quantifier elimination, a problem with applications in a variety of areas in
computer science, e.g., modal logic, databases and common-sense reasoning [22]. A seminal work
on second-order quantifier elimination and basis of many modern algorithms is Ackermann’s [1].
The two main modern algorithms for SOQE are the SCAN algorithm and the DLS algorithm. SCAN
has been introduced in [21] and is closely related to hierarchic superposition [4]. Implementations
of SCAN can be found in [19, 51]. It has been used for a range of applications in various areas of
computational logic [22, 23]. The DLS algorithm has been introduced in [14] and extended to the
DLS* algorithm that works with fixed-points in [15, 50]. From the perspective of second-order
quantifier elimination, our fixed-point theorem can be seen as establishing that Horn formula
equations have canonical witnesses, called ELIM-witnesses in [64], in FO[LFP].

Fixed-Point Theorems. Fixed-point theorems play a central role for solving equations in many
areas of mathematics. They abound in logic with one of the most famous examples being the
recursion theorem in computability theory which guarantees the existence of a solution of a system
of recursion equations by computing a fixed-point. But also in areas quite remote from logic such
constructions can be found, as, for example, in the use of Banach’s fixed-point theorem in the proof
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of the Picard-Lindel6f theorem on the unique solvability of ordinary differential equations. Our
use of the fixed-point theorem for solving Horn formula equations in FO[LFP] follows exactly the
same scheme.

Least Fixed-Point Logics. First-order logic with a least fixed-point operator, FO[LFP], has been
studied at least since [49]. It is well known in finite model theory and computational complexity,
most notably because of the Immerman-Vardi theorem [36, 62]. FO[LFP] has already been used
for second-order quantifier elimination in the literature, for example, by Nonnengart and Szalas
in [50]. In fact, the key lemma for our fixed-point theorem is a generalisation of a result of [50],
which, in turn, is a generalisation of a result of Ackermann’s [1].

Logic Programming. In logic programming, it is well known that a set of first-order Horn clauses
has a unique minimal model, i.e., a satisfying set of ground atoms, and that this set can be obtained
as fixed-point of an operator defined by the clause set [37]. From that point of view, our fixed-point
theorem can be understood as, essentially, expressing this computation within the logic itself.

Verification. An entire workshop series is devoted to applications of constrained Horn clauses in
verification and synthesis, see, e.g., [33]. A set of constrained Horn clauses is simply a Horn formula
equation in the terminology of this paper. Also, in this community, the relationship between Horn
formula equations and least fixed points is well known and has been exploited for practical purposes,
e.g., in [61], see also [59]. In contrast to this line of work, our contribution is the formulation of
a general, theoretical, result based on an explicit fixed point operator that encompasses both,
simultaneous least fixed points and abstract interpretation. Abstract interpretation has been used
in tools for solving Horn clauses [32, 39].

The work [9] advocates for the use of existential fixed-point logic as a logical foundation of
verification. In particular, it was already shown in [9] that the weakest precondition and the
strongest postcondition can be defined without expressivity hypothesis in existential fixed-point
logic. We consider this paper as a continuation of this approach which adds to it by using the more
abstract concept of formula equation and showing how this is useful for a wide range of different
application in- and outside of verification.

Extensions. Various extensions of Horn formula equations have been considered, mostly motivated
by their applications in verification. In particular, Horn formula equations have been extended
to coinduction in [5]. In [42, 60], Horn formula equations have been investigated in the context
of first-order logic with least and greatest fixed point operators, thus generalizing coinduction.
Extensions to higher-order logic have been investigated in [10, 38, 43, 44]. In addition to higher-
order logic, Tsukada [58] also discusses various other extensions and applications to program
verification from the point of view of computational complexity. Our work, being restricted to
first-order Horn formula equations and least fixed points, does not directly apply to these results,
and extending our work to these settings is left as future work by this paper.

10 Conclusion

We have shown a fixed-point theorem for Horn, dual-Horn and linear-Horn formula equations.
These fixed-point theorems apply to an abstract semantics which generalises standard semantics by
allowing to interpret the least fixed-point operator and the second-order quantifier in a complete
lattice. The central lemma for proving these results is a generalisation of a result from [50], which,
in turn, is a generalisation of a result from [1]. From the point of view of logic programming, our
proof can be understood as expressing the construction of a minimal model of a set of Horn clauses
on the object level as a formula in first-order logic with least fixed points.
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These fixed-point theorems contribute to our theoretical understanding of the logical foundations
of constrained Horn clause solving and software verification. As corollary to our fixed point theorem,
we have obtained the expressibility of the weakest precondition and the strongest postcondition
and thus the partial correctness of an imperative program in FO[LFP]. We believe that it is fruitful
to consider constrained Horn clause solving from the more general point of view of solving formula
equations. On the theoretical level, this perspective uncovers connections to a number of topics
such as second-order quantifier elimination and results such as Ackermann’s [1]. On the practical
level, it suggests to study the applicability of algorithms such as DLS and SCAN for constrained
Horn clauses and vice versa, that of algorithms for constrained Horn clause solving for applications
of second-order quantifier elimination.

Moreover, we have shown that this fixed-point theorem has a number of applications throughout
computational logic: as described in Section 5, it allows to considerably simplify the proof of
the decidability of affine formula equations given in [30]. As shown in Section 7, it allows a
generalisation of a result by Ackermann [1] on second-order quantifier elimination in a direction
different from the recent generalisation [63] of that result. Furthermore, as shown in Section 8, it
allows to obtain a result on the generation of a proof with induction based on partial information
about that proof shown in [16] as straightforward corollary. Due to the naturalness of both, the
class of formula equations and the result, we expect many further applications of this fixed-point
theorem.

In conclusion, we believe that Horn formula equations have a central role to play in computational
logic and that the fixed-point theorem is one of their most important theoretical properties. The
proof of the fixed-point theorem integrates neatly with the existing literature on second-order
quantifier elimination. The expressivity of Horn formula equations enables their applicability in a
wide range of topics from software verification to inductive theorem proving.
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