RAMSEY-LIKE OPERATORS

PETER HOLY

ABSTRACT. We introduce and investigate a uniform framework for large car-
dinal operators. This framework accommodates the Ramsey operator, and we
will show that it also accommodates the subtle operator, the ineffability opera-
tor, and the pre-Ramsey operator. We use this framework to introduce several
new large cardinal operators, which are closely connected to established large
cardinal notions, such as weakly Ramsey and strongly Ramsey cardinals. As a
test application for our framework, we show that a strong form of the results
of James Baumgartner connecting ineffability to subtlety, and Ramseyness to
pre-Ramseyness, generalizes to many further large cardinals and their related
operators.

1. INTRODUCTION

In the set theoretic literature, some popular large cardinals have been connected
to corresponding large cardinal ideals, and then also to operators on ideals, the
earliest examples of the latter being the ineffability operator Z due to James Baum-
gartner in [4], followed by the Ramsey operator R and the pre-Ramsey operator
Ry that were introduced and extensively studied by Qi Feng in [8], while the subtle
operator Zy was first made explicit in a recent paper by Brent Cody [6]. In the
present paper, inspired by the large cardinal framework based on the existence of
certain ultrafilters for small models of set theory that was introduced in [12], we
introduce such a framework for large cardinal operators. We show that the four
operators mentioned above fit into this framework, we provide some general results
about these operators, and we use this framework to introduce a number of new
large cardinal operators, which are closely related to established notions of Ramsey-
like cardinals, via an abstract notion of Ramsey-like operator. As a test application
for our generalized operators, we show that one of the key results of Baumgartner
[3, 4] about the ineffable and the Ramsey operator, connecting them to the subtle
operator and to the pre-Ramsey operator respectively, holds for our generalized
operators (in a strong form, which is due to Cody for the Ramsey operator in [6]).
Finally, we make some comments and ask some questions related to the notion of
weak ineffability.

We will always require all ideals to be ideals on some regular and uncountable
cardinal », and to be supersets of the bounded ideal on . For any ideal I, IT

2010 Mathematics Subject Classification. 03E55.

Key words and phrases. Large Cardinals, Large Cardinal Ideals, Large Cardinal Operators,
Elementary Embeddings, Ultrafilters, Ramsey-like cardinals, Ineffable Cardinals.

The author would like to thank Philipp Liicke for some discussions on the topic of large cardinal
completeness that eventually led to the topic and to the writing of this paper. He would also like
to thank the anonymous referee for a large number of comments and corrections, which greatly
helped to improve the contents of this paper and its presentation. This research was supported
by the Italian PRIN 2017 Grant Mathematical Logic: models, sets, computability.

1



2 PETER HOLY

denotes the collection of I-positive sets, that is, those subsets of k which are not in
I, while I'* denotes the filter that is dual to I, that is, the collection of complements
of sets in I. We will often introduce ideals by defining the collection of their positive
sets when this is more convenient. An ideal operator O is a map that takes ideals
on regular uncountable cardinals k as input, and outputs another (not necessarily
strictly) larger ideal on the same cardinal , so that O(I) C O(J) whenever I C J
are ideals on k.

Let us start by introducing the two classical examples of ideal operators, the
ineffability operator Z and the Ramsey operator R. If ideal operators are closely
connected to notions of large cardinals, as for example is the case for the opera-
tors Z and R (see Fact 1.2 below), then we also refer to them as large cardinal
operators. The definition of the Ramsey operator that is provided below is not the
original definition from [8], but a version that was shown to be equivalent in [6,
Proposition 2.8]. Recall that for any set A, an A-list is a sequence (a, | v € A)
such that a, C z for any z € A.

Definition 1.1. Let I be an ideal on x.

e Given a k-list d, we first define what we call a local instance, letting
TI)* ={x Cx|3H € I H C z is homogeneous for a},
and we let Z(I)* = {Z%(I)" | @ is a k-list}.
e Given a regressive function c: [k]<¥ — &, we define a local instance, letting
Rt ={z Ck|3IH € IT H C z is homogeneous for c},
and we let R(I)T = {R°(I)" | ¢: [z]<¥ — K regressive}.

Fact 1.2.

(1) If k is weakly ineffable, then Z([k]<") is the weakly ineffable ideal on k.
(2) If k is ineffable, then Z(NS,) is the ineffable ideal on k.

(8) If k is Ramsey, then R([k]<") is the Ramsey ideal on k.

(4) If & is ineffably Ramsey, then R(NS,;) is the ineffably Ramsey ideal on k.

Proof. (1) holds by the very definition of weak ineffability (with Baumgartner’s
terminology being almost ineffable) in [3]. (2) holds by the very definition of inef-
fability in [3]. (3) and (4) follow from [6, Proposition 2.8]. O

In [12], three schemes were proposed that allow for the characterization of a large
number of large cardinals up to measurability in a uniform way. In the present
paper, we will focus on one of these schemes, that was called Scheme B. We say
that M is a weak k-model if M O k + 1 is of size k and a model of ZFC™, that is
ZFC without the powerset axiom. A collection U C M N P(k) is an M -ultrafilter
on k if (M,U) = “U is an ultrafilter on .

Scheme B: An uncountable cardinal x has the large cardinal property ®(x) if
and only if for any y C &, there is a transitive weak k-model M with y € M, and
a uniform M-ultrafilter U on k for which U(M,U) holds.

Ineffability and Ramseyness are two instances of this scheme, which can also be
used to characterize not only large cardinals, but certain large subsets A of large
cardinals (as was also extensively done in [12]) by a minor adaption — namely, by
additionally asking whether A € U. Regarding ineffability and Ramseyness, this
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yields characterizations of ineffable and Ramsey sets respectively. Item (1) below
extends a result of Abramson, Harrington, Kleinberg and Zwicker [1, Corollary
1.3.1], and is due to Philipp Liicke and the author [12, Theorem 8.1]. Item (2)
below is essentially due to William Mitchell [16], and was isolated by Ian Sharpe
and Philip Welch in [18, Theorem 3.3] (see also [6, Theorem 2.10]). Recall that
for a weak k-model M, an M-ultrafilter U on « is k-amenable for M if whenever
A € M is a k-sized collection of subsets of k in M, then ANU € M.

Theorem 1.3. (1) (Holy, Licke) x C k is ineffable if and only if for every
y C K there is a transitive weak k-model M withy € M and an M -ultrafilter

U on k with x € U such that AU is stationary.
(2) (Mitchell; Sharpe, Welch) x C k is Ramsey if and only if for every y C k
there is a transitive weak k-model M with y € M and a countably complete
M -ultrafilter U on k with x € U that is k-amenable for M. FEquivalently,

we can additionally require U to be M-normal.

The goal of the first half of this paper is to extend these characterizations even
further, namely to the corresponding large cardinal operators that are the ineffa-
bility operator Z and the Ramsey operator R, and to show that these characteri-
zations naturally induce related characterizations of the subtle operator and of the
pre-Ramsey operator.

2. THE INEFFABILITY OPERATOR

In this section, we show that we can characterize the ineffability operator Z via
the existence of certain ultrafilters for small collections of sets (this characterization
will be needed in Section 12), and then we show that for input values I containing
the nonstationary ideal, we can characterize Z also via the existence of certain
ultrafilters for small models of set theory. As a reference to the notion of flipping
property that was introduced in [1], if & = (z¢ | £ < k) is a sequence of subsets of
K, let us say that a set U = {u¢ | £ < k} flips & if ue € {xe, K\ 2¢} for every £ < k.
Assume that we have fixed U to be such a flip of a sequence . Then, we write AU
to abbreviate A¢cue.

Definition 2.1. For any ideal I on k and C € [P(k)]", we first define a local
instance of a version of the ineffability operator for collections of sets, letting
e x €7, (It ifx € P(k)\C, or for any k-enumeration ¢ of C, there is a set

U that flips ¢ such that 2 € U and AU € I, and we let
L4 Icoll(I)Jr = (]Ce[P(K)]'c Iccoll(l)+7

The following result extends [1, Theorem 1.2.1 and Corollary 1.3.1].
Proposition 2.2. Let I be an ideal on k. Then, Z(I) = Z.ou(I).

Proof. Assume first that @ is a s-list, and that x € Z.o;(I)T. Define a sequence 7
by setting ro = x, and for every £ < k, ri4¢ = {a € x| £ € an}. Making use of our
assumption, we may pick a set U = {ug | £ < s} that flips 7 such that = ug € U
and Agcue € I, and therefore also H := Agc,ue \w € I'T. Fix a<f in H and
& < a. Then, since also 1 + ¢ < o, both o and 3 are elements of u;¢. Thus, if
Ti4¢ = Ui14¢ € U, we have £ € a, Nag. Otherwise, both o and 8 are elements

LFor R, this was in fact already done by Sharpe and Welch in [18, Theorem 3.3].
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of k \ ri4¢, and hence & & ao U ag. Together, this shows that a, = ag N «a, and
therefore that H € I is homogeneous for @. Since H C x, we have 2 € Z%(I)T, as
desired.

For the other direction, we assume that z € Z(I)", and let € C € [P(k)]".
Pick an enumeration (c¢ | £ < k) of C, and let @ be defined by setting, for every
a €, a, ={¢ < al|aé€c} By our assumption, there is H C x in I" that
is homogeneous for @. We may thus pick A C k such that a, = AN « for every
a € H. Given § < k, let ug = ¢ if £ € A, and let ug = K\ c¢ otherwise. Let
U={ue| &<k} z€Lou(l)" is now a consequence of the following claim.

Claim 2.3. z € U, and Agcpue € I7.

Proof. We have H\(§+1) C ¢ forall€ € A, and HNee C {+1 for £ € k\ A. Hence,
H\ (£+1) Cug for all € < &, yielding that z € U and H C Agc,ue € IT. O

O

Definition 2.4. We define the model version of the ineffability operator as follows.
For any y C x and any ideal I on k, we first define a local instance, letting

e x €IV .(I)T if there is a transitive weak x-model M with y € M, and an
M-ultrafilter U on x with x € U, such that every diagonal intersection of
U is in IT — we abbreviate this latter property of U and I by stating that
AU e It 2

o Let Zoq()T = ﬂygﬁlgwd(l)*.

The following result extends [12, Theorem 8.1].

Proposition 2.5. If @ is a k-list, I is an ideal on k, and y C Kk codes @, then
7Y (1) 2 T(I), hence Tmoa(I) 2 Z(I). If I O NS,, then also Imoa(1) C Z(I). In

particular thus, if I O NS, then Lyoa(I) = Z(I).

Proof. Let @ be a k-list, let y C k code @, and let € Z¥ (I)". We may pick a
transitive weak s-model M witnessing that € Z ,(I)", and an M-ultrafilter U
on k such that x € U and AU € I". Define, for every { < k, re = {a €z | £ € an}.
Let ug = r¢ if 7e € U, and let ue = K \ r¢ otherwise, for every £ < k. Then, also
H := 2N A¢cpue € IT. Fix @ < fin H and £ < . Then, both « and 8 are
elements of ug. If r¢ = ug € U, then £ € an Nag. Otherwise, both o and 3 are
elements of x \ r¢, and hence £ & a, U ag. Together, this shows that a, = ag N a,
and therefore that H € It is homogeneous for @. Since H C z, we have z € Z%(I)™,
as desired.

Now assume I O NS,. Let y C k and z € Z(I)". Let M be a transitive weak
k-model such that x,y € M. Pick an enumeration & = (z¢ | { < k) of all subsets
of k in M. Using Proposition 2.2, we obtain a flip U of & such that z € U and
AU € I't. In the light of the comments made in Footnote 2, it suffices to observe
that U being an M-ultrafilter on & easily follows from AU € It C NS}, O

2The meaning of AU € It will thus depend on whether we have fixed an enumeration of U in
the background, by having chosen U to flip a certain sequence. This should however not lead to
any confusion. It is well-known that permuting the input of a diagonal intersection only changes
its output by a non-stationary set (see [1, Lemma 1.3.3]). Hence, if I O NS, rather than requiring
that every diagonal intersection of U be in IT, it equivalently suffices to require one (arbitrary)
diagonal intersection of U to be in It.
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In particular, if k is ineffable, then Z,,,4(NSs) = Zeon(NSk) = Z(NS,) is the
ineffable ideal on . It seems to be open whether Z,,,,q4([r]<*) is the weakly ineffable
ideal on k. We will briefly discuss this together with some related open questions
in Section 15.

3. A BRIEF REVIEW OF A NOTION OF TRANSFINITE INDESCRIBABILITY

Joan Bagaria [2] introduced a natural notion of H% formula for arbitrary ordinals

¢, that extends the hierarchy of II.-formulae for n < w. We will make use of this
notion several times in the remainder of this paper, and we would like to shortly
recall Bagaria’s definitions in this section.
Definition 3.1 (Bagaria). A formula is said to be E%H if it is of the form
3Xo, ..., X (X0, ..., Xg) for some Ii-formula ¢, and it is TI{,, if it is of the
form VX, ..., Xk ©(Xo,...,Xx) for some Zé-formula ©, where all quantifiers dis-
played above are understood to be second order quantifiers.

If £ is a limit ordinal, we say that a formula is H% if it is a conjunction of the
form A c<e PC where each ¢¢ is a H%—formula, and the infinite conjunction has only
finitely-many free variables. It is E% if it is a disjunction of the form VC <€ P
where each ¢¢ is a Zé—formula, and the infinite disjunction has only finitely-many
free variables.

A corresponding notion of Hé—indescribability has been introduced by Bagaria,
and independently, an equivalent notion had been introduced by Sharpe and Welch
in [18, Definition 3.21].

Definition 3.2 (Bagaria). Suppose that x is a regular cardinal, and that £ < k is an
ordinal. A set A C k is H%—indeseribable if for all y C V,; and every Hé—sentence v,
if (Vii, €,9) = ¢, then there is o € A such that (V,,€,yNV,) E ¢.

We let H%(Ii) denote the Hé—indescribable ideal — the collection of subsets of x
that are not IT¢-indescribable. We additionally let TT',(x) = [£]<*, and remark
that I} (k) = NS,. The following will be of relevance in Section 14.

Lemma 3.3. [2, Proposition 4.4] The statement A € Tj(k)" is expressible as a
Héﬂ—pmperty of A over V.

We will want to make use of the following result of Cody, that generalizes a
classical result of Baumgartner from [3].
Lemma 3.4. [6, Lemma 2.20] If A C k, 8 < k, and every A-list has a homogeneous
set in Q@ C Nee_1yup LLe(r) T, then A is Iy, -indescribable.

The following minor generalization of folklore results will be of relevance in
combination with Lemma 3.4.

Lemma 3.5. Assume that M is a weak k-model, U is an M -ultrafilter on k that
contains all club subsets of k in M, is k-amenable for M, and A € U. Then, every
A-list in M has a homogeneous set in U.

Proof. In [10, Lemma 3.6], Gitman shows that under the assumptions of our lemma,
if f:[A]*> — 2 is in M, then there is H C A in U such that H is homogeneous
for f.3 Now one can use an easy adaption of Kunen’s argument that ineffability can

3In fact, Gitman makes the additional assumption that the ultrapower of M by U is well-
founded, however this assumption is never made use of in her proof.
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be characterized either in terms of the existence of homogeneous sets for colourings
or for lists [15, Theorem 4]: Given an A-list @, this argument allows us to obtain
a function f: [A]? — 2 that is definable from @ (and hence an element of M) such
that whenever H C A is homogeneous for f, one can find a club subset C' of k
that is definable from @ and H (and thus an element of M), such that H N C is
homogeneous for @.* Note that since C' € U, we also have HNC € U. O

4. THE ITERATED INEFFABILITY OPERATOR

Iterated operators are defined in a natural way: For any ideal I and ideal opera-
tor O, let O°(I) = I, let O*T1(I) = O(O*(1)) for any ordinal «, and let O%(I) =
Us<a OP(I) in case « is a limit ordinal.

In [5, Remark 3.24], it is mentioned that there is a refinement of the ineffability
hierarchy via indescribability that is highly analogous to the refinement of the
Ramsey hierarchy via indescribability that is studied in detail in [6]. We will need
a result on the ineffability hierarchy (namely, Lemma 4.2 below) later on in our
paper, and for the benifit of our readers, we would like to provide a proof of this
result.’ Given his comments in [5], Cody was certainly aware of the possibility of
this easy adaption of his material from [6], and hence the results in this section
should be credited to him. They are the adaptions of [6, Lemma 3.1 and Lemma
3.2] to the ineffability operator.

Lemma 4.1 (Cody). Let o < r and B € {=1}Uk. Suppose S € T*(I3(x))", and
for each & € S, let S¢ € T*(TIK(E))T. Then, Uges Se € T*(IT5(K)) T

Proof. By induction on «. If @ =0 or « is a limit ordinal, the argument is exactly
as in [6, Lemma 3.1]. If a is a successor ordinal, fix a (Jscg Se-list @. For each

¢ € S, there is some He C Sg in 2~ (IT5(£))™ that is homogeneous for @[Se. Since
S € I*(T}(k)) ™, there is a homogeneous set H C S in Z*~ ! (IT4(x))* for the S-list
(He | € € S). By our inductive hypothesis, Uy He € 2%~ (IT5(5)) ", but clearly,
Ugen He is homogeneous for d@, and we are done. O

Lemma 4.2 (Cody). If k € Z*(T5(x))", a < k and § € {=1} Uk, then
S={¢<n|EeI( ()} € I*Ia(r) T

Proof. Assume that x is the least counterexample to the statement of the lemma

— that is, for some fixed @ and §, k is least such that x € I“(H};(n))*’, while

S ={¢ < w|€&eI(E)} € I%(I4(k)). Then, x\ S € I*(Ij(x))*. For

each ¢ € k\ S, by the minimality of k, SN ¢ € IQ(H};(C))f Thus, by Lemma 4.1,

S=UcensSNC € Z*(Tg(k)) ™, contradicting our assumption on &, as desired. [

5. THE RAMSEY OPERATOR

In this section, we want to present an argument showing that one can also
characterize the Ramsey operator via the existence of certain ultrafilters for small
models of set theory. This characterization is due to Sharpe and Welch [18, Theorem

4This argument can also be found within the proof of [12, Lemma 11.3].

5Tn fact, we only need the below result for the ineffability operator rather than its iterations,
however since treating also its iterations provides almost no additional effort, we would like to
provide this more general result.
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3.3], however we would like to present a somewhat different proof based on the
presentation of the proof of a somewhat less general result from [9], and we will
need to take a closer look at some of these arguments in order to be able to adapt
them later on in Section 9. The operator that we introduce below is implicit in
the statement of [18, Theorem 3.3], and we want to call it the model version of the
Ramsey operator.

Definition 5.1. For any ideal I on &, and y C k, we first define a local instance,
letting

o e RY (I if there is a transitive weak k-model M with y € M, and an

M-normal M-ultrafilter U on k with x € U that is k-amenable for M, such
that every countable intersection of elements of U is in I't, and we let

i Rmod(I)+ = nygnRgnod(I)—i_'

The goal of this section will be to present an argument showing that the operators
R and R,,0q are equal to each other. The first direction is an easy generalization
of well-known results (see for example [10, Theorem 3.10]).

Lemma 5.2. Ifc: [k]|<¥ — k is a regressive function, I is an ideal on k, andy C K
codes ¢, then RY _(I) D Re(I). In particular, Ropmoea(l) 2 R(I).

mod

Proof. Assume that € RY (I)", and let ¢: [k]<¥ — Kk be a regressive function
that is coded by y C k. Pick a transitive weak k-model M with y € M, and an M-
ultrafilter U on k witnessing that = € RY . (I)*. Using that ¢ € M, and following
a line of well-known arguments, as for example in the proof of [6, Theorem 2.10],
for every n € w, we find a set H,, € U that is homogeneous for ¢[[z]™. But then,
by the properties of U, we have H := (1, ., H, € I T homogeneous for ¢, showing

that x € R(I)*. O

The other direction will be substantially more work, and we will need some
preparatory results first. Let us start by recalling a standard definition.

Definition 5.3. Suppose & is a cardinal and A = (L.[4], A) with A C k. Then,
J C k is a set of good indiscernibles for A if for all v € J, the following hold.

o (Ly[A], 4) < (Lx[A], A),

e 7 is a cardinal, and

e J\ v is a set of indiscernibles for (L,[A], A, )¢yt

We will rely on the following. A proof of Item Lemma 5.4(1) below can be found
within the proof of [9, Lemma 2.43],” and Lemma 5.4(2) is obvious from the details
provided in that proof as well. The same argument is essentially contained in the
proof of [18, Lemma 2.9]. In the present section, we will only need Lemma 5.4(1),
but Lemma 5.4(2) will be of good use in Section 9 later on.

Lemma 5.4. Let k be an inaccessible cardinal, and let A C k.

(1) There is a club C' C k and a regressive function h: [C]<* — k such that any
k-sized homogeneous set for h is a set of good indiscernibles for (L.[A], A).8

6That is, for all n < w, all increasing n-sequences from J\ vy satisfy the same first order formulas
over L, [A] using ordinals £ < 7 as parameters and using A as a second order predicate.

“In her Lemma 2.43, Gitman assumes that & is a Ramsey cardinal, and thus that certain
homogeneous sets for colourings do exist. But the assumption of Ramseyness is otherwise not
needed, and her proof is easily seen to verify the below lemma.

8Tn fact, it would suffice to require the homogeneous set to be of limit order type.
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(2) For any inaccessible « € C, C N« and hla also have the above properties
with respect to AN a.

Proof. Since (2) is not mentioned anywhere in the literature, we would like to
present the definition of C' and h given k and A, following the proof of [9, Lemma
2.43], and then observe that this relationship is preserved under restrictions to
inaccessible elements of C, thus yielding (2). For the complete proof of (1), the
interested reader should consult [9].

In her proof of [9, Lemma 2.43], Gitman makes use of an arbitrary bijection
[ exr— k\{0}, and for the sake of simplicity, we may take f to be defined using
Godel pairing, by setting f({«, 8)) = 14+ < «, 5+, yielding in particular that every
cardinal is closed under f. The club C' may then simply be defined as the set of
all uncountable cardinals o < & for which (L,[A], A) is an elementary substructure
of (L,[A],A). We use f to define a coding function g: [k]<“ — & in the following
way. We let gk be the identity on k. Given g[[k]<™ for some n < w with n > 1,
and given & = (ag,...,an—1) € [K]", let g(@) = f(ao, g({a1,...,an-1))).

Next, we fix an enumeration {(p,, | m € w) of all formulas in the first order €-
language using the predicate A, and consider the following condition (*) on ordered
tuples @ = (a1, ..., agy,) of length 2n for some n € w of elements of x:

(*) 361 < ... < < a1 and m € w such that:
(LA, A) e om (8 ar, . an) < @m(6, i1, - .., Qo).

If @ satisfies (*), let w(@) be the least A = g(m,d) so that m and § witness
(*) for @, and let w(@) = @ otherwise. Now we define h: [C]<% — & by setting
h(@) = w(d) if @ is of even length, and setting h(&@) = @ for @ of odd length.

The remainder of the argument for (1), namely that C and h have the desired
properties stated there, is fairly straightforward, and proceeds by showing that h
has to take value 0 on any k-sized homogeneous set for h, since any other value
quickly leads to a contradiction. The interested reader may find the remaining
details for this argument in [9)].

Let us observe that (2) holds true: First note that any inaccessible cardinal
a € C is a limit point of C', and therefore C'N « is a club subset of a. But now,
using that (L,[A], 4) < (Lx[A4], A), it clearly follows that w[[a]<¥ as obtained
above is the same as the function w that we would have obtained starting with «
and A N« rather than with k and with A. But then, it is immediate that if we
restrict our function h to [a]<%, then this is the same as the function h that we
would obtain from w, thus yielding the statement of (2). O

We also need the following characterization of the Ramsey operator (this is
actually the original definition of the Ramsey operator in [8]):
Lemma 5.5. [6, Proposition 2.8] For any ideal I, R(I)*T = {zCk | Ve: [z]¥Y =k
regressive VC C k club 3H € It H C x N C is homogeneous for c}.

We are now ready to proceed with the main argument of this section, following

the basic line of argument of [6, Theorem 2.10], which relies mostly on the arguments
from [10, Section 4].

Theorem 5.6. Let k be an inaccessible cardinal. For any ideal I on K,
Rmoa(I) = R(I).
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Proof. Having shown Lemma 5.2, it only remains to show that R(I) 2 Ryod(I).
Assume thus that z € R(I)*, and that y C k, and let A C & code both z and y.
Making use of Lemma 5.4, let C be a club subset of x and let h: [C]<¥ — & be
a regressive function such that any k-sized homogeneous set for h is a set of good
indiscernibles for A := (L.[A], A). Making use of Lemma 5.5, let H C z N C be
homogeneous for h, with H € I". Hence, H is a set of good indiscernibles for A.
Now we proceed almost exactly as in [10, Section 4], and construct M and U
witnessing that © € Ry0q(I)*. There are only three differences to the argument
required:
(1) Our homogeneous set H is in I* rather than just unbounded in x, but this
simply carries through the argument without requiring any modification.
(2) We need to show that € U, but this will be an easy consequence of having
chosen H C z.
(3) We asked for U to be M-normal, which was omitted in [10].” We have to
show that the M-ultrafilter U that is constructed through the arguments
of [10, Section 4] is actually already M-normal.

For the convenience of our readers, we would like to present a mostly self-
contained outline of the proof, only refering to [10] for some short intermediate
results. Another reason for providing this presentation is that in [10], the justifi-
cation for one of the main points of the argument, namely that the final filter U is
k-amenable for M, is missing — Gitman only declares this to be easy, which to us,
after figuring out the actual argument following a helpful conversation with Gitman,
does perhaps not seem quite justified, for it seems to be one of the more intricate
parts of the proof. Using quite different notation, slightly more detail concerning
this argument is provided in [18], however some points also seem to only be touched
there somewhat briefly, in particular the analogue of Lemma 5.12 below seems to
be missing. Finally, and perhaps most importantly, we will need to refer to the
proof of the present theorem in some detail within the proof of Theorem 9.1 later
on, so it will be very convenient for the reader to at least have its essential structure
available here for reference. Let us thus continue with the argument, which will
closely follow the line of argument in (and also the notation from) [10, Section 4]
for its most parts.

For every v € H and n € w, let ¥, denote the increasing sequence (y1,...,v)
of the first n elements of H (strictly) above v, and let /\;lf; = <M$,A N M,’;) be
the Skolem closure of (y+ 1) U%, in A, using the definable Skolem functions of A.
Since & is inaccessible, L, [A] = ZFC, and hence in L,[A], for every A, H()\) exists
and is a model of ZFC™. Since /\;12 < Aand vy € ]\Zf;’, we have H(yH)A € Mﬁ.

n _ \rn A n _ n n
Let M} = M’ N H(y*)#, and let M2 = (M2, AN M).
Lemma 5.7. [10, Lemma 4.2.1] Each M} is a transitive model of ZFC™.
Lemma 5.8. [10, Lemma 4.2.2] For every v € H and n € w, M7 < Mﬁ;“.

Iface M;L, then a = S(&o, .- ,&m,7,Vn), where S is a definable Skolem function
of A, and §; € v for i < m. Given v < § in H and n < w, define ff{%: MI{‘ — MgL
by setting f%(a) =50, &m, 0, 8,) in case a = S0y -y &msYsFn). Using that

9We could have omitted the requirement of M-normality of U as well in our definition of
Rmod(I), and this would yield yet another (known) characterization of the Ramsey operator.
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H \ v is a set of indiscernibles for (L.[A], A, {)¢ec~, and that /\/NIZYL and Mg are both
elementary substructures of A, it easily follows that fff(;: MG — My is a well-
defined elementary embedding. Since fJ5(§) = € for all £ <« and fI5(y) =6, v is
the critical point of f7;. Moreover, different such embeddings commute, that is if
7 <0 <earein H, then f,c = fsc o fys.

Lemma 5.9. [10, Lemma 4.2.3] Fory < ¢ in H andn < w, [l = :’75 [M7: MZ —
§ s an elementary embedding.

For v € H, define U} = {X € PY)My | v € f5(X) for some § > v in H}.
Equivalently, we could have used “for all § > +” in this definition. The only
nontrivial observation in the next lemma is that U} € M;H‘Q.

Lemma 5.10. [10, Lemma 4.2.5] For any v € H and n < w, U} € M;HQ is an
M2 -normal M2 -ultrafilter on ~.

It is easy to check that for any v < 0 in H and n < w, f% = ;L;l[Mff and
Uy = U;“Ll NMZ7. Thus, let M, =, e, M7, Uy = U, e, U and frs5 = U, o, s
Let My = (My,ANn M,). Using elementarity, it follows that M, is a transitive
model of ZFC™, and it is easy to check that f.s is an elementary embedding from
M, to M;s mapping its critical point v to d, and that U, is an M,-normal M,-
ultrafilter on ~.

Lemma 5.11. [10, Lemma 4.2.6] U, is y-amenable for M., .

We will need the following, which is not mentioned in [10], in order to be able
to verify our final filter U to be k-amenable for M:

Lemma 5.12. Fory<d in H andn < w, f,s(U}) = Uy

Proof. Fix n < w. By the argument for [10, Lemma 4.2.5], there is a first order
formula ¢, such that for any v € H, U} is definable in M;H‘Z using the formula ¢
and using v and the first n + 1 elements 4,41 of H above 7 as parameters. This

implies that f%‘"Z(Uﬁ) = Uj'. Since U} € M, by Lemma 5.10, this implies our

desired statement. O
Now, for every v € H, consider the structure (M., e, ANM,,U,) which extends

M., by the predicate for the M,-ultrafilter U, on «. If v < ¢ are in H, we have
an elementary embedding fys: M, — M, with critical point «y, such that also
X eU, < f,5(X) € Us. This is thus a directed system of embeddings between
these structures, and we let (B, E, A, W) be its direct limit. Elements of B are
functions ¢t with domains {£ € H | £ > a} for some a € H satisfying that

(1) for v € domt, t(y) € M,

(2) for v < 6 € domt, t(5) = fys(t(7)), and

(3) there is no & € H N« for which there is a € M such that feq(a) = t(a).
Note that any ¢ € B is determined once ¢(§) is known for any £ € dom ¢.

Lemma 5.13. [10, Lemma 4.2.7] The relation E on B is well-founded.
We may therefore let (M, €, A*,U) be the Mostowski collapse of (B, E, A", W).
Lemma 5.14. [10, Lemma 4.2.8] k € M.
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For any v € H, let j,: M, — M be defined such that for any a € M,, j,(a) is the
collapse of the (unique) function ¢ € B for which ¢(y) = a. Then, j, is easily seen
to be an elementary embedding of M., into (M, €, A*), and to also be elementary
for atomic formulas in the language with the predicate for the ultrafilter. Observe
that j, (&) = £ for all £ <+, j4(y) = &, and hence that crit(j,) = v. Moreover, if
v < ¢ are elements of H, then js o f,5s = j,.

The proof of the following lemma is not contained in [10]: M-normality had

not been considered, and the verification of k-amenability is somewhat strangely
missing there.

Lemma 5.15. U is an M-normal M -ultrafilter on k that is k-amenable for M.

Proof. Tt is easy to check that U is an M-ultrafilter on k. For the M-normality of
U, we show that every regressive function f on a set x € U is constant on a set in
U. Let v € H be such that there are g and y in M, with f,(g) = f and f,(y) = .
By elementarity for atomic formulas using the predicate for the ultrafilter, y € U,.
By the M,-normality of U,, g is constant on a set h € U,,. It thus follows that f is
constant on the set f,(h) € U.

For the k-amenability of U, let & be a k-sequence of elements of P(k) in M.
Let v € H be such that there is @ in M, for which j,(@) = Z. Using that M, =
Un<w M2, we may fix n < w for which @ € M. Then, by Lemma 5.10,

b={a<yla, €Uy} ={a<vy|a, €U} €M,.
But then, making use of Lemma 5.12, for every § >« in H, we have
£5(0) = {a < 6 | fos(@)a € U} = {a < 8| f5(@)a € Us).

By the properties of the direct limit, it thus follows that j,(b) = {a < k| x4 € U},
showing that U is k-amenable for M. O

Lemma 5.16. [10, Lemma 4.2.10] For every X C k, X € U if and only if there is
a€ H such that {{ € H|{>a} CX.

As an easy consequence, one then obtains the following, that we would like to
provide the short proof of for the convenience of our readers:

Lemma 5.17. [10, Lemma 4.2.11] U is countably complete.

Proof. Let (A, | n < w) be a sequence of elements of U. For each n < w, there is
Yn € H for which X, ={¢ € H| ¢ > v,} C A,. Thus,

0# () XnC[) An.

n<w n<w

Lemma 5.18. [10, Lemma 4.2.12] A*|x = A, and hence A € M.

This implies that both x and y are elements of M. Since we have chosen H
to be a subset of z, it follows by Lemma 5.16 that x € U, which concludes our
argument. O

In particular, if £ is a Ramsey cardinal, then R,,q([]<") = R([s]<") is the
Ramsey ideal on k. If k is an ineffably Ramsey cardinal, then R,,,0q4(NS,) = R(NS,)
is the ineffably Ramsey ideal on k.
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6. PRE-OPERATORS

Building on Baumgartner’s notion of a pre-Ramsey cardinal [4], in his [8], Feng
introduced the pre-Ramsey operator, which behaves with respect to the Ramsey
operator as does the subtle operator with respect to the ineffability operator, and
it is this notion that motivates the naming of our notion of pre-operators. We want
to introduce some simple and natural additional terminology, that will allow us to
define pre-operators in a uniform way. Our ideal operators are all defined via local
instances that are parametrized by certain objects. Given a cardinal x, we would
like to refer to the collection of all such objects on x as the object type at x of
such an operator O, and denote this by 7(O, ). The object type T(Z, ) of the
ineffability operator at & is the collection of all k-lists, the object type T(R, x) of
the Ramsey operator at k is the collection of all regressive functions c: [k]<¥ — &,
and the object type of our model based operators at x is simply the powerset of .

Definition 6.1. Each object type T at k comes with an associated restriction
operator, which, given some y € 7 and some « < k, outputs its natural restriction
yla to a.
o If T=P(k)and y € T, then yla =y Na.
e If 7 is the collection of all k-lists and y € T, then y[« is the restriction of
y to the domain «;, i.e. the initial segment of length « of the x-sequence y.
o If 7 is the collection of all functions c: [k]<* — 2 and y € T, then yla is
the restriction of y to the domain [a]<%.

Each ideal operator O with local instances OY has what we would like to call its
associated pre-operator Oy. To define such an operator, we start with a sequence

I'= (I, | a < k is a regular uncountable cardinal)

for some inaccessible cardinal k, such that each I, is an ideal on . We will refer
to such a sequence as a sequence of ideals in the following.

Definition 6.2. Given an ideal operator O together with its local instances OV,
we define its associated pre-operator Oy as follows. Given a sequence I of ideals,
let

Oo()T = {zCk | Vy € T(O,k)YC Crelub Jacz 2 NCNa e OV (1,) T},

where « is understood to range over regular uncountable cardinals. If the I,,’s are

uniformly definable from «, we also write Og(I,;) rather than Og(I). We say that
1. induces the sequence of ideals I in this case.'”

7. THE SUBTLE OPERATOR

The subtle operator is the usual name for what could be called the pre-ineffable
operator, which is implicit in [3], and explicit in [6]: it is the pre-operator Zy defined
via the ineffability operator Z (or rather, its local instances Z9), and we let Z,,000 =
(Zinod)o be the model version of this operator, defined via the local instances of the
model version of the ineffability operator. Note that while the operators Z and Z,,,04
agree on ideals that contain the nonstationary ideal by Proposition 2.5, their local

1OBeing precise here, note that it is actually rather the definition of I, that induces the
sequence of ideals I. In the following, we will only be concerned with natural examples, for
example when I, is NS, or some indescribability ideal on k.
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instances do not seem to do so, and it is therefore not immediate that Zy and Z,,,040
actually agree on these ideals. We will however show this to be the case below. If
K is a subtle cardinal, then Zy(NS,) is the subtle ideal on & (see [3, Theorem 5.1]),
which is classically defined as follows:

Definition 7.1. x C k is subtle if for every z-list @ and every club C C &, there
are a < 8 in C such that a, = ag Na. The subtle ideal on & is the collection of all
subsets of s that are not subtle.

Let us start with a simple observation.

Observation 7.2. If I, DNS, is an ideal on K that induces a sequence I of ideals,

=

then Imoao(I) DLo(I).

Proof. For every k-list d@, there is y C k coding d@, and any reasonable choice of
coding will have the property that for every cardinal o < k, y N « codes ala.
By Proposition 2.5 thus, for every a < x, ZY/%(I,) 2 Z%(1,), and hence the

observation immediately follows from the definition of the operators Z,,,q0 and
To. |

By a careful adaptation of the arguments for Proposition 2.5 (2), it is in fact
possible to verify equality.

Theorem 7.3. If I, O NS, is an ideal on k that induces a sequence I of ideals,
then Tmoqo(I) = To(I).

Proof. Having Observation 7.2 available, it only remains to show that Imodo(f ) C
Zo(I). We may also assume that  is a subtle cardinal, for otherwise Zo(I) = P(k),
and we are thus done. Assume that z € Io(f)+. We want to show that z ¢
ImodO(f)+- Let y C k and let C be a club subset of k. We need to find a € x such
that 2N C Na € IY 5 (1,)7.

Fix a set of Skolem functions for H(x"), and let M be the Skolem hull of
(k+1)U{z,y,C} in H(kT). Pick an enumeration (z¢ | £ < ) of all subsets of
in M, and let @ be the -list defined by setting ag = {£ < B | § € x¢} for every
B < k. Let D be the club set of cardinals v below & such that if M., denotes the
Skolem hull of v U {k,z,y,C} in M, then

(1) MyNk=r, and
(2) (xe | € <) enumerates all subsets of x in M.

Making use of our assumption that z € Io(f)+, there is @ € « such that
tNCNDNae f%I,)".

Let M be the transitive collapse of M,. Then, M is a transitive weak a-model
with zNa,yNa,CNa € M, and by (1) and (2) above, (z¢Na | € < a) enumerates
all subsets of o in M. Moreover, G|« satisfies that ag = {£ < 8| B € z¢ Na} for
every 8 < a. We now proceed exactly as in the proof of Proposition 2.5: By our
choice of a, there is H C x NC N D Na in I that is homogeneous for ala. We
may thus pick A C a such that ag = AN for every § € H. Given £ < «, let
ug =zeNaif £ € A, and let ug = a \ z¢ otherwise. Let U = {ug | £ < a}. By
the corresponding version at a of the claim within the proof of Proposition 2.5, U
is an M-ultrafilter on o with 2 N C N« € U, such that A¢cpue € 1. This shows
that N CNa € TY%(I,)7T, as desired. O

mod
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8. A SMALL EMBEDDING CHARACTERIZATION OF SUBTLETY USING AN
ANTI-CORRECTNESS PROPERTY

In this short section, we want to place a sidenote that doesn’t really use the tech-
niques developed in this paper, but is somewhat closely related to them, and gives
a strong hint towards a possible negative answer for an open question [13, Question
8.5]. In that paper, we provided so-called small embedding characterizations for
many types of large cardinals, including subtle cardinals. These characterizations
state that there exists an embedding j: M — H () with j(crit j) = x and such that
certain additional properties hold true. All of these characterizations except for the
one for subtle cardinals were based on what we called correctness properties, that
is properties that were either provable in V or in M, and that were ascertained to
also hold in M or V respectively by our characterization. In [13, Question 8.5], it
is asked whether subtle cardinals have a small embedding characterization that is
based on a correctness property. We want to show here that for subtlety, we can
in fact provide a natural small embedding characterization that is rather based on
an anti-correctness property, i.e. a property that at least in some cases is provably
non-absolute between M and V.

Definition 8.1. [13, Definition 1.1] Given cardinals k < 6, we say that a nontrivial
elementary embedding j: M — H(0) is a small embedding for « if M € H(0) is
transitive, and j(crit j) = & holds.

We next make the immediate observation that the property x € Zo(NS,)* can
be rewritten to yield a small embedding characterization of the subtlety of  that
is different to the one provided in [13, Lemma 5.2].

Observation 8.2. A cardinal k is subtle if for every cardinal 0 > K, every r-list
a and every club C C k, there is a small embedding j: M — H(0) for k such that
@,C € rangej and C Necritj € T3 (NSqy )T

However, the property used to characterize subtlety in the above is easily seen
to be an anti-correctness property in many circumstances:

Observation 8.3. Assume that k is subtle, but not ineffable. Then, there are a
k-list @ and a club subset C' of k such that for every cardinal 8 > k and every
small embedding j: M — H(0) for k with @ and C both in the range of j, letting
C=Cncitj=;"1C) and a = @lcrit j = j71(@), M thinks that C' € T%(NSeyit ;).

Proof. If this weren’t the case, then x would be ineffable by the elementarity of the
small embeddings. O

9. THE PRE-RAMSEY OPERATOR

The pre-Ramsey operator Rg is the pre-operator defined with respect to the
Ramsey operator R (or rather, its local instances RY). A cardinal k is a pre-
Ramsey cardinal if k € Ro([x]<")". If k is a pre-Ramsey cardinal, then Ro([x]<")
is the pre-Ramsey ideal on & (see [3]). We let Rimodo = (Rmod)o be the model
version of the pre-Ramsey operator, defined via the local instances of the model
version of the Ramsey operator. Note that as for the ineffability operator and its
model version, while the Ramsey operator and its model version agree, their local
instances do not seem to do so, and it is therefore not immediate that the operators
Ro and Rinoq0 actually agree. We will however show this to be the case below. The
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(second part of the) proof of the following theorem proceeds by a careful adaptation
of the arguments for Theorem 5.6.

Theorem 9.1. For any sequence I of ideals, ’Rmodo(f) = Ro(f).

Proof. For every regressive function f: [k]<% — k, there is y C k coding f, and any
reasonable choice of coding will have the property that for every cardinal « < &, yNa
codes fla. By Lemma 5.2 thus, for every o < &, RY'% (I,) D RE%(1,). Therefore,

mod

Rmodo(f )2 Ro(f ) immediately follows from the definition of the operators R 040
and Rg.

It thus remains to show that Rmodo(f ) C Ro(f ). We may also assume that & is
a pre-Ramsey cardinal, for otherwise Ro(I) = P(k), and we are thus done. Assume
that = € Ro(f)+. We want to show that = € Rmodo(f)+- Let y C & and let C be
a club subset of k. We need to find a € x such that 2N CNa € RY%(1,)*.

Let A C k code z on the even ordinals, and y on the odd ordinals. Let h: [x]<¥ —
K be a regressive function and let D C k be the club set of cardinals obtained from
an application of Lemma 5.4 (1) for A C k. Making use of our assumption that
x € Ro(I)T, there is a € x such that N C N DNa € RM(I,)T.

Let A = (Lo[A], AN ), which is an elementary substructure of (L, [A], A}, since
a € D. By Lemma 5.4 (2), DN« and hlo witness that Lemma 5.4 (1) holds for
ANa. By our choice of a and by Lemma 5.5, there is H C xNCN DN in I} that
is homogeneous for hla, and by Lemma 5.4 (1), H is a set of good indiscernibles
for A. We now proceed exactly as in the proof of Theorem 5.6, constructing a
weak a-model M with y € M and an M-normal M-ultrafilter U on « that is «-
amenable for M and countably complete with N C N D N« € U, thus showing
that NCNDNae€RY%(I,)*T. SincezNCNDNaCxnCNa,and the latter
set is easily (somewhat cumbersome, but straightforward, by proceeding along the
model construction in the proof of Theorem 5.6) checked to be an element of M,
and thus also of U, this implies that N C' Na € RY%(1,)*, as desired. O

mod
10. AN ABSTRACT NOTION OF IDEAL OPERATOR

In this section, we present an abstract notion of ideal operator, which has both
(the model versions of) the ineffability operator and the Ramsey operator as special
instances, and which — unlike (the original versions of) the ineffability operator and
the Ramsey operator — can easily be used to produce further interesting instances
of ideal operators. We also provide a first few basic results for such operators.

Definition 10.1. Let U(M,U) and Q(U, I) be parameter-free first order formulae
such that ZFC proves that for any ideal I on a regular uncountable cardinal s, any
transitive weak x-model M and any M-ultrafilter U on k,

e Q(U,I) implies that U C I'", and

e for any ideal J on k, [I 2 J A QU, I)] — QU, J).
Let us say that a pair of formulas (¥, ) satisfying the above is regular.

We define an ideal operator OW¥Q) as follows. For any ideal I on x and y C &,

we first define a local instance by letting

o 1 € OUQY(I)T if there exists a transitive weak x-model M with y € M
and an M-ultrafilter U on x with « € U such that U(M,U) and Q(U,I)
hold, and we let

o DVUI)T =, OVW(I)*.
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We will observe in Proposition 10.2 below that regularity of (¥, ) implies that
OV is indeed an ideal operator. Let us check how the operators Z,,,q and Ryoq
fit into the above scheme:

e If U(M,U) is trivial, and Q(U, I) denotes the property that AU, then
DU is the model version Z,,,q of the ineffability operator.

e If U(M,U) denotes the property that U is M-normal and k-amenable for
M, and Q(U,I) denotes the property that every countable intersection of
elements of U is in I, then OV is (the model version R.q of) the
Ramsey operator.

Proposition 10.2. Assume that (V,Q) is reqular, and that I O J are ideals on k.
Then, the following hold.

OUQ(I) D I is an ideal on k.

e DUQ(I) D OTO(J).

o If for any transitive weak k-model M and any M -ultrafilter U on k, the
congunction W(M,U) A Q(U,I) implies that U is M-normal, then OWQ(T)
s normal.

e In particular, if I D NS, then AU € I implies that U is M-normal.

o If (U Q) is regular as well, and V' (M,U) A QY (U, I) implies (M, U) A

U, I) for any transitive weak k-model M and any M -ultrafilter U on &,

then OU'Q (1) D OUQ(I).

Proof. Assume that I is an ideal on a cardinal s, that A € OUQ(I), and that
B C A. We want to show that also B € OUQ(I). Let y C k be such that y
codes A and A € OUQY(I). Now if M is a transitive weak xk-model with y € M
and U is an M-ultrafilter on x such that both W(M,U) and Q(U,I) hold, then
A € M, however A ¢ U, and hence also B C A is not an element of U, showing
that B € OUQY(I) C OUN(I), as desired.

Now assume that both A and B are in OUQ(I). We want to show that also
AUB € OUQ(I). Let ya and yp be such that A € OUQOY4(I) and B € OVQY5E(T).
Let y C k code all of A, B, y4 and yg. Now if M is a transitive weak x-model with
y € M and U is an M-ultrafilter on  such that both ¥(M,U) and Q(U, I) hold,
it follows that both A and B are in (P(x) N M)\ U, and hence also that AU B is
not in U, showing that AU B € OUQY(I) C OUQ(I), as desired.

Clearly, using that Q(U, I) implies that U C I'" by the requirements from Defi-
nition 10.1, if z € OWQ(I)T, then z € I'", thus finishing the argument for the first
item of the proposition.

The monotonicity statement in the second item is immediate from our mono-
tonicity requirement on €2 from Definition 10.1.

For the third item, assume that W(M,U) A Q(U, I) implies that U is M-normal.
Let A € OUQ(I)*, and let f: A — K be a regressive function. Assume for a
contradiction that f~!({a}) € OVQ(I) for every a < x. We may thus pick a
sequence § = (yo | @ < k) such that f=*({a}) € OWQY=(I) for every a < k. Let
y C k code both f and 3. Let M be a transitive weak x-model with y € M, and let
U be an M-ultrafilter on x with A € U such that both U(M,U) and Q(U, I) hold.
Since y, € M for every a < k, it follows that for no a < x we have f~'({a}) € U.
On the other hand, since U is M-normal, there is some B € U that is homogeneous
for f, which is clearly contradicting the above, as desired.
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For the fourth item, assume that I O NS, and AU € IT, however that U
is not M-normal. Then, there is a x-sequence of elements of M with a diagonal
intersection that is not in U, and hence the complement of this diagonal intersection
is in U. But now, using this, AU is nonstationary, which contradicts that AU € IT.

The statement of the fifth item is immediate from the definitions involved. [

Definition 10.3. Let (¥, Q) be a pair of formulas, and let O be an ideal operator.

e The pair (¥, Q) is ineffable in case ZFC proves that for any ideal I on a
regular uncountable cardinal x, any transitive weak x-model M and any
M-ultrafilter U on &, ¥(M,U) A Q(U,I) implies that for every A € U,
every A-list @ € M has a homogeneous set in I7.

e The operator O is ineffable in case ZFC proves that for any ideal I on a
regular uncountable cardinal k, whenever A € O(I)* and @ is an A-list,
then @ has a homogeneous set in I7.

Note that by the above, the ineffability operator Z is ineffable. But also, if O can
be characterized in the form O = OV for some regular ineffable pair of formulas
(P, Q), then O is ineffable.

Observation 10.4. Let (U, Q) be regular, and let O be the operator OV, Then,

o IfU(M,U) ZFC-provably implies that U is k-amenable for M and contains
all club subsets of k in M as elements, then O is ineffable.

o IfQ(U,I) ZFC-provably implies that AU € I'", then O is ineffable.

o If O is ineffable, then for any ideal I on a reqular uncountable cardinal K,
O(I) 2 Z(I) 2 NS,

o If ZFC proves that for any ideal I on a regular and uncountable cardinal k,
O(I) D I(I), then O is ineffable.

Proof. The first item follows from Lemma 3.5, and the second item follows from
Proposition 2.5. The third and fourth item are both immediate from the definition
of the ineffability operator Z, and the fact that Z(I) D Z([k]<*) 2 NS, where
the easy argument for the latter inclusion can be found within the proof of [3,
Theorem 2.3]. O

In particular, the first item above implies that the operator R = R.,,.q is ineffa-
ble. The following important observation is now immediate from Lemma 3.4.

Corollary 10.5. If O is ineffable, I 2 Ugeq_1y0p ¢ (k) is an ideal on k, and
B < Kk is an ordinal, then
O(I) 2 Uj, (k).

11. A REVIEW OF SOME MATERIAL FROM [12]

In Section 12 below, we would like to introduce a number of new large cardinal
operators. In order to be able to do so, we will first need to review some material
from [12].1' We also present a proof for a slight strengthening of [12, Lemma
9.13(2)], which we will make use of in Section 12, and the original proof of which
in [12] has a slight flaw.

H1n [12], we consider the general case of So-correct models of ZFC™ containing some & as an
element, while
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We first need to present some material regarding correspondences between the
existence of certain ultrafilters and certain elementary embeddings. These are
minor generalizations of standard results, transferred to the context of (possibly
non-transitive) weak x-models, including the case of possibly non-wellfounded ul-
trapowers. We will restrict our attention to Xg-correct weak k-models M, that
is we additionally require that M is Yg-elementary in V.!? Since all the weak -
models that we consider later on in our paper are either transitive or elementary
substructures of some H(#), they will always meet this requirement.

In the following, we let j : M — (N, en) always denote an elementary embed-
ding between (M, €) and (N, en), whose domain M is a (possibly non-transitive)
Yo-correct weak x-model.

Definition 11.1 (Jump). Given j: M — (N, en) and an ordinal o € M, we say
that j jumps at « if there exists an N-ordinal v with veyn j(a) and j(8) en v for
all B € M Na.

Note that, in the above situation, for every N-ordinal v, there is at most one
ordinal « in M such that v witnesses that j jumps at . Moreover, elementarity
directly implies that elementary embeddings only jump at limit ordinals.

Definition 11.2 (Critical Point). Given j : M — (N, en), if there exists an
ordinal o« € M such that j jumps at «a, then we denote the minimal such ordinal
by crit j, the critical point of j.

The following property implies the existence of a canonical representative for s
in the target model of our elementary embedding.

Definition 11.3 (k-embedding). Given j : M — (N, ey) that jumps at s, the
embedding j is a k-embedding if there exists an €-minimal N-ordinal v witnessing
that j jumps at . We denote this ordinal by &V.13

Proposition 11.4. [12, Proposition 2.9] Given j : M — (N, en) with crit j = &,
the following statements are equivalent:
(1) j is a k-embedding.
(2) The ordinal otp(M N k) is an element of the transitive collapse of the well-
founded part of (N,en).

The following definition generalizes the notion of a k-powerset preserving el-
ementary embedding, that is usually defined for embeddings between transitive
weak s-models, to the context of k-embeddings. Since we may identify x and &%
when j: M — (N, en) is a k-embedding by Proposition 11.4, it is essentially just
stating that the domain and the target model of the embedding have the same
powerset of k.

Definition 11.5 (k-powerset preservation). Given a k-embedding j : M —
(N, en) with crit j = &, the embedding j is k-powerset preserving if

YVye NIz e M [(N,eNH:“ngN” — z={a<k|jla)eny}].

12The results regarding these correspondences in [12] are somewhat more general than the
versions that we wil present here, for we do not make the assumption that x +1 C M in [12].

13rf critj = k, then Proposition 11.4 shows that x? is the unique N-ordinal on which the
en-relation has order-type M N k. Otherwise, k¥ might also depend on the embedding j, which
we nevertheless suppress in our notation.
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We will now present further material from [12, Section 3], showing that we can
interchangeably talk about ultrafilters or about elementary embeddings, also in our
generalized context. If M is a Yp-correct weak xk-model, x is a cardinal of M, and
U is an M-ultrafilter on &, then we can use the Yo-correctness of M to define
the induced ultrapower embedding ji : M — (Ult(M,U), ey) as usual: define an
equivalence relation =¢ on the class of all functions f : K — M contained in M by
setting f =y g if and only if {a < k | f(a) = g(a)} € U, let Ult(M,U) consist of
all sets [f]y of rank-minimal elements of =y -equivalence classes, define [f]y ev[g]u
to hold if and only if {a < k| f() € g(a)} € U and set jy(z) = [cx]u, where
¢, € M denotes the constant function with domain x and value z. It is easy to
check that the assumption that M | ZFC™ implies that Los’ Theorem still holds
true in our setting, i.e. we have

Ult(M,U) = e([folu, - - - [falv)

<
(M,Uy = “Jz e UVa €z o(fola),..., fnm1(a))”
for every first order e-formula ¢(vo,...,v,—1) and all functions fo,..., frn—1: & —

M in M.
Given an elementary embedding j : M — (N, ey) that jumps at k, let v be a
witness for this, and let

U7 = {Ae MNP(r) | ven j(4)}

denote the M-ultrafilter induced by v and by j. Since « is not in the range of j, the
filter U] is non-principal. If j is a k-embedding and v = &%, then we call U; = U]
the canonical M-ultrafilter induced by j, or simply the M-ultrafilter induced by 7.
Given a cardinal k, a property ¥(M,U) of ¥y-correct weak x-models M and
M-ultrafilters U on k k-corresponds to a property ©(M, j) of such models M and
elementary embeddings j : M — (N, en) if the following statements hold:

o If U(M,U) holds for an M-ultrafilter U on x, then ©(M, ji) holds.

e If O(M, j) holds for an elementary embedding j : M — (N, en), then j is
a k-embedding and ¥ (M, U;) holds.

Proposition 11.6. [12, Corollary 3.3 and Corollary 3.7] Given A C k, “U is
an M -ultrafilter on k that contains A as an element, and U is M-normal and k-
amenable for M7 k-corresponds to “critj = k and j is a k-powerset preserving
k-embedding with k™ enj(A)”. O

Lemma 11.7. [12, Lemma 3.5] Let k be an inaccessible cardinal, letb: k — V,
be a bijection, let M be a ¥y-correct weak k-model with b € M and let j : M —
(N, en) be a k-powerset preserving k-embedding with crit j = k.

(1) The map
Je i MOV — {y €N [yen Vi hew)s @ (5(2) 0 Ven) ™
is an e-isomorphism extending j | (M N'Vy).
MNote that, given a ¥g-correct ZFC~-model M and functions f,g : K — M in M, then the

set {a < k| f(a) = g(a)} and {a < k | f(a) € g(a)} are both contained in M and satisfy the
same defining properties in it.
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(2) There is an e-isomorphism
7 HEDY — ({y € N | yen H((x™) ")} en)
extending j..

In the context of Lemma 11.7, we may (and will) thus identify elements of
H((k™)T)N with the corresponding elements of H (k)M via j*.

We next review the formal notions of Ramsey-like cardinals and Ramsey-like sets
from [12, Section 9].

Definition 11.8. [12, Definition 9.4] Let £ < 6 be uncountable regular cardinals,
let @ < k be an infinite regular cardinal, let A be an unbounded subset of £ and
let ®(vg,v1) be a first order €-formula.

o A is ®F-Ramsey if for every x C &k, there is a transitive weak s-model
M closed under <a-sequences and a uniform, x-amenable M-normal M-
ultrafilter U on & such that x € M, A € U and ®(M,U) holds.

e Ais ®%-Ramsey if for every x € H(6), there is a weak x-model M =<
H(0) closed under <a-sequences and a uniform, x-amenable M-normal M-
ultrafilter U on & such that x € M, A € U and ®(M,U) holds.

e Ais ®7-Ramsey if it is ®%-Ramsey for every regular cardinal 6 > k.

o If ¥ € {k,0,V}, then k is a ®Y-Ramsey cardinal if r is ®V-Ramsey as a
subset of itself.

Let us remark that by Theorem 1.3(2), a cardinal « is Ramsey if and only if it is
cc-Ramsey, where cc(M,U) denotes the property that U is countably complete,
that is, any countable intersection of elements of U is nonempty. Other properties
that we will be interested in are the following:

e T(M,U) denotes the (trivial) property that U = U.
e wf(M,U) denotes the property that the ultrapower of M by U is well-
founded.

The following lemma is a strengthening of [12, Lemma 9.13(2)]. In that lemma, it
is assumed that x is a <I>§+—Ramsey cardinal rather than just a ®7-Ramsey cardinal,
as we assume here. We will actually need this stronger version of this lemma in
Section 12 below. Moreover, the proof of [12, Lemma 9.13(2)] that is provided in
[12] does not quite seem to work, and a minor modification, that we provide below,
is needed.

Lemma 11.9. Assume that o < k are reqular infinite cardinals, and let (M, U)
be a first order formula using only parameters from Vi, such that ®(X,UNX) holds
whenever X C M and ®(M,U) holds. For arbitrary reqular v < k, let a(y) = « in
case o < Kk, and let a(y) = 7y in case @ = k. Assume that k is a % -Ramsey cardinal
such that ® s absolute between V' and arbitrary transitive weak k-models containing
V... For any regular cardinal v, let X;I’ ={v<~v|visnot @Z?V)—Ramsey}. Then,

X2 is a ®%-Ramsey subset of k.

Proof. Assume that « is the least @Zy(v)—Ramsey cardinal v with the property that

X,? is not a @Z(V)—Ramsey subset of . Let this property of X® be witnessed by
x C k. Using that x is ®5-Ramsey, there is a weak xk-model M with x € M DV
that is closed under <a-sequences, and an M-normal uniform M-ultrafilter U on
k that is k-amenable for M with X® ¢ U and such that ®(M, U) holds.
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Claim 11.10. X2 is not a ®%-Ramsey subset of k in M.

Proof. We claim that this is witnessed by x € M. Working in M, we thus have
to show that X% ¢ u for every transitive weak k-model m that is closed under
<a-sequences and any uniform k-amenable M-normal M-ultrafilter v on k such
that ®(m,u) holds. But note that since M is closed under <a-sequences, and by
our assumptions on ®, the above properties of m and of u are absolute between M
and V. But this means that the claim immediately follows from our assumption
that X2 is not a ®%-Ramsey subset of x (in V). O

Using Proposition 11.6, let j = jy: (M,€) — (N,en) be the s-powerset pre-
serving s-embedding with critical point x induced by U, which thus satisfies £V ¢
J(X2). Using Lemma 11.7, we identify H((x™)")" with H(x")™, and in partic-
ular, we identify sV with k. Therefore, x is a <I>g+—Ramsey cardinal below j(k)
in (N,ey). Since M and N have the same subsets of k, it follows that x is a

®%-Ramsey cardinal in M.'S Then clearly, in M 2 Vj, & is also the least @;(7)—

Ramsey cardinal v with the property that X,‘YI’ is not a @Z(W)—Ramsey subset of 7.
But then, by elementarity, in (N,en), j(k) is the least @}(a(v))—Ramsey cardinal

with the property that X;I’ is not a @;(a(v))—Ramsey subset of . It follows that
X2 is ®%-Ramsey in (N, ey). Since M and N have the same subsets of £ however,

this contradicts Claim 11.10. O

12. NEW LARGE CARDINAL OPERATORS

Definition 11.8 easily lends itself to provide a notion of what we would like to
call Ramsey-like subset operators. We will need some variants of Definition 10.1.

Definition 12.1. Let (¥,Q) be regular. We define an ideal operator O®WQ as
follows. For any ideal I on k and y C k, we first define a local instance by letting

o z € OPWOY(I)T if there exists a transitive weak k-model M < H (k™) with
y € M and an M-ultrafilter U on k with € U such that U(M,U) and
Q(U, I) hold, and we let

« DVQD)® = (), OOV(I)*.

We also define an ideal operator OYW() as follows. For any ideal I on x and y C &,
we first define a local instance by letting
o x € OVUOY(I)?T if for every regular cardinal § > &, there exists a transitive
weak k-model M < H(#) with y € M and an M-ultrafilter U on s with
x € U such that U(M,U) and Q(U, I) hold, and we let
e OVUQ(N)T = mnd OVUQY(I)t.

Definition 12.2. Let ®(vg,v1) be a first order e-formula. Let W(M,U) be the
statement that U is M-normal and x-amenable for M (where x = (JU) and that
®(M,U) holds, and let Q(U, I) be the statement that U C IT.

e We let & = OUQ denote the ®-Ramsey subset operator.
e We let ®% = OPUQ denote the ®¥-Ramsey subset operator.

I5Here is where our proof essentially differs from that of [12, Lemma 9.13(2)] provided in [12].
That proof assumes that we can somehow conclude k to be ®% -Ramsey in M, which however
seems very problematic, for we don’t even have k € M, not in the situation of our current proof
here, and neiter in the context of the proof of [12, Lemma 9.13(2)] that is provided in [12].
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e We let @7 = OYUQ denote the ®Y-Ramsey subset operator.

Let W (M,U) be the conjunction of W(M,U) with the assertion that M is closed
under <k-sequences.

e We let &, = OV, ) denote the &, -Ramsey subset operator.

Note that by the very definitions of the properties involved, A C x is ®%-Ramsey
/ <I>Z+—Ramsey / ®7-Ramsey / ®%-Ramsey if and only if A € ®([s]<*)T / A €
QP ([k]<")T /) A € ®V([k]<%)T | A € ®4([K]<") respectively, and that taking A = k,
this relates ®*-Ramsey / ®* -Ramsey / ®Y-Ramsey / ®"-Ramsey cardinals with
their corresponding large cardinal operators. In the present section, we want to
focus on three instances of Definition 12.2:'® The T#%-Ramsey subset operator T,
the wf -Ramsey subset operator wf, and the T%-Ramsey subset operator g

e The notion of TZ-Ramsey cardinal was first considered in [12, Section 10].

e The notion of wf{-Ramsey cardinal corresponds exactly to the notion of
weakly Ramsey cardinal that was introduced in [10, Definition 1.2].

e The notion of T}-Ramsey cardinal corresponds exactly to the notion of
strongly Ramsey cardinal that was introduced in [10, Definition 1.4].

For the convenience of our readers, let us remark at this point already that
regarding the cardinals involved in this discussion, we have the following known
chain of strict implications regarding their consistency strength, which will also be
a consequence of our below results.'®

Strongly Ramsey — Ramsey — Weakly Ramsey — T|,-Ramsey — Ineffable.

Clearly, Z(I) € T(I) C wf(I) € R(I) C Tu(I) for any ideal I: The first
inclusion follows from the fact that the operator T is ineffable by Observation 10.4,
and the remaining inclusions follow from the final statement of Proposition 10.2.
We will see below that the above chain of inclusions is a chain of strict inclusions
in case I = [k]<", and that this also holds with respect to certain other ideals for
some of these inclusions. In particular, this shows that the large cardinal operators
Z, T, wtf, R and T, are actually different from each other.

Remark 12.3. Let us remark that we cannot expect any of the above subset rela-
tions to be proper for arbitrary ideals I, since for example if x is a completely Ram-
sey cardinal (that is, there is an ordinal a so that k € R([s]<"*) = RL([k]<%)),
and [ is the completely Ramsey ideal on x (that is I = R*([]<*) for such an «),
then I C Z(I) C T(I) C wf(I) C R(I) = I, and hence all of these ideals have to
be equal.’

16Recall that T(M, U) denotes the (trivial) property that U = U, and that wf(M, U) denotes
the property that the ultrapower of M by U is well-founded.

17Note that if a weak w-model M is closed under <k-sequences and an M-ultrafilter U is
M-normal, then U is countably closed, yielding T/ -Ramsey cardinals, wf-Ramsey cardinals and
ccli-Ramsey cardinals and their corresponding large cardinal operators to be equivalent notions.

18 All but the final implication are easily seen to also be valid direct implications, however even
strongly Ramsey cardinals need not be ineffable, for being strongly Ramsey is a H%—property (this
is immediate from the results of Section 13 below), and ineffable cardinals are II3-indescribable
by Lemma 3.4.

9Completely Ramsey cardinals were introduced by Feng in [8, Section 3|. By [8, Theorem 3.1],
any measurable cardinal is completely Ramsey.
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It was shown in [12, Lemma 10.1], using different notation, that Z([]<") C
T([k]<*), as witnessed by {€ < x| £ € Z([(]<%)} € T([x]<%) \ Z([x]<*).?> We want
to argue that this result can be extended to the nonstationary ideal, essentially by
the same argument, which we would like to provide here for the convenience of our
readers.

Proposition 12.4. If I € {[s]<",NS,} and k € Z(I)*, then
Z(I) < T().

Proof. The inclusion itself has already been discussed above, and we are only left
to verify its properness. Since the bounded ideal was already treated in [12], let us
assume for simplicity of notation that I = NS, (the proof for I = [k]<" is essentially
the same). By Lemma 4.2, X = {{ <k | £ € Z(NS¢)} & Z(NS,). We will thus be
done if we can show that X € T(NS,). Assume for a contradiction that this is not
the case. Then, there is a transitive weak k-model M with b € M for some bijection
b: k = V,, and there is a k-amenable, M-normal M-ultrafilter U C NSi on k such
that X € U. Note that since V, C M, the set X satisfies the same definition in
M that it satisfies in V. Using Proposition 11.6, let j = jy: (M, €) — (N, €n) be
the k-powerset preserving x-embedding with critical point x induced by U. Using
the identification provided by Lemma 11.7, and since X € U, this means that
N = k €y j(X), and hence that N | k €y Z(NS,,).

On the other hand, since being stationary in x is downwards absolute from V'
to M D V2! it follows that every element of U is a stationary subset of x in M.
But then, given a collection A € ([P(x)]*)™, UNA € M by the k-amenability of
U, and A(U N .A) € U by the M-normality of U. Since U C NS/, this shows that
M = k € Tooy (NS, )t = Z(NS,)T, where the equality follows by Proposition 2.2.%2
Using that M and N have the same subsets of x, it follows that also N =k €x
Z(NS,)™, which is clearly a contradiction. (]

We next want to separate T from wf in a strong sense. In order to do so, we
will also need to make use of the operators T®, TV, wf® and wf"’.

e Let us recall [4, Page 101] that A C & is completely ineffable if there is an
ordinal « so that A & Z%([k]<*) = ZoH1([x]<").?% In [12, Theorem 11.4], it
is shown that  is completely ineffable if and only if  is TY.-Ramsey.

e The notion of w-Ramsey cardinal was introduced by Philipp Schlicht and
the author in [14, Definition 5.1], and in our terminology, w-Ramsey cardi-
nals are exactly the wf)-Ramsey cardinals.?*

e The notion of Tf,+ -Ramsey cardinal was first considered in [12, Section 10].

20Note that this latter statement implies in particular that below any T/-Ramsey cardinal,
there are unboundedly many ineffable cardinals, and thus that T -Ramseyness is of strictly higher
consistency strength than ineffability. Analogous remarks, which we will omit to make, apply to
the other large cardinals and their related ideal operators that we will discuss in the remainder of
this section.

21This use of downwards absoluteness is the reason why we don’t know how to generalize this
argument to ideals other than the bounded and the nonstationary ideals.

221 fact, we need to observe that Proposition 2.2 is a theorem of ZFC™. Another subtletly is
that NSM is not an element of M, it is only definable over M, which however clearly suffices.

231 fact, Baumgartner’s original definition of complete ineffability uses NS, instead of [k]<F,
but since Z([k]<*) D NS, as is shown within the proof of [3, Theorem 2.3], this clearly yields an
equivalent notion.

24The equivalence with the original definition from [14] is immediate from Proposition 11.6.
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e The notion of super weakly Ramsey cardinal was introduced by Philipp
Schlicht and the author in [14, Definition 4.5], and in our terminology, they

+
are exactly the wf!, -Ramsey cardinals k.

Let us once again provide some comments on the strength of the large cardinal
notions involved in the current discussion. T§+—Ramsey cardinals have a strictly
higher conistency strength than T/ -Ramsey cardinals (this is a particular instance
of [12, Lemma 9.13(1)]), and a strictly lower consistency strength than completely
ineffable cardinals (this is a particular instance of [12, Lemma 9.14], since com-
pletely ineffable cardinals are exactly the TY-Ramsey cardinals). Summarizing, we
get the following chain of strict implications with respect to consistency strength:23

Completely ineffable — Tf)Jr—Ramsey — T7-Ramsey.

Particular instances of the same two lemmas from [12], using the property wf rather
than T, imply the following chain of strict implications with respect to consistency
strength:26

w-Ramsey — super weakly Ramsey — weakly Ramsey.

In order to connect this chain of implications with the previous one, let us remark
that [10, Theorem 3.7] weakly Ramsey cardinals are of strictly higher consistency
strength than completely ineffable cardinals.

We will need the following, which in particular yields an easy argument that
completely ineffable cardinals x are Hé—indescribable for every 8 < k.

Lemma 12.5. If k is inaccessible, 0 > k is a reqular cardinal, M < H(0) is a weak
k-model with Vi, C M, and U is an M -normal M -ultrafilter on  that is K-amenable
for M, then, for every B <k, U C Hé(n)f In particular, for every 5 < k,

o TO(II}(k)) = TO([x]<"),

o TY(Ij(x)) = T7([x]<"),

. wfea(Hé(/i)) = wf9([k]<"), and
o wi' (I} (k) = wi”([x]<").

Proof. For the first statement of the lemma, assume for a contradiction that for
some 3 < k, an M-ultrafilter U as in the statement of the lemma contains a set
X that is H}i—describable. Thus, there is a Hé—formula p and @ C V, such that
(Vie, Q) E ¢, however, for every a € X, (V,,,QNV,,) = . Since V,, C M, the code
for such a formula ¢ is an element of M. Thus, by elementarity, and since V, € M
by the inaccessibility of k, the above statement with respect to this particular ¢
holds true also in M. But then, in the ultrapower of M by U, by Proposition 11.6,
using the identification from Lemma 11.7, and using that X € U, (V,,Q) = —¢.
This however contradicts that U is k-amenable for M, and hence that M and the
ultrapower of M by U contain the same subsets of £ by Proposition 11.6.

The statements about T®, TV, wf® and wf" are immediate from the above. [

25These are also valid (strict) direct implications, as is immediate from the definitions, using
again that completely ineffable cardinals are exactly the T7,-Ramsey cardinals.
26They are also valid (strict) direct implications, as is immediate from the definitions.
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Note that by the very definitions of the operators involved, for any ideal I on
K, we trivially have T(I) € T®(I) C TY(I), and wf(I) C wf®(I) C wf"(I). As
particular instances of Lemma 11.9, we obtain the following.
Lemma 12.6. For any 8 < k, we have the following.
(a) If & € T(UIL(R))*, then {7 < & |y € T®(IT4(7))} & T(ILL (k).
(b) If k€ WE(TL (k)" then {y < i | 7 € WEO(IT(+))} & WE(ITL (k).

Proof. For (a), let ®(M,U) be the statement that U C TIs(x)*, and for (b),
let ®(M,U) be the conjunction of that statment with wf(M,U). Both formu-
las clearly satisfy the requirements of the lemma. Chasing the relevant definitions,
it is straightforward to see that for any X C k, X is a ®-Ramsey subset of « just
in case (a) X ¢ T(Ilj(x)) or (b) X ¢ wf(IT}(k)) respectively, and that for any
v, v is ®) -Ramsey just in case (a) v € TP(IL(7))* or (b) v € wE®(Ih(7))"
respectively. ([l

We are finally ready to conclude our desired strong separation result. The case
when = —1 in the below is due to Philipp Liicke and the author [12, Lemma 10.1
and Lemma 12.1].

Theorem 12.7. If k € T(I(k))* and 8 € {-1} Uk, then
Ty () € wE(ITh(x)).

Proof. Clearly, by the very definitions involved, T(I) C wf(I) for any ideal I on &,
and it only remains to verify inequality in the above. Since this is trivial otherwise,
we may as well assume that # € wf(IT3(x))*. By Lemma 12.6(a),

X ={a<r|aeTg(a))} ¢ T(I(x)).
On the other hand, the proof of Gitman’s [10, Theorem 3.7] shows (see also [12,
Theorem 1.5]) that if s is a weakly Ramsey cardinal, then
Y = {a < k| a is not completely ineffable} € wf([k]<").

Since wf([x]<*) C wf(Il}(x)), we will be done if we show that X C Y, which
amounts to showing that completely ineffable cardinals o satisfy o € T®(TIg(a))*.
But clearly, T®(ITj(r)) € T"(Ij(r)) = T"([a]<*) by Lemma 12.5, and thus we
are done. O

Finally, a combination of known results provides a weak separation result for the
operators wf and R.

Proposition 12.8. If k € wf([sk]<%)T, then wf([x]<") C R([k]<").

Proof. The inclusion is trivial, and we only need to verify its properness. By [12,
Corollary 9.16], the set {a < k| @ € wf([a]<*)} is not an element of wf([x]<"), and
the argument for the proof of [11, Theorem 4.1] shows that this set is an element of
R([]<"), noting that weakly Ramsey cardinals are exactly the 1-iterable cardinals
from that paper, and that Ramsey cardinals are a-iterable for any a. 0

If the answer to the following question were positive, using w-Ramseyness rather
than complete ineffability and using Lemma 12.6(b) rather than Lemma 12.6(a) in
the proof of Theorem 12.7, we could analogously separate the operators wf and R
in a strong sense. This question is a particular instance of [12, Question 17.4].
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Question 12.9. Assume that « is a Ramsey cardinal. Does it follow that the set of
w-Ramsey cardinals below x is a Ramsey subset of k, i.e., an element of R([x]<")*?

Another possibility to separate the operators wf and R at least on NS, would
be to show that if k € wf(NS,)™, then the set {a < | & € wf(NS,)} is not an
element of the ideal wf(NS,,), for it is not too hard to see that the argument for
[11, Theorem 4.1] can be adapted to show this set to be an element of the ideal
R(NS,). We thus ask the following:

Question 12.10. Assume that K € wf(NS,)T. Does it follow that
{a < k| aewf(NS,)} & wf(NS,)?

By results from [8] and [12], it finally follows that R and T act differently, at
least on the bounded and the nonstationary ideal.

Proposition 12.11. If I € {[x]<",NS,} and k € R(I)*, then
R(I) € To(I).

Proof. The inclusion itself has already been discussed above, and we are only left
to verify its properness. Let I be the sequence of ideals induced by I. By 8,
Theorem 4.5], S = {{ < k| £ € R(I¢)} € R(I). However, S € Tu(I) by [12,
Lemma 14.2]. O

13. SOME CODING APPARATUS

In order to be able to present a sample result for our generalized operators in
Section 14, we will need to code weak x-models M and M-ultrafilters U on k as
subsets of Vj; in some simple way, and since we are only really interested in the case
when k is an inaccessible cardinal, we may assume this to be the case whenever
necessary. Our definition will be tailored so that any transitive weak x-model that
can be coded will have to be a superset of V,, with elements x of V,, being coded
as ordered pairs of the form (0, ), and we code x by 0.

Definition 13.1. We say that M C V, is a code for a transitive weak k-model if
M C V, with the following properties:

M is a binary relation on Vj;, such that dom(M) =V,

for all x,y € Vi, (0,2)M(0,y) if and only if = € y,

for all z, z MO if and only if x € &,

M is well-founded and extensional, and

(Vie, M) = ZFC™.

Note that the weak x-model that is coded here is the model M such that (M, €) is
the transitive collapse of (V,;, M). On the other hand, any transitive weak x-model
M DV, has a code as described above, using a suitable bijection between M and
V. Let maq denote the transitive collapsing map of (V,;, M). If X = maq(z), we
say that x is the code of X (within M).

Lemma 13.2. The property that M is a code for a transitive weak k-model is a
Al-property over (V,., M).

Proof. All but the final item in the above list can easily be phrased as first order
properties within (V,;, M). The final item can be seen to be a A} property, for we
need to say that either there is a satisfaction relation (coded as a subset of V, in
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some obvious way) for (V,;, M) that contains all axioms of ZFC™, or that this is the
case for all satisfaction relations, and being a satisfaction relation for (V,, M) is a
first order property, which is seen as usual: We require a satisfaction relation S to
code finite tuples of the form (p, @), where of course we identify first order formulas
o with their Godel codes. We require that if ¢ is an atomic formula, then its truth
is correctly encoded by S. Recursively, we then require S to correctly encode the
truth of all first order formulas, proceeding along the recursive construction of first
order formulas. That is for example, we require S to consider (¢ A)(d@) to be true
just in case it considers both ¢ (@) and (@) to be true, etc. %7 O

Note that we can easily shift between subsets X of V, in M and their codes
within M — For X C V,; in M and x € Vj, the property 77/(41 (X) =z is a first order
property over (V,,, €, M, X): WX/II(X) =z in case Vy [(0,y) Mz <— y € X].

Next, we want to define what it means to code an M-ultrafilter on x, which will
easily be seen to be a first order property.

Definition 13.3. Given a code M for a transitive weak k-model, we say that
U C V, is a code for an M -ultrafilter on k if (V,;, M,U) thinks that U is an ultrafilter
on 0 (note that our setup is so that 0 codes &).

For our desired applications, we will need our operators to satisfy some properties
of simple definability.

Definition 13.4. Let (¥, Q) be a pair of formulas, and let O be an ideal operator.

o (U, Q) is simple in case ZFC proves the following:

(a) whenever M is a transitive weak x-model, and U is an M-ultrafilter
on K, then W(M,U) translates to a Al-property of any pair of codes
(M, U) for (M,U) over V,;, and

(b) whenever the property X € It is definable over V,, by a H%—formula
@(X) for some 0 < 8 < &, then Q(U, I) translates to a ITz-property of
any code U of U over V.

o (U, Q) is always simple in case ZFC additionally proves that if in (b), the
property X € I is first order definable over V,,, then Q(U, I) translates to
a Al-property of any code U of U over V.

o O is simple or always simple in case ZFC proves that O can be characterized
in the form O = OVQ for some pair of formulas (¥, 2) that is simple or
always simple respectively.

Definition 13.4(a) is immediate if ¥ can be expressed as a first order property
of the structure (M, €,U), for example if ¥(M,U) denotes the statement that U is
k-amenable for M.

If U(M,U) denotes the property that U is countably complete, this translates to
the first order statement that for any countable sequence (u; | i < w) of elements
of U,8 there is x such that zMu; for every i < w.

2T order to avoid any possible confusion here, let us emphasize that we are not claiming to
be able to define a satisfaction predicate by a first order formula, but that given any particular
predicate, we have a first order formula which uses this predicate as a second order parameter and
which decides whether it actually is a satisfaction predicate.

28]f k is inaccessible (regular and uncountable suffices), then these countable sequences are
elements of V.
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Consider the statement that M is closed under <k-sequences. This translates
to the following first order statement about any code M of M over V:

VpItVr (x Mt = x€p).*

Finally, let (M, U) denote the statement that the ultrapower of M by U is well-
founded. Let us say that (N, R) represents an ultrapower of M by U if N C V,
consists of codes for functions f with domain x such that

e for every g for which ’/TXAl (g) is a function with domain k, there is f € N
such that {a < & | 7y (f)(@) = 7y (9)(@)}) is coded by a set in U,
o forall f,ge N, {a < k|my(f)(a)=my(g)(a)} is not coded by a set in
U, and
e if f,ge N, fRgiff {a <k |7y (f)(a) € 7y (g)(a)} is coded by a set in
U.
That is, essentially, a class [f]y in a usual ultrapower of M by U is taken to be
represented by one of its elements. But now, asking that (N, R) is well-founded
is clearly equivalent to asking the ultrapower of M by U to be well-founded, and
moreover, as for the case of countable completeness above, this translates to a first
order statement over V;, using that « is regular and uncountable: it requires asking
that no countable sequence of elements of N is decreasing with respect to R.

Let us look at some examples regarding Definition 13.4(b).

o If Q(U, I) denotes the statement that U C I, then this translates to the
statement that Vo MU VX |1 (X) =z — ¢(X)], where p is a IT-formula
defining I over V.

o If Q(U,I) denotes the property that countable intersections from U are in
I*, then this translates to the statement that for any countable sequence
(ug | B < w) of elements of U,

oo <k |VB <w (0,0) Mug}).
o If Q(U, I) denotes the property that AU € I, then this translates to the
statement that for any s-enumeration (ug | 8 < k) of the elements of I,

o{a <k |V <a{0,a) Mug}).

If the property X € It is first order definable, observe that we obtain a Al-
statement in the first two cases above, for we can equivalently rephrase the above
to use existential rather than universal second order quantifiers. However this does
not work in the third case (see the remarks made in Footnote 2). In particular,
this means that the operators T, wf, R and T, are always simple, while Z,,,q is
simple.

The following lemma extracts what we will actually need in the next section.

Lemma 13.5. If O is simple, then the following hold.

e Ify C x and B < &, then the statement that X € OY(I3(x)) can be
expressed as a Hé+2—pr0perty of X and y over V.

29Given any regular a < k, it is also easy to express closure of M under <a-sequences by a
first order statement about M over V,;. We will however not make use of such properties in our

paper.
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o If B < K, then the statement that X € O(Ilg(k))" can be expressed as a
H;‘3+3-pr0perty of X over V.
If (Q, W) is always simple, then the above also hold in case § = —1.

Proof. Immediate from Lemma 3.3 by a simple counting of quantifiers in Defini-
tion 10.1, making use of the fact that O is simple. O

14. A TEST APPLICATION: (GENERALIZED PRE-OPERATORS

In this section, we want to provide a sample result, showing that simple ineffable
operators are structurally well-behaved, by providing a basic theorem about their
relationship to their corresponding pre-operators. This result generalizes the case
when o = 1 of [6, Theorem 6.1], and shows that our pre-operators have the same
key role with respect to their corresponding operators as does the subtle operator
with respect to the ineffability operator, and the pre-Ramsey operator with respect
to the Ramsey operator by classical results of Baumgartner from his [3] and [4]3°
— these results are instances of our general result below, which in particular also
provides valid new instances for the operators T, wf and T.. The proof follows
the proof in [6] for the most part, but there are some subtleties involved in how to
make use of the machinery that we developed in Section 13 above, and therefore
we would like to provide the complete argument. If A is a collection of subsets of
a cardinal s, we write A to denote the ideal on x that is generated by .A: This is
the collection of all subsets of x that are contained in some finite union of elements

of A.
Theorem 14.1. If O is ineffable and simple, and B < k, then
O(ILj(k)) = Op(IL5 (k) UILL 5 ().

If O is ineffable and always simple, then the above also holds in case = —1.

Proof. Fix some 3, and let J = Op(ITy(x)) UTTL, (k). We show that X € J* if
and only if X € O(TT}(x))*.

Suppose for a contradiction that X € J*, however X € O(Ilj(k)). Let y C &
be such that X € O¥(I5(k)), that is whenever M is a transitive weak x-model
with y € M and U is an M-ultrafilter on x with X € U and with ¥(M,U), then
QU, H}a(m)) fails. By Lemma 13.5, this can be expressed by a H%H_Z-sentence %)
over V,;, and thus

C={<r|VeFo(XN&EyNE} € llh (k)"

Since X ¢ J, X is not the union of a set in Oo(H}g(FL)) and a set in H}B+2(“)’ and
since X = (X NC) U (X \ 0), it follows that X N C ¢ Op(ITj(x)). Thus we may
find £ € (X NC)\ (B+1), a weak {&-model M with yNE € M and an M-ultrafilter
U on ¢ with X NC'N¢ € U such that (M, U) and Q(U, Hé(&)) hold, contradicting
the above.

30Baumgartner has also verified a version of Theorem 14.1 for the weakly ineffable ideal in [3,
Section 7]. Namely, he has shown that the weakly ineffable ideal on a cardinal k is generated by
the subtle ideal together with the H}-indescribable ideal. We do not know whether this result
could also be obtained via Theorem 14.1, by using the operator Z,,,q or perhaps some slight
variant. Some strongly related issues will be discussed in Section 15.
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Now suppose X € O(IT5(k))". By [6, Remark 2.1], it suffices to show that
X € Op(IM(k))" and X € T}, ,(x)*, where the latter is immediate from Corollary
10.5. We are thus left to show that X € OO(H}g(H))Jﬂ Fix y C k and a club C C k.
By the third item in Observation 10.4, it follows that X N C' € O(T(x))*. Thus,
there are M and U such that the following Hé _1-sentence ¢ holds over the structure
Vi, €,y, XNC, M, U): M is (a code for) a transitive weak x-model M with y € M
and U is (a code for) an M-ultrafilter U on x with X NC € U such that U(M,U)
a}rlld Q(U, (k) hold. Since X NC € I ,(k)T, thereis £ € (XNC)\ (8+1) such
that

(Ve €,yn&,XNCNEMNEUNE = o,
and hence X NC'N¢ € Oy(H}B (€))7, as witnessed by the code M N ¢ for a weak &-
model and the code U N¢ for an M-ultrafilter on &, yielding that X € Op(TI5(x))*.
(]

By similar means as in Theorem 14.1, many of the results from [6] for the Ramsey
operator can be extended to our generalized operators in a fairly straightforward
way. Amongst other things, these further generalizations are planned to be included
in a follow-up paper [7]. Let us present one final easy sample result here, namely
that applications of our operators to different indescribability ideals give rise to a
proper hierarchy of large cardinal notions (this is a weak generalized analogue of
results from [6]).

Proposition 14.2. If O is ineffable and simple, 8 < k, and k € O(Hb+1(“))+7
then K is a stationary limit of cardinals o for which o € O(H}g(a))f If O is
ineffable and always simple, then the above also holds in case = —1.

Proof. Assume that k € O(TT}, , (x))*. By the monotonicity of O, we thus also have
K € O(Hé(lﬁ))"’_. But by Corollary 10.5, our assumption implies that x € H%ﬂ-:ﬂ (k)T,
and by Lemma 13.5, k € (’)(H[lg(,‘{))"r can be expressed as a H}Hs—property over V.
Hence, the set of cardinals o for which v € O(IT3())* is contained in the TTj 5-
indescribable filter on x, and hence in particular this set is stationary in k. (I

Let us close this section by providing some additional information about the
relationship between the operators Z and R.

Observation 14.3. Assume that f € {—1} U Ord, and that k is least such that
K€ R(I(k))T. Then r ¢ T, (k)T

Proof. Assume for a contradiction that x € Z(TIg, , (x))". Then, by Theorem 14.1,
K € H[15+3(“)+~ By Lemma 13.5, x € R(Hé(;@))"r can be expressed as a ITj, -
property over V. Combining these, we find some a < k such that a € R(Hé (o))",

contradicting the leastness of . O

15. SOME REMARKS ON WEAK INEFFABILITY

In this final section, we want to treat the seemingly problematic case of applying
operators of the form OUQ with Q(U, I) being the statement that AU € It to
ideals of the form [k]<". Note that by the convention from Section 2, AU € I+
abbreviates the statement that every diagonal intersection of (all the elements of)
U is in IT. If we strengthen this to require that every diagonal intersection of
any k-many (and not necessarily all) elements of U is in I, we can show the
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following, which is based on the observation from [12] that the notions of genuinity
and normality from [17] coincide for weak x-models.

Observation 15.1. IfQ(U, I) denotes the property that every diagonal intersection
of elements of U is in I, and O = OVQ for some first order formula ¥, then for
any ideal I on k and y C k, OY(I) = OY(I UNS,). In particular, this implies
that O(I) = O(I UNSy), and hence that O([k]<") = O(NS,). Moreover, given a
sequence I of ideals, this also implies that Og(I) = Og({Ia UNS, | a < K)), and
hence that Og([k]<F) = Op(NS,).

Proof. Tt is immediate that O(I) C O(I UNS,;). Assume thus that y C k, and
that A € OY(I)*. That is, there is a transitive weak x-model M with y € M and
an M-ultrafilter U on k with A € U such that ¥(M,U) holds and every diagonal
intersection of elements of U is in IT, and thus in particular an unbounded subset
of k. In the notation of [17], this means that U is a genuine M-ultrafilter. But
by [12, Proposition 17.2], this implies that U is in fact a normal M-ultrafilter,
meaning that AU is a stationary subset of k. Making use of [6, Remark 2.1], this
shows that A € OY(I UNS,,)*, as desired. The remaining statements follow by the
very definitions of the operators involved. O

The above tells us for example that we cannot characterize the weakly ineffable
ideal Z([x]<") by using the operator O = OWQ, where ¥(M,U) is trivial and
Q(U,I) is the statement that any diagonal intersection of elements of U is in I,
for O([k]<") already yields the ineffable ideal on x whenever & is ineffable (or all
of P(k) whenever it is not). As was already observed in [12, Section 17], such a
characterization (of weak ineffability only) was wrongly claimed in [17, Theorem
3.2 (ii)]. Concerning our original operator Z,,,q4, we do not know as to whether
Timoa([£]<") is the weakly ineffable ideal on x, however it seems unlikely to us. Let
us introduce yet another variant of the operator Z,,o4.

Definition 15.2. We define the operator Z7, , as follows. First, for any y C &, we
introduce its local instance at y, letting

e x € IV (I)" if there is a transitive weak x-model M with y € M such
that for any x-enumeration & of P(x) N M, there is an M-ultrafilter U on
# that flips & such that x € U and AU € I, and we let

o Iy (D)t = mygn Lroa(D)F

Assume that k is weakly ineffable. Then, by the very definitions of the operators
involved, I, ([k]<") C I.ou([x]<"), and we have shown the latter to be equal to the
weakly ineffable ideal on k in Proposition 2.2. However, the reverse inclusion seems
to be potentially problematic, and thus we ask the following, which we conjecture

to have a negative answer.
Question 15.3. Is 7}, ,([x]<") the weakly ineffable ideal on x?

A positive answer to Question 15.3 would show that a cardinal k is weakly
ineffable if and only if x € I ,([x]<%)", and this was in fact claimed in [12,
Paragraph after Proposition 17.2] without proof, however we do not know how
to verify this claim, and would like to pose it as an open question.?! It seems

31The problem that occurs if trying to verify the claim made in [12] is with collections of
subsets of k which are not of the form P(k) N M for a weak xk-model M. While this may seem
like a minor technical difficulty at first, it appears to be a serious obstacle on second sight.
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ely that a positive answer to Question 15.4 would also yield a positive answer for

Question 15.3.

Question 15.4. Does k € I}, ,([<]<%)" imply that « is weakly ineffable?
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