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1 Introduction

In the automation of inductive proving, an important question is whether a
given correct statement can be proven by induction on itself. Lundstedt gave
instances of formulas that do not allow such a straightforward induction proof
in [1].

The aim of this seminar paper is to unify the proofs by Lundstedt into a
general criterion, that can be applied to statements of arithmetic as well as
statements concerning certain inductive data types.

We will first give the definitions necessary for the formalization of the above
question in the context of inductive data types, then we will state and prove the
criterion, and finally we will apply it to the examples provided by Lundstedt as
well as examples using the inductive data type of lists.

2 Preliminaries

We will firstly make precise, what me mean by a proof of a formula by induction
on itself:

Definition 2.1 Let L be a language with 0,s € L, T an L-theory and ¢(x) an
L-formula. Vaxp(x) has a straightforward induction proof in T iff

T,(0) ANVz(p(z) = (s(z) F Vop(r)

We will work with theories of a form similar to 7' = Thz/(N) U {D}, D3}.
Here, L = L’ U {f} and all ¢,g, R € L’ have fixed interpretations ¢, g, RY.
Thy (N) = {¢ L'-formula : N, ¢+ ¢V, g — ¢, R~ RY,... E ¢} and D?,D; are
the base and step case of a recursive definition of f. For example, D?p = f(0)=0

n

and D} = f(s(z)) = f(z)+s(z) make up a recursive definition of f(n) = >, .



We now introduce a more general context, where recursive definition and
proofs by induction are also possible: inductive data types.

We work in a many-sorted first-order logic with sorts s1,...,s,. A definition
of an inductive data type D on top of si,...,s, is given by a finite set of
constructors ¢y, ...,cp where, for i = 1,...,k, ¢; is a function symbol of type
D™ X Tp, 41 X o X T, = D with 75,41, .., Tim, € {81,...,8n}. In reference
to a data type, n; will always denote the number of arguments of type D of
the constructor ¢; and m; will always denote the total number of arguments. In
order for such a set of constructors to be a valid definition of an inductive data
type, there has to be ani € {1,...,k} with n, = 0. All ¢; with n; = 0 are called
base constructors, all others are called step constructors.

The natural numbers form the inductive data type Nat with constructors
0 : Nat® — Nat and s : Nat! — Nat. Another example is the inductive data
type List(s) of lists with elements from a sort s, which is discussed in Chapter
5.

Like the natural numbers, every inductive data type has a standard model.
For D an inductive data type defined on top of sorts sy, ..., s, with construc-
tors ci1,...,c, and Aq,..., A, interpretations of sorts, the set of constructor
terms of D with respect to Ai,..., A, is written as T?(Ay,..., A,) an is de-
fined as the smallest set X such that for all « < £k, for all a4,...,a,, € X and
aj € Mg for n;+1 < j < mj and [(j) such that T = 510j)s €i(@1, -5 Gm;) € X

Definition 2.2 Let sq,...,s, be sorts such that s;y1,..., s, are inductive data

types with s; defined on top of s1,...,8;_1. Let Ay,..., A; be sets. Then the
standard model S of s1,...,s, with respect to Ay,..., A; is defined by

S A;jfori=1,...,1
S, =
! Ts(s$,...,85 () fori=1+1,....,n

and ¢S = ¢ for all constructors c.
Now we move on to recursive definitions:

Definition 2.3 Let D be an inductive data type defined over sorts s1, ..., s, by

constructors c¢1,...,cg, let f: D X o1 X--- X 0, — & be a function symbol with
O1y...,01,0 € {S1,...,80, D}, f ¢ L. Then a primitive recursive definition of
f consists of equations D?, e D]ik with

f(CZ'(SCl,...,LEmi),Z) = ti(xlw-~axmivf(xlv')v“wf(xniv')vz) (D}Z)

where ¢1, ..., ¢, are L-terms and in every f(x;,-), the - is replaced by the right
number of L-terms t(x1,...,ZTm,, Z).

For our result, we will also consider relations as well as mutual recursion:

Definition 2.4 Let f; : D X 01 X --+ X 0; — 0; be new function symbols and
R;: D X 01 X -+ X g; new relation symbols for i = 1,...n.



(A1, ..., Ay = A ( N Rs(zj2)n N\ ﬁRS(xj,z))

SEA; sEA;:

Then a primitive recursive definition of the family {f1,..., fn, R1,..., Rn} con-
sists of a family of L-terms {t;, 5 :i < k,7r <n,A;,..., A,, C{1,...,n}} and
L-formulas {1; , 1 :1 < k,7 <n,Ay,..., Ay, €{1,...,n}} with

fr(ci(xlv ey xmi)u 2) = ti,T,A(x17 .o 7xmi7f1(x17 ')7 s fl(xn7;7 ')7 2) (D(}i(A))
Re(ci(w1, s m,), 2) € Vi A(1, s Ty, f1(21,0), - fil@n,, ), 2) (DR (A))
where all - are replaced by the right number of L-terms t(z1,...,%m,, Z).

We also define - ~
pi= A () D5(d)
Aty An, C{1...1}

= N (e D5 (A)

Like in the natural numbers, for every primitively recursively defined family
{f1,--., fi, R1,..., R}, there exist unique interpretations f{,..., 7, RS,..., RY
on the standard model S.

The following recursively defined function will play an important role in our
result:

Definition 2.5 Let D be an inductive data type with constructors ci, ..., ck.
The length function |-|: D — N is given by

|Ci(l'1, . xml)

=3 oyl +1 (D)
j=1

In order to generalize the notion of straightforward induction, we need in-
duction axioms for inductive data types:

Definition 2.6 Let D be an inductive data type with constuctors cy,...,c,
L D> {c1,...,c} alanguage and ¢(x) an L-formula. We define:

Uz

ISp(z) =V, -V, ( A <p(zj)) — o(ci(z1,...,Tm,))

j=1

The induction aziom is defined as IP¢(x) = (/\f:1 I,fgo(a:)) =V : o(x).



Again, like in the natural numbers, for every L-formula and any M that is
an expansion of S to L, M F IPp(x).

Definition 2.7 Let D be an inductive data type with constructors cy,...,c,
L 2 {c1,...,c} alanguage, T an L-theory and ¢(z) an L-formula. Vzeo(z) has
a straightforward induction proof in T iff

T. 17 p(x) b Vap(z)

For our result, we also need the notion of the arguments of a function or
relation in recursion position that appear in a formula.

Definition 2.8 Let L be a language, f € L. We define recursively:
Argy(c) = Argy(z) =0
Argp(g(ti...t)) = Argp(t1) U~ - U Argp(ty)
Argp(f(tr...tr)) = Argp(ta) U~ U Argp(tx) U{t1}
Argp(R(t1.. . tr)) = Argy(t1) U - -+ U Arg(tx)
Argy(—p) = Arg;(Vop) = Arg,(Frp) = Arg(p)

Argp(p NY) = Arg (o Vo) = Arg,(p) U Arg (1)
For a set of functions A we define Arg, () = U e Args(p).

Definition 2.9 Let L be a language, R € L. We define recursively:
Argp(S(ty...tp)) =10

Argp(R(t1 .. .tg)) = {t1}
Argr(—p) = Argp(Vap) = Argg(Jzp) = Argg(p)
Argr(p A1) = Arggp(p V ¥b) = Argg(p) U Argg(¥)
For a set of relations A we define Arg,(¢) = Uprc 4 Argr(®)-

3 The main result

Definition 3.1 We call an LU {f,..., f;, R1,..., R}-formula ¢ suitable iff
is the only free variable in ¢, = is bound nowhere in the formula and x is the
only variable in ¢ for all t € Arggy, 1y (9) UArgir,  r(9)

Definition 3.2 Let D be an inductive data type defined by constructors ¢y, ..., cg
with ny,...,ng € {0,1}, L 2 {e1,...,cx} alanguage, S’ an expansion of S to L.
Let f1,..., fi,R1,..., R; be a primitive recursively defined family of new func-
tion and relation symbols, ¢(z) a suitable LU {f1,..., fi, R1,..., B }-formula.
o satisfies the Lundstedt criterion for lower bound b and counterexample step



constructor cj, iff for every m € N there exist ay,...,an, € S, f1,...,0 and

M ..., interpretations of the new function and relation symbols, such that
with S, = (S, f— B, R— 7):
1. For all r < [, ¢ < k indices of step constructors and all d1,...,6,,, with

161] > b: S F V2D (3,2) AVEDS; (6, 2)
2. Sm F p(a1) A —p(c; (@) . )
3. Forall t € Argrp, 1y (0) UArg(p,  py(0): [t5 (ar)], [t (c;(@))] > m

Theorem 3.3 Let D be an inductive data type defined by constructors ¢y, ..., ¢
with ny,...,ng € {0,1}, L 2 {e1,...,cx} alanguage, S’ an expansion of S to L.
Let f1,..., fi, R1,..., R; be a primitive recursively defined family of new func-
tion and relation symbols, ¢(z) a suitable LU {f1,..., fi, R1,..., R }-formula.
If there exist a lower bound b € N and a step constructor c;, such that ¢ satisfies
the Lundstedt criterion for b and ¢;, then Vao(z) does not have a straightfor-
ward induction proof in Thr (") U{D% ,Dy :i <k,p<I}.

For the examples provided by Lundstedt, the following simplified formula-
tion for functions on the natural numbers will suffice:

Corollary 3.4 Let L D {0, s} be a language, with every symbol of L having a

fixed interpretation in N. Let fi,..., f; : N¥ = N be new function symbols,
fi(0,2) = £(2) (DY)
fi(s(x),2) = 87 (z, f1(=), ..., fi(z), 2) (DF,)
with ¢9,... 0,5, ..., L-terms and o(z) a suitable L U {fy,..., f;}-formula.
Suppose for every m € N there exists an o € N and f,..., 0 : N¥ = N, such
that:

1L Bi(n+1,2) = t)N(n, Bi(n,-), ..., Bi(n,-),z) for all n, 29, ..., 2 € N

2.N, f= BE () Np(a+1)

3. NP (), NP (a4 1) > m for all t € Argiy, 1 (9)

Then Vzp(x) does not have a straightforward induction proof in Thy (N) U
{DY,...,DY.D5 ..., D} }.

In order to prove the theorem, we first need two lemmas.

Lemma 3.5 Let D be an inductive data type defined by constructors ¢y, ..., ¢k
with n1,...,n; € {0,1}. Then for every n € N, there exists a {c1,...,cx}-
formula 1, (x), such that for all a € S : S E ¢, () iff || = n.
VZ 1 =1 (ci(T)) and V& : by (71) — —ny1(ci(T)) are elements of Thyc, ¢, }(S)
for all 7 < k indices of step constructors and all n € N.

Proof. We define 9, recursively:

Pi(z) = \/ 3y x = ci(y)
i<k index of
base constuctor



Vnt1 = \V 35+ (@ = ci(y) A n(y1))
i<k index of
step constuctor
By induction on n, we directly get that S F v, («) implies |a] = n. The other
direction follows, because every element in S is reachable by a constructor.
For every step constructor ¢; and all @ € S |¢;(@)] = |aa] +1 > 2, so0
S F i (ci(@)).
If |c;(@)] = n+ 1, then we would get |a1] = n, so § F —w,(aq) —
“Unt1(ci(@)).
U

Lemma 3.6 Let L be a language, a1,...,a; € L constant symbols, fi,..., fi,
Ry, ..., R; function and relation symbols and ¢(Z) an LU{ f1, ..., fi, R1,..., Ri}-
formula.
Let M and N be models in LU {f,...,f1,R1,..., R} with the same do-
main M and matching interpretations ¢M = N, fM = N RM = RN for
all ¢, f,R € L. Let A C M be such that fM|, = V], ..... M, = V],
RM|, =RY|,,....,RM|, = RV|,.
Suppose for every t € Argyy,  r3(0) UArgip,  py(p) : tM(aM) € A. Then
ME p(a) if N E p(a).

Proof. We proceed by induction on the subterms and subformulas of .
For terms t1,ts and formulas 11, 19, define:

tl §'1t2<:)5|f5|u1--~5|uk:tQ:f(ul,...,uk)/\(tl:u1v~~-\/t1:uk)

(o = =1 Vapg =V 1 4Py Vapo =z 9P1)V
Fnps : ((h2 = 1 AP3) V (P2 = 3 A 1))V
s 1 (P2 =1 V h3) V (P2 = b3 V 1))V
Tz (Y2 = b1 = P3) V (Y2 = Y3 — 1))

<4, <g are the transitive closures of <}, </, and for a term ¢ and a formula

1 <hH e &

.
tggz/M:)HRHuln-Eluk:(R(ul,...7uk) Sgi/))/\(tglul\/~~\/t§1uk)

Claim 1: For all t <3 p(a) : t" = V.

For t = ¢ € L we demanded ¢M = V. For t = f(uy,...,uz), we get
Upy .. ugp <1t <3 (@), so uy,...,ur <3 ¢(a). By the induction hypothesis,
usMt zujl\[,...7u£/l :uﬁf. If felL,then fM=fN sotM =tV If f = f,
for r <1, we know u; € Arg,(t) C Arg;(p(a)) because t <3 ¢(a). Therefore
uM € A, so tM sz(ul,...,uk):fN(ul,...,uk):tN. O
Claim 2: For all ¢ <5 p(a) and all dy,...,dy : M E (d) iff N E (d).

For ¢ = R(t1,...,t;) ¥ <o @(a) implies t,...,t, <3 (@), so t} =
N M =N If R € L, then RM = RN 5o for all dy,...,dy : M E (d

it N E(d). If R = R, for r <1 it follows again, that t; € Argr(p(a)), so



again for all dy,...,dy : M E 9(d) if N E 9(d). For ¢ = —py,Vz : 1,3z :
W1, %1 Ao, P1 V iha, 101 — 1o, the induction step is a standard result. [J

Because ¢(a) <5 ¢(a) and ¢(a) has no free variables, we get M E p(a) iff
N E ¢(a).

O

Proof of Theorem 3.3 With the formulas {1, : n € N} we can reformulate
points 1-3 to state S,,, F TUA,,, with I" = Th (S)U{p(a1), ~¢(cj(ai, ..., am,)) U

{Vz : (/\z:1 ﬂwp(x1)> — (D; () A D‘;{T(a?)) :r < 1,4 index of step constructor}

and A, = {=,(t(a1)) A "g(t(cj(a, ... am;))) - p < m,t € Arg{flmfl}(go) U
Argip, ()}

Then for Ao = U, ,ey Am and T'g € T'U A finite, there exists an m with
'y C T UA,, and therefore S,, E To. So, by the compactness theorem, there
exists a model M with M ET UAL.

Let A= {6 € M : 0hassort D, forallp € N: M FE —,(d)}, then for
all t € Arggy () U Argep, gy (9): tM(a{\’t),tM(cf/l(a{M,...7a{‘n/L) e A
because M F A.

We define the model N by N‘Lu{al,..‘,amj} = MILU{al,..‘,amj}- For r < I,

we notice that for all §;,( € M with M F ¢;(6;), we get a unique value for

fr(61,¢) from one of the D% . Using all these values, we get a unique value for
fr(62,¢) with M F 95(82) and so on, ending up with a recursively defined f5*

and analogously with RS'd. We define:
- MG, Q) ifse A
6.0 =17 0
13495, C) else

Nos s JRM@B.Qifoe A
Rr (57<)_{Ritd(5,§) else

By Lemma 3.6 M F p(a1) if N F ¢(a1) and M E ¢(cj(a)) if N E p(c;(a)).
So N E =17 p(x) and therefore N F IP¢(z), —Vz : ¢(x).

We also get N E Thy(S) since M|, = M|L.

Finally, we show for all i <k and r <IN F DY, Dy : Let 01,...,0m, € N.

If Vp € N: N E —p,(61), then by Lemma 3.5 Vp € N : N E =, (c;(3)), be-

cause N F Thyc,  ¢,1(S), 50 01, ¢;(9) € A. Arg{flmfl}(D‘}i)UArg{leRl}(D;:) =
Argrs, gy (DR U Argir, gy (D) = {71,¢:(2)}, so by Lemma 3.6 M F
DY (9) iff N DY (8) and Mk Df (9) iff N'= D (9).

Else, either d; is not of type D, in this case ¢; is a base constructor and M F
¥1(c;i(0)), or there is a p € N with M F 1,(61), in this case M F 1,11(c;(0)).
In both cases, d; and ¢;(d) fall in the recursively defined part of N and RV,
so they fulfill D', DF .

In conclusion, we have N E Thr(S) U{D;;,D%p i < k,p <1}, NEIPp(x)

and N E Vz : o(z). So Thp(S)U {D§, DR i<kp< I IPo(z) ¥ Yz @ o(z)



and therefore Vz : ¢(z) does not have a straightforward induction proof in
Thr(S)U {D;;,D%p i <k,p<l}

O

4 Examples by Lundstedt

We will now apply Corollary 3.4 to the three examples, which Lundstedt exam-
ined in his paper. For these examples, the background language does not play a
big role in the proofs, one could even consider a language, that includes function
and relation symbols for every f : N¥ — N and R C N*. We will work in the
language L = {0, s, +, -, <, exp, |} with exp(n,m) = n™ and n! = n(n—1)---2-1.

Example 4.1 Vn3k : Z?;Ol(% + 1) = k? does not have a straightforward
induction proof.
To see this, we define a new function f : N — N by

F(0)=0 (D})

f(s(@)) = fa) + 22 +1 (D})

and p(z) = 3k : f(x) = k- k. So, Args(p) = {z}. (A more formally correct
but less readable version of D} would be f(s(x)) = (f(x) + (s(s(0)) - x)) +5(0),
this translation is left to the reader from now on.)

For m € N take & = m and 3 : n + n? +2m + 1. Then
LBn+1l)=mn+1)2+2m+1=n’>+2m+1+2n+1=8(n)+2n+1.
2. Bm)=m?+2m+1=(m+1)?% soN, f— BF p(a).
But (m+1)? = m?>+2m+1 < B(m+1) = m?+4m+2 < m?>+4m+4 = (m+2)?,
so there is no k with B(m +1) = k%, so N, f — B F =p(s(a)).
3. Finally, a, s(a) > m holds by definition.

So, by Corollary 3.4 Va3k : f(x) = k -k does not have a straightfor-
ward induction proof in Thr(N) U {D}, D%}. However, the stronger statement

n Z?;OI (2i + 1) = n? does have a proof by straightforward induction.

Example 4.2 >°7°, Z% = %2 is a famous result by Euler and it is easy to check

%2 < 2. However, Vn : }.I" | & < 2 does not have a straightforward induction
proof.

In order to avoid talking about rational numbers, we will work with the
equivalent statement Vn : (n!)> Y1 | & < 2(n!)%. The right and left side of this
inequality can be recursively defined as follows:

f(0)=0 (D$)
9(0) = s(0) (Dg)
f(s(z)) = (@ +1)*f(2) + g(2) (D})



9(s(x)) = (z +1)°g(x) (D7)
To obtain our original statement, we set ¢(z) = f(z) < 2 - g(z). Again,

Argy(p) = Arg,(p) = {z}.
For m € Nset « = mand ¢ =2— 3(X7", & + S L) By simple

1112

arithmetic and the result of Euler, it follows that ¢+ > ", & <2 < Zmﬂ L

and that ¢ > 0, so ¢ = L with ¢1,¢2 e N. We want 583 =q+> 5 4 73, which

is achieved by B(n) = ( ) (2>, # +q1) and y(n) = (n!)2q.
LB+ 1) = (0 + 120 (g2 300y % + 1) + (1 + 1202 e = (n+
1)28(n) +~v(n) and y(n + 1) = (n + 1)2(n!)%q2 = (n + 1)2v(n).
2. (N, fr3 5,9 = 7 F o(n))
& (n)? (q Yt @) < 2(nh)’q
&Y mt o <2
soN, f ﬁ,g 7 E p(a) A-p(s(a)
3. Again, a, s(a) > m is clear.
So, by Corollary 3.4 Vz : f(x) < 2g(z) does not have a straightforward in-
duction proof in Thy(N) U {D%, DY, D3,Dg}. Again, there is a strengthemng

with a proof by straightforward 1nduct10n namely Vn : 21:1 = +41 = <

Example 4.3 For many common functions, there are so-called tail-recursive
definitions, which involve an accumulator argument a. They may be preferred
to the standard recursive definitions for practical reasons. Here are the tail-
recursive definitions of the factorial, multiplication and exponentiation:

fact(0,a) = a (DY)
fact(s(z),a) = fact(z,a - s(x)) (Df,t)
mult(z,0,a) = a (D 1)

mult(z, s(y),a) = mult(z,y,a + z) (D3uit)
texp(z,0,a) = a (D teXp)

texp(z, 5(y), a) = texp(z,y,a - x) (Dfexp)

Correctness proofs for these definitions are desirable but not possible using
straightforward induction. More precisely, the statements Vz : fact(x,1)=x!,
VaVy : mult(x,y,0) = x -y and VaVy : texp(z,y,1) = exp(z,y) do not have
straightforward induction proofs.

Again, the statements VzVa : fact(z,a) = z! - a, YyVaVa : mult(z,y,a) =
z-y+a and VyVaVa : texp(z,y, a) = exp(z, y)-a admit proofs by straightforward
induction and imply the correctness of the definitions.

To apply our criterion, we take & = m and define:

B(z,a) = m!



¥ (x,y,a) = my

(m+1)-y+lifz-y+a=(m+1)-y
T -y + a else

Y (z,y,0) = {

é(z,y,a) = 2™

(m+1)Y+1ifzY-a=(m+1)Y
z¥ - a else

8 (x,y,a) = {

We will only go through the three points of the criterion for the case of mult,
fact and exp follow analogously.
1. Because v only depends on z, y(z, s(y),a) = vy(z,y,a + ).
2. v(xz,m,0) = xm, but vy(z,s(m),0) = zm # x(m + 1) for x = 1.
3. Arg e (Vo - mult(z,y,0) = 2 - y) = {y} and o, s(a) > m.

This technically only tells us, that there is no proof of VyVz : mult(z,y,0) =
x -y by straightforward induction on y. Surprisingly, it is harder to show the
nonexistence of a proof by straightforward induction on x, even though induction
y seems more natural:
1. z(y+1)+a=(m+1yiff zy+ (a+x) = (m+ 1)y, so either v'(z,y+1,a) =
(m+1Dy+1=9"(z,y,a+2z) or v(z,y+1,a) =2(y + 1) +a=~'(z,y,a + ).
2. 7'(m,y,0) = my, but v'(s(m),y,0) = (m+ L)y + 1 # (m + 1)y.
3. Arg e (Vy - mult(z,y,0) = 2 - y) = {2} and o, s(a) > m.

5 Further examples

Most times when applying Theorem 3.3 or Corollary 3.4, the simplest approach
will be to think of only one function or relation symbol as recursively defined
and consider all other symbols as elements of the background language. The
following example as well as example 3.4 are counterexamples, where it seems
necessary to use the recursive definition of multiple symbols:

Example 5.1 We work in the inductive data type Nat of natural numbers and
define predicates P and @ by:

PO) T (Dp)
Q) < T (D)
P(s(x)) < Q(x) (Dp)
Q(s(x)) < P(z) (D3)

The above definition is not technically correct, a correct version would look
like:



(P(z) A Q(z) = (P(s(x)) & T))
A (P(x) A~Q(x) = (P(s(x)) & 1)) o)
A (=P(@) AQ(x) — (P(s(x)) > T)) a
A (=P() A =Q(x) > (P(s()) & 1))
(P(2) A Q(z) = (Q(s(x)) & T))
A (P() A=Q(x) > (Qs(x)) « T)) o5
A (=P(x) A Q(x) = (Q(s(2)) < L)) Q
A (=P() A =Q(x) - (Qs(x)) <> L)

Again, we will from now on only give the more readable version of the
definition.

Vz : P(z) can be proved by induction on Vz : P(x) A Q(x), but there is no
proof by straightforward induction, as can be seen by taking b = 0, « = 2m and

n(n) < nis even

n2(n) & n is odd

1. Since s is the only step constructor, we have to consider D}, and Dy, clearly
s(n) is even < n is odd and s(n) is odd < n is even.

2. a = 2m is even, but s(a) = 2m + 1 is not.

3. a=2m>m and s(a) =2m+1 > m.

We will now be working with the inductive data type List(s), which has the
two constructors nil : List(s)? — List(s) and cons : List(s) x s — List(s),
with nil representing the empty list and cons(a, L) representing the list with
first element a and rest L. We will only consider List(Nat), but the arguments
can be applied to most sorts s. The language L will depend on the example,
S’ will be the appropriate expansion of S. We will also use the shorthand
[1,...,2,] = cons(xy, cons(: - - cons(z,,nil) - - -)).

Example 5.2 We can recursively define the concatenation of two lists, as well
as the reverse of a list:

nilo Ly = Lo (Dxil)

cons(x, L1) o Ly = cons(z, Ly o Ly) (Dgons)
rev(nil) = nil (Dril )
rev(cons(z, L)) =rev(L) o [z] (Deons)

This is not a primitive recursive definition of the family {o,rev} in the sense
of Definition 2.4, since Do applies o to rev(L) instead of L. So in order to use
Theorem 3.3, we need to add o to the background language L = {nil, cons, o}.

The first two natural statements about rev are VL : rev(rev(L)) = L and

VIL1VLy : rev(Ly o Ly) = rev(Lg) orev(Ly). The second statement has a proof

11



by straightforward induction on L:
nil nil
Induction Base: rev(nilo Lj) e rev(Ly) = rev(Lsg)onil =" rev(Ls)orev(nil)
(VL : L= Lonil € Thr(S")).
Induction Step: rev(cons(x, Lq)o L) Pe rev(cons(x, L1 0 Ls)) =3 rev(Ljo

L) o [z] & (rev(Lg) orev(Lq)) o [x] = rev(Lg) o (rev(Lq) o [z]) Pre rev(Lg) o
rev(cons(z, L1)) (VL1VLoVLs : (L1 o Lg)o Ly = Ljo(Lyo L3) € Thi(S")).
Using the second statement, we also get a proof of the first:

Dnil nil
Induction Base: rev(rev(nil)) =" rev(nil) =" nil.
cons
fov

Induction Step: rev(rev(cons(z, L))) Pre rev(rev(L)o[z]) = rev([z])orev(rev(L))

TH. Dcons Dnil peons
=% (nilo[z])o L ° =° cons(z, L).

But the first statement does not have a straightforward induction proof in
Thy(S'), as we can see by taking b = 1 and

B[z, ..., 2n]) = [0,2p—-1,...,21]

For m € N, we take oy = [0,...0] with || = m and ay = 1.
1. Since cons is the only step constructor and rev is the only function not
in the background language, we only have to consider DS"s: |§;]| > 1 implies
01 # nil, so 07 is of the form [k1,...,k,] with n > 0. So S(cons(d2,d1)) =
B([02, k1, ... kn]) = [0,kn_1,...,k1,02] = 8(1) o [d2].
2. B(ﬂ(al)) = ﬂ(ﬂ([oa s 70])) = 6([03 ce 70}) = [Oa s aO] = ai, but
B(B(cons(ag, 1)) = B(B([1,0,...,0])) = 8([0,...,0,1]) = [0,0,...,0]
# cons(ag, ay).
3. (L) = rev(rev(L)) = L is an example of a formula with nontrivial ar-
guments: Atg,e,(9) = Arge,(rev(rev(L))) U Argyoy (L) = Aty (rev(L)) U
{rev(L)} U = {L,rev(L)}.
|8([0,...,0])] =1[0,...,0]| =m and |B([1,0,...,0])| =|[1,0,...,0]| =m + 1.

Example 5.3 There also exists a tail-recursive definition of rev:

trev(nil, Ly) = Lo (Duil )
trev(cons(x, L1), L2) = trev(Ly, cons(x, Ls)) (Dfeev)

Like in Example 4.3, there is no correctness proof by straightforward induc-
tion in Thz (S") U {Dm!  Deonst with L = {nil, cons, o, rev}:

Let ¢(L) = trev(L,nil) = rev(L),b = 0,m € Nyaq = [0,...,0] with |oq| =
m,ay =1 and 8(L1, Ls) = ay. Then:
1. Since S is constant, 8(cons(d1,02),d3) = B(d2, cons(dy,d3)) for all dy, da, da.
2. B(aq,nil) = ay =rev(ay), but S(cons(1, aq),nil) = ay # rev(ay) o [1].
3. |ai| = m,|cons(1,aq)] = m + 1.

The same b, a1, a2 and § also show, that VL : ¢(L) does not have a proof
by straightforward induction, where (L) = trev(trev(L, nil), nil) = L. It seems
that for most tail-recursive definitions, this approach using a constant function
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works.

Example 5.4 Theorem 3.3 also makes the analysis of more complex construc-
tions, like the formalization and correctness proof for insertion sort, possible.
For this, we will be working in the language L = {0, s, <,cd, nil, cons}, where
< is the usual order on the natural numbers and cd is a function needed
in a case distinction in the definition of the insert function and defined by
cd(m,n,p,q) = mifp<q
n else

We can now define the two functions for insertion of an element into a sorted
list and for sorting a list, as well as a relation to indicate that a number is less

than or equal to all elements of a list and a predicate for all sorted lists:

insert(x, nil) = nil (Dhitere)
3 L)) if x <

insert(x, cons(y, L)) = cons(x,.cons(y, )ifes<y (Dfsert)
cons(y, insert(x, L)) else

isort(nil) = nil (D)

isort(cons(x, L)) = insert(x, L) (Disort)

e < nil & T (DZ

x < cons(y,L) <z <yAz<'L (DLMs)

sorted(nil) < T (Diirea)

sorted(cons(x, L)) <> # <" L A sorted(L) (Dgortea)

Now we want to show that ¢(L) = sorted(isort(L)) does not have a straight-
forward induction proof. There are two possible ways to do this with slightly
different results: one could give variations of the functions or of the predicate.

For the first way, let b=1,m € N,a; = [0,...,0] with |a;| = m,as = 1 and

5(%, [yla cee 7yn]) = insertS’(x, [yla s ,yn—l]) o [yn]

V(1. ., @) = isort ([z1, ..., Zp_1]) 0 [2n]

1. 6] > 1 implies ¢ # nil, so J is of the form [ky,...,k,] with n > 0.

If x <y, then B(x,cons(y, ) = insert(z, [y, k1, ..., kn_1]) © [kn]

= [x,y,k1,...kn—1] o [kn] = cons(z, cons(y, §)), otherwise S(x, cons(y, §
= insert(z, [y, k1, .. ., kn—1]) © [kn] = cons(y, insert(x, [k1, ..., kn—1])) o
= cons(y, 8(x, d)).

~(cons(zx, d)) = isort([x, k1, ..., kn_1]) o [k,] = insert(z,isort([k1,...,kn-1])) ©
(o] = 8,50 k1) o Do ]) = B, 2(0).

2. v(ap) =10,...,0] is sorted but y(cons(1, 1)) =
3. |aa], |cons(1, aq)| > m.

)
k]

[0,...,0,1,0] is not.
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So (L) does not have a straightforward induction proof in Thy,(S’) with
L' = L U{</ sorted}, meaning that the nonexistence of a straightforward in-
duction proof for insertion sort does not depend on the axiomatization of being
a sorted list.
For the second way, take b = 2,m € Nyay = [0,...,0] with |ay| = m,as =1
and
n([x1,. .., 2n]) © [X1,. .., T2, Tpn, Tn_1] is sorted

1. 6] > 2 implies 6 = [k1, ..., kp] with n > 2.

n(cons(z,0)) < [z, k1, ..., kn—2,kn, kn_1] is sorted

Sz <ky.. . kyANk1,... kn_o,kn,kn_1] is sorted < z <" § An(d)

2. n(isort(ay)) < [0,...,0] is sorted, which is true.

But n(isort(cons(1, a1))) < n([0,...,0,1]) < [0,...,0,1,0] is sorted, which is

false.

3. [lisort(ay)| =[0,...,0]] = m and |isort(cons(1,aq))| = |[0,...,0,1]| = m + 1.
So (L) does not have a straightforward induction proof in Thy.(S’) with

L’ = L U {insert, isort, <'}, meaning that the nonexistence of a straightforward

induction proof of the correctness of sorted does not depend on the sorting

algorithm.
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