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Abstract

Canonical function coding at x as defined in [2] was claimed in [2],
Remark (a) after the proof of Theorem 39, to be <x-directed closed. There
is a minor gap in that argument and we want to take the opportunity here
to provide a corrected and additionally simpler approach to that claim,
i.e. present a short and self-contained improved version of Theorem 39 of
[2]. Thus we provide a <k-directed closed (in fact even <x-linked closed),
kT -cc forcing to introduce a boldface definable wellorder of H, +, assuming
k is regular, k<" = k and 2" = k. The main idea for the simplification
(and in fact the whole proof) is essentially contained in [1]. This result
slightly improves parts of a result in [3], where a Aj-definable wellorder of
H, + is introduced by <k-closed (and in fact <x-directed closed, but not
<k-linked closed), x*-cc forcing (however without assuming 2% = ™).

Definition 1 Assume P is a partially ordered set and k is a cardinal.

e D C P is directed if any two conditions in D have a common extension
in D.

e D C P is linked if any two conditions in D have a common extension in
P.

o P is <k-directed closed if any directed subset of P of size less than k has
a lower bound in P.

o P is <k-linked closed if any linked subset of P of size less than k has a
lower bound in P.

Assume £ is regular, k<* = k and 2% = kT. For every v € [k,kT), let

fy: K — v be a bijection. We will define a forcing P to introduce a boldface
definable wellorder of H,.+ which will be <x-linked closed and x*-cc. P is an
iteration of length k™ with <x-support. Py and P; both denote the forcing to
add a Cohen subset of k. Let B denote the generic subset of x added by P, let
S denote the generic subset of £ added by P;. P is trivial in the interval [2, k),
so P., the iteration up to k, is equivalent to just Py * P;.

We will inductively define P, for a € [k, xT) and a predicate A: [k, xT) — 2.
As this notation already suggests, we will identify predicates or sets of ordinals
and their characteristic functions. For every a € (k,xT], Ala will be a P.,-
name. The definitions will be such that for any « € [k, x"), P, can be defined
given AJa. We fix a wellorder W of H,.+ of order-type x*. Given a € [k, k™),
A(a) is a P<q41-name for either 0 or 1 such that in any P,1-generic extension,



A(a) is evaluated to 1 iff a =< B,7,6 =, 4 is the S*® (in the sense of W) P_.-
name for a subset of x, 6 < x and the induced P..-generic decides that &(J) = 1.

Ifi € [k, kT), P; is the forcing defined in the P.;-generic extension as follows.
A condition t in P; is a k-Cohen condition s.t. {n < [¢| | t(n) = 1} is a closed,
bounded subset of x and!

Vi€ (tNS) Blot filn]) = A(i).?

Conditions in P; are ordered by end-extension.

If « < kT, pis a condition in P, and i € [k, a), we denote p(i) by p*. We
write b(p) to denote p(0) and we write s(p) to denote p(1). We define the club
support of p as C-supp(p) = {i | pi* # 1}. Let G be P-generic.

Claim 2 Asume A < & and D is a linked set of conditions in P... Let r
be the componentwise union of D, i.e. r is a sequence of length o such that
b(r) = Upep b(p), 5() = Uy s(p) and 13 = U p(p):* for v € C-supp(r) :=
Upep C-supp(p). If plyI-b(r)| = [s(r)| = [r3*| for every v € C-supp(r), then
D has a lower bound in P,

Proof: Let & = |b(r)|. We build ¢ out of r by setting b(q) = b(r) U {(£,0)},
s(q) = s(r) U{(£,0)} and ¢2* = r3* U {¢} for every v € C-supp(r). Using that
qly® forces that either Sup(ré*) = ¢ or dp € D supry* € pJ* and using that
11Fs(q)(€) = 0 it is trivial to check that ¢ is a condition in P, extending each
peD. O

Claim 3 Suppose k < a < k*. Then the following hold:

1. Pcy has a dense subset D<o of conditions p such that pi* € V for every
v € C-supp(p).

2. The following set is dense in Dy
Eco ={p € D<o | ¥y € C-supp(p) plvIF[b(p)| = [s(p)| = Ip3"(}
3. F.qy 18 <k-linked closed.

Proof of 1: If « = B+ 1 is a successor ordinal and given any condition p € P,
we use 2 and 3 inductively to decide pg*. If a is a limit ordinal of cofinality
or a = kT, the result follows inductively by 1 as any condition p € P., has
support bounded in . Assume that « is a limit ordinal of cofinality A < xk and
p is a condition in P.,. Let (a; | i < A) be increasing, continuous and cofinal
in a. Build a decreasing sequence of conditions (p’ | i < A) such that p° = p
and for every i < \, p"tlla; € E—q, and p*tiay, k) = p'lay, kT). Tt follows
by Claim 2 that (p’ | i < £) has a lower bound ¢ for every £ < X and in fact the
construction of ¢ in the proof of that claim shows that g[as € E<,,. Hence we

1We write € t to abbreviate t(n) = 1. We write sup(t) for sup({n | t(n) = 1}). Using
predicates giving rise to closed, bounded subsets of  instead of closed, bounded subsets of x
themselves is the necessary correction to make the proof work, as mentioned in the abstract.

2This constitutes the simplification mentioned in the abstract - we don’t demand this kind
of coding property for all n € ¢, but only for n € (¢ N S), where S is the stationary subset of
k previously added by Cohen forcing.



can perform the above construction and if ¢ is the lower bound of (p’ | i < )
as obtained in the proof of Claim 2, then ¢ € F«, C D<g,.

Proof of 2: Immediate by 1 and just lengthening components by zeroes.

Proof of 8: Immediate by Claim 2. O
Claim 4 P is xt-cc.

Proof: It a« < k™, {p € D, | p(0) decides p(1)} is dense in P, and has size k.
P_,.+ is the direct limit of (P<, | @ < k") and thus is k*-cc. O

Claim 5 Any condition p € P has an extension q such that for any given £ < k
and any ¢ € [k, £T), q[ClFsupgf* > €.

Proof: Let X be an antichain of P below p[¢ deciding sup(p ¢"). Choose & >¢
)

)-
such that p(O) IF¢ & |s(p)|. Choose g to extend p such that s(q) 2 s(p)U{(¢’,0)}
and choose qC such that whenever z € X forces that sup(pC ) <&, then x forces
that ¢* = p* U {¢'} and such that x forces q* = p¢* otherwise. O

Claim 6 A is definable from S and B over H;Q[G].

Proof: An easy density argument using Claim 5 shows that in H, _; V[G]

vyEA < ICclub¥é € CNS ot f,[d] € B

Moreover the same is true with f, replaced by any bijection between £ and +.
O

Claim 7 In V[GL Hn+ = LH+ [A]
Proof: An obvious density argument. O
Theorem 8 Forcing with P introduces a Af-definable wellorder of H,.+ .

Proof: By Claim 7, using the standard Ai(A)-wellorder of L,+[A] and using
that A is definable from S and B over H}:Q[G] by Claim 6. O

Note: As in Theorem 39 of [2], it is easily possible to additionally make any
given ground model subset of H,.+ Al-definable over HI:Q[G].
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