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ABSTRACT. We study the provable consequences of the existence of
a well-order of H(k™) definable by a Yj-formula over the structure
(H(k™), €) in the case where r is an uncountable regular cardinal. This
is accomplished by constructing partial orders that force the existence of
such well-orders while preserving many structural features of the ground
model. We will use these constructions to show that the existence of a
well-order of H(ws) that is definable over (H(wz),€) by a ¥;-formula
with parameter wq is consistent with a failure of the GCH at w;. More-
over, we will show that one can achieve this situation also in the presence
of a measurable cardinal. In contrast, results of Woodin imply that the
existence of such a well-order is incompatible with the existence of in-
finitely many Woodin cardinals with a measurable cardinal above them
all.

1. INTRODUCTION

Given an infinite cardinal s, if the set of all subsets of k is constructible
from some subset z of x, then there is a well-order of the set H(x™) of all sets
of hereditary cardinality at most x that is locally definable by a ¥;-formula
with parameter z, i.e. there is such a well-order that is definable over the
structure (H(x"), €) by a ¥;-formulal] with parameter z. In particular, if the
power set of k is contained in Godel’s constructible universe L, then there
is a well-order of H(x™) that is locally definable by a X;-formula without
parameters. One may view such well-orders as the simplest possible locally
definable well-orders of H(k™), because their definition uses no parameters
and a short argument shows that no formula that lies lower down in the Levy
hierarchy defines a well-order over a structure of the form H(k™) for any
infinite cardinal k. For the sake of completeness, we present this argument.

2010 Mathematics Subject Classification. 03E35, 03E47, 03E50.

Key words and phrases. Definable well-orders, lightface definability, forcing, failures
of the GCH, large cardinals.

INote that if < is a well-order, then z <y <= [z # y A —(y < z)]. Thus any
Y;-definable well-order of H(x™) is in fact Aj-definable. Proposition shows that a
3;-formula defining a well-order is not provably equivalent to the II;-formula obtained
from the above equivalence.
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Remember that a ¥i-formula ¢(vo, ..., v, 1) is AZFC if there is a II;-
formula ¥ (v, ..., v,—1) with

ZFC™ b Vxo,..., 201 [p(zoy. .. xn_1) — W(x0,...,T0 1)],

where ZFC™ denotes the axioms of ZFC without the Power Set Axiom. Note
that every Yo-formula is a AZFC" -formula.

Proposition 1.1. Let k be an infinite cardinal. Then there is no well-order
of H(k™) that is definable over the structure (H(k%), €) by a AZFC -formula
with parameters.

Proof. Let ¢(vg, v1,v2) be a APFC" formula and let 1 (vg, v1, v2) be the corre-
sponding II;-formula. Using the formula ¢, we can construct a »;-formula
®o(v) with the property that the axioms of ZFC™ prove that for every
set z, the statement ®y(z) is equivalent to the statement that the rela-
tion {(x,y) | v(x,y,2)} is not linear. Moreover, we can use the formula
¢ to construct a Xj-formula ®4(v) with the property that the axioms of
ZFC™ prove that for every set z, the statement ®;(z) is equivalent to the
statement that the relation {(z,vy) | ¢(z,y,2)} is not well-founded. Set
O (v) = Po(v) V ®1(v). By the 3j-Reflection Principle, the axioms of ZFC
prove that whenever 6 is an infinite cardinal and z € H(6), then ®(z) holds
in (H(A1), €) if and only if the set

{{z,y) € H(OT) x H(0) | (H(07), €) = o(x,y,2)}
is not a well-order of H(#T).

Assume, towards a contradiction, that there is an infinite cardinal x such
that the formula ¢ and some parameter z € H(k™) define a well-order of
H(k™*) over the structure (H(k™), €). By the above remarks, this implies
that ~®(z) holds in (H(k™), €). Pick a regular cardinal v > 2% and let G be
Add(v, (v<*)")-generic over V. Then v = v<¥ holds in V[G] and a folklore
result (see, for example, [I5] Corollary 9.2]) says that there is no well-order of
H(v)VIC] that is definable over the structure (H(v)VI!, €). In particular,
®(z) holds in (H(v*)VI¢l €) and ¥;-reflection implies that it also holds in
(H(xT)VIE €). But we have H(x")VI¢) = H(k*)V, a contradiction. O

A classical theorem of Mansfield shows that the converse of the implica-
tion mentioned at the beginning of this section also holds in the case kK = w,
in the sense that the existence of a locally ¥;-definable well-order of H(w;)
implies that all subsets of w are constructible from the parameters of this
definition. In particular, the existence of such a well-order implies that CH

holds and that there are no measurable cardinals.
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Theorem 1.2 ([I7]). The following statements are equivalent for every z C
w.

(1) Every subset of w is an element of L[z].
(i) There is a well-order of the set H(wy) that is definable over the
structure (H(wy), €) by a X1-formula with parameter z.
(i1i) There is a well-order of the set “w of all functions from w to w
that is definable over the structure (H(wy), €) by a Xq-formula with

parameter z.

In this paper, we are interested in the provable consequences of the ex-
istence of locally definable well-orders of H(k") of low complexity in the
case where k is an uncountable regular cardinal. In particular, we want to
determine the simplest definition such that the existence of a well-order de-
finable in this way is consistent together with certain natural set theoretical
assumptions whose negation holds in L. Examples of such assumptions are
failures of the GCH at k or the existence of larger large cardinals above
k. For that purpose, we construct partial orders that force the existence of
locally >;-definable well-orders while preserving many structural features
of the ground model. The starting point of this work is the following result
proven in [II]. It can be used to show that many statements are compatible
with the existence of locally >;-definable well-orders if we allow arbitrary
parameters in their definitions.

Theorem 1.3 ([II, Theorem 1.1]). Let k be an uncountable cardinal such
that k = K<~ holdsﬂ and 2" 1s reqular. Then there is a partial order P with
the following properties.

(1) P is <k-closed and forcing with P preserves cofinalities less than or
equal to 2" and the value of 2.

(i1) If G is P-generic over the ground model V, then there is a well-order
of H(kT)VICl that is definable over the structure (H(kT)VIE €) by a
Y1 -formula with parameters.

The parameter used in the definition of this well-order is added by the
forcing and therefore is, in a certain sense, a very complicated object. In
this paper, we want to improve the above result by constructing models of
set theory possessing locally >;-definable well-orders that only use simple
parameters. The first (and in fact main) step towards this goal will be the
construction of a locally ¥;-definable well-order in a generic extension whose
definition only uses parameters that already exist in the ground model.

°Note that the assumption x = £<* implies that x is regular.
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This is achieved (for a somewhat smaller class of cardinals k) in the next
theoremﬁ Remember that, given an uncountable cardinal k, a subset S of
k is fat stationary if for every club C' C k, the intersection C'N S contains
closed subsets of ordinals of arbitrarily large order-types below x. Given
regular cardinals 7 < r, we let S) denote the set of all limit ordinals less
than r of cofinality 7. The set SZ, is defined analogously.

Theorem 1.4. Let k be an uncountable cardinal such that k = k<%, n<" <
k for every n < k and 2" is regularﬁ Assume that one of the following
statements holds.

(a) K is the successor of a regular cardinal n and (S, | a < K) is a
sequence of pairwise disjoint stationary subsets of Sy
(b) K is an inaccessible cardinal and (S, | o < k) is a sequence of pair-

wise disjoint fat stationary subsets of k.
Then there is a partial order P with the following properties.

(i) P is <k-distributive and forcing with P preserves cofinalities less
than or equal to 2" and the value of 2.

(i1) If G is P-generic over the ground model V, then there is a well-order
of H(kT)VI that is definable over (H(kT)VIE €) by a ¥1-formula
with parameter (S, | o < k).

In the second part of this paper, we use Theorem [I.4]to construct models
of set theory containing locally ¥;-definable well-orders of some H(x") that
only use the ordinal x as a parameter by forcing over certain canonical inner
models of set theory. This will allow us to show that the existence of such
a well-order is compatible with a failure of the GCH at x. The following

theorem is an example of such a construction.

Theorem 1.5. Assume that V = L holds and k is either the successor of
a reqular cardinal or an inaccessible cardinal. Let P be a partial order with

the following properties.

(a) Forcing with P preserves cofinalities less than or equal to kKt and
fat stationary subsets of k.

(b) If G is P-generic over V, then in V|G|, 2% is reqular, k = k<" and
n<" < k for all n < k.

3While the forcing construction in our paper is based on the construction in [LT], one
could instead base it on the construction that was later provided in [I0]. This would
eliminate the assumption that 2” be regular and would yield a forcing that preserves all
cofinalities (rather than just those less than or equal to 27) in our below results.

4Note that the second assumptions implies that  is either an inaccessible cardinal or
the successor of a regular cardinal.
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Then there is a P-name Q for a partial order such that the following

statements hold whenever G x H is (P % Q)-generic over V.

(i) The partial order QF is <r-distributive in V[G].
(ii) Forcing with Q% over V[G] preserves all cofinalities less than or
equal to (2°)VICl and the value of 2°.
(i4i) There is a well-ordering of H(kT)VI@H that is definable over the

structure (H(kT)VIGH €) by a X -formula with parameters .

Letting P = Add(k, k™), Theorem |1.5 shows that a failure of the GCH
at an uncountable regular cardinal x is consistent with the existence of a
well-order of H(k™) that is locally definable by a ¥;-formula with parameter
K.

By Mansfield’s Theorem and the X;-Reflection Principle, the exis-
tence of a well-order of H(xk™) that is definable over (H(x"), €) by a ;-
formula with parameter z € H(w;) implies that P(w) C L[z]. In particular,
the assumption

(%) VzCwdzr Cwx ¢ L[Z]

implies that there is no such well-order. Note that () holds in all Add(w, wy)-
generic extensions and that the partial order P = Add(w,w;) satisfies the
requirements (a) and (b) of Theorem |1.5{in L. Since the partial order Q¢
from Theorem adds no new reals whenever GG is P-generic over L, it pre-
serves the statement (ED Thus Theorem shows that in this setting, the
above forcing construction for k = w; adds a locally definable well-order
of H(ws) of the optimal complexity compatible with (), in the sense of
providing a X;-definition with smallest possible parameter.

It is natural to ask whether it is possible to strengthen the above result
and force the existence of well-orders of H(wy) that are definable using
smaller parameters. By the above remarks, the existence of such a well-
order would imply the negation of @ It is not known if such a well-order

can exist outside of models of the form L[z] with z C w.

Question 1.6. Does the ezistence of a well-order of H(ws) that is definable
over (H(ws), €) by a X1 -formula with parameters in H(wy) imply that P(wq)

is constructible from some subset z of w?

In another direction, one can ask whether assumptions like the ones listed
in Theorem [I.5]are actually necessary for such constructions. In particular, it
is interesting to ask whether the existence of such well-orders is compatible

with the existence of larger large cardinals. A modification of the above
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construction yields the following result that shows that the existence of a
well-order of H(x™) that is definable over (H(x"), €) by a X;-formula with
parameter s is consistent with the existence of a measurable cardinal above
k and a failure of the GCH at .

Theorem 1.7. Assume that U is a normal measure on a cardinal §, V =
L[U] holds and k < 0 is either the successor of a regular cardinal or an
inaccessible cardinal. Let P € Vs be a partial order with the properties (a)
and (b) listed in Theorem . Then there is a P-name Q € Vs for a partial
order such that the statements (i)-(iii) listed in Theorem [1.5 hold whenever

G+ H is (P Q)-generic over V.

Note that, if k = w; and U witnesses that ¢ is a measurable cardinal
in V, then @ holds and the above remarks imply that the well-ordering
of H(wsy) produced by the above forcing has the optimal complexity that
is compatible with the existence of a measurable cardinal. Since the above
construction still relies on the assumption that V lies close to some well-
behaved inner model, we may ask if it is possible to have such well-orders
in the presence of larger large cardinals. It was pointed out to the authors
by Daisuke Ikegami that results of Woodin on the Ils-maximality of the
Prax-extension of L(R) (see [14] and [20]) directly imply that the existence
of certain large cardinals implies that no well-order of H(ws) is definable
over (H(ws), €) by a ¥;-formula with parameter w;.

Proposition 1.8. Assume that there are infinitely many Woodin cardinals
with a measurable cardinal above them. If there is a well-order of H(ws) that
is definable over (H(ws), €) by a ¥i-formula with parameter z C wy, then

z ¢ L(R).

Proof. Given a < wy, let WO,, denote the set of all € R that code (in some
fixed canonical way) a well-ordering of w of order-type a.. Note that the set
{{z,a) € R xw; | x € WO,} is definable over (H(w,), €) by a 3;-formula
without parameters. Let £ ; denote the language of set theory extended by
an unary predicate symbol A. Then there is a ¥;-formula @o(v) in L such
that the axioms of ZFC prove that

(H(ws),€,A) Ewo(2) <= zC{a<w |Jx e Ax e WO,}

for all A C R and z € H(ws). Moreover, there is a II;-formula ¢ (v) in £,
such that the axioms of ZFC prove that

(H(wq), €, A) E v1(2) <= {a<w |z e Az e WO,} Cz
for all A C R and z € H(w,).



SIMPLEST POSSIBLE DEFINABLE WELL-ORDERS 7

Fix a ¥;-formula ¥ (vg, vy, v9) in the language of set theory. Using the
formulas constructed above and the arguments used in the proof of Propo-
sition [I.], we find a ITy-sentence ¥ in £ ; such that the axioms of ZFC prove
that whenever A CR and z4 = {a < w; | 3z € A x € WO, }, then the set

{(z,y) e RxR | (H(wa), €) F ¥(2,y,24)}
is a well-ordering of R if and only if (H(ws), €, A) = V.
Assume, towards a contradiction, that there are infinitely many Woodin
cardinals with a measurable cardinal above them and there is z € P (w; )F®

such that

{{z,y) € H(wz) x H(wy) | (H(w2), €) = ¥(2,y,2)}
is a well-ordering of H(wz). Set A, = [J,e, WO, € L(R). Then z = 24,
and (H(ws), €, A.,) = V. Let G be Pyax-generic over L(R). By [14, Theorem
7.3], we have (H(wy)"®I € A.) |= ¥ and hence there is a well-order of R
that is definable over (H(wy)"®I¢l €) by the formula ¢ and the parameter

z € L(R). By our assumptions and [14, Lemma 2.10], the partial order Py«
is homogeneoud in L(R). This shows that the set

{(z,y) eRxR |1 1% w(z,5,2)) € LR)

is a well-order of R in L(R). By results of Woodin (see [I8, 8.24 Theorem]),
our assumptions imply that AD holds in L(R) and hence L(R) contains no
well-orders of R, a contradiction. O

Since the existence of a well-order of H(wy) definable over (H(ws), €)
by a ¥j-formula with parameter w; is consistent with the existence of a
measurable cardinal and inconsistent with the existence of infinitely many
Woodin cardinals with a measurable cardinal above them, it is natural to
ask the following question.

Question 1.9. What is the weakest large cardinal whose existence implies
that no well-order of H(ws) is locally definable by a %1 -formula with param-

eter wy ?

This question will be answered in the forthcoming [16], by showing that
the existence of a well-ordering of H(ws) that is definable over (H(ws), €)
by a ¥;-formula with parameter w; is consistent with the existence of a
Woodin cardinal and inconsistent with the existence of a Woodin cardinal
with a measurable cardinal above it. Moreover, we will use the techniques
MSe that for all conditions pg, p1 € Phnax, there are conditions qg,q1 € Prax

such that ¢; <p_.. p; and the restriction of Pp,.x to all conditions below gq is isomorphic
to the restriction of P, to all conditions below ¢ .
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developed in Section [7] of this paper to show that the existence of such
a well-order is compatible with the existence of a Woodin cardinal and a
failure of the GCH at w;.

In another direction, the above arguments do not answer the above ques-
tion for the case x > wy.

Question 1.10. Given a formula ¢(vy,v1,v2), do the axioms of ZFC prove
that for every supercompact cardinal 6 and every reqular cardinal w, < kK <
0, the set

{{z,y) € H(x™) x H(x") | (H(x"), €) = p(x,y, )}
is not a well-ordering of H(k™)?

Next, we consider locally definable well-orders of the set “k of all func-
tions from k to x. Note that the ¥;-Reflection Principle implies that the
set "k is not definable over (H(x"), €) by a ¥;-formula with parameters in
H(x) and hence no well-order of this set is definable in this way. In the case
of successor cardinals, the following proposition shows that the forcing con-
struction provided by Theorem adds a locally II;-definable well-order of
"k whose definition uses parameters of small cardinality.

Proposition 1.11. Assume that n is an infinite cardinal, Kk = n* and there
is a well-order of H(k™) that is definable over (H(k™), €) by a X1-formula
with parameter k. Then there is a well-order of "k that is definable over

(H(k™), €) by a II;-formula with parameter 1.

Proof. Fix a ¥y-formula ®(vg, vy, vs) such that the formula ® and the pa-
rameter £ define a well-order <1 of H(k™) over (H(k™), €). Let A be the set
of all x € H(k") with |x| = k. Then A consists of all x € H(k™) such that
there is no surjection from 7 onto x in H(x™). Therefore A is definable over
(H(k™), €) by a II;-formula v (vg,v1) with parameter 7. If x € A, then &
is the unique ordinal a@ < k™ such that there is a bijection b : @« — x in
H(k") and for every & < « there is a surjection s : n — @ in H(k™). This
shows that there is a ¥y-formula ¢(vg, v1,v2) such that

y=r < (H(x"), €) | o(z,y.n)
holds for all z,y € H(k") with € A. Finally, pick a Yo-formula ¢(vg, v1)
such that ¢(x,y) holds if and only if z : y — y is a function.
Define €4 = <N (“k X k). Then the set < is equal to the set of all pairs
(z,yy in H(k™) x H(kT) with
(H(k¥).€) Fafy A vln) A ¢y,n)
A Va [p(z,a,n) — (0@(y, @, a) A gz, ) Ad(y, o))
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This shows that the well-ordering <« of " is definable over the structure

(H(k™), €) by a IT;-formula with parameter 7. O

Since the set {w} is definable over (H(ws), €) by a ¥-formula without
parameters, the above proposition shows that the forcing given by Theorem
produces a locally definable well-ordering of “*w; of optimal complexity.

Corollary 1.12. Assume that there is a well-order of H(ws) that is defin-
able over (H(ws), €) by a Xi-formula with parameter wy. Then there is a
well-order of “*wy that is definable over (H(wsy), €) by a Iy -formula without

parameters. Il

Finally, motivated by [11, Corollary 1.5], we also consider Bernstein sub-
sets of “k. Given an uncountable regular cardinal k, we equip “x with the
topology whose basic open subsets are of the form N, = {x € *x | s C x}
for some function s : @« — k with @ < k and we say that a closed subset
of this space is perfect if it is homeomorphic to the set *2 equipped with
the subspace topology induced by that of ®*x. A Bernstein subset of "k is
a subset X of "k with the property that X and its complement intersect
every perfect subset of "k.

By [11l Corollary 1.5], the partial order P that witnesses Theorem
introduces a Bernstein subset of "k that is Aj-definable with parameters
over (H(k"), €). It is easy to see that the proof of this result, presented in
[T, Section 4], also shows that in the forcing extensions produced by the

above theorems there are Bernstein subsets of “x with simple definitions.

Corollary 1.13. (i) In the situation of Theorem forcing with the
partial order P introduces a Bernstein subset of "k that is Aq-
definable over (H(k™), €) using the parameter (S, | a < K) .

(i1) In the situation of Theorem or Theorem forcing with the
partial order P x Q introduces a Bernstein subset of "k that is Aq-

definable over (H(k™1), €) using the parameter k. O

We outline the structure of this paper. In Section 2], we start by discussing
forcing techniques that allow us to make an arbitrary subset of H(k™) de-
finable in a generic extension of the ground model. Section |3| contains the
definition of strongly S-complete forcings and several observations that will
later allow us to show that the forcing constructed in the proof of Theorem
[[.4]is <r-distributive and preserves the stationarity of certain subsets of x.
Next, we prove that the generic coding introduced in Section [2]is absolute
with respect to strongly S-complete forcings. We continue by construct-
ing the partial order witnessing Theorem in Section [5| and proving the
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statements of the theorem in Section [} Finally, we prove Theorem [I.5] and
Theorem [1.7]in Section [7] by constructing forcing extensions of canonical in-
ner models that contain simply definable sequences of disjoint fat stationary

sets.

2. ALMOST DISJOINT CODING AT UNCOUNTABLE CARDINALS

In this section, we discuss almost disjoint coding forcing (see [3] and [12])
for uncountable cardinals x that satisfy k = k<". Given such x, this forcing
technique will allow us to make an arbitrary subset of “x definable by a
formula of low complexity in an upwards-absolute way. In order to make
this precise, we generalize basic notions of complexity to our uncountable
setting.

We equip the set “k with the topology whose basic open sets are of the
form Ny = {x € *r | s C x} for some function s : @« — Kk with a < k. A
subset of *k is a X9-subset of ®k if it is equal to the union of k-many closed
subsets of “k. Note that a subset of “x is closed if and only if it is equal to
the set

7] = {ze€"s|VYa<kz|aeT}
of k-branches through some subtreeﬁ T of <*k. In particular, A C "k is a
39-subset of “x if and only if there is a sequence (T, | a < k) of subtrees
of <*r with A = J,_,.[T.]. We say that such a sequence of trees witnesses
that A is a X9-subset of "k.
We will now discuss how almost disjoint coding forcing at uncountable

<K

cardinals £ with k = k<% allows us to make an arbitrary subset of "x 39-

definable by a cofinality-preserving forcing.

Definition 2.1. Assume that s is an uncountable cardinal with kK = k<",
A C "k and §= (s, | @ < k) is an enumeration of <"x with the property
that every element of <"k is enumerated x-many times. We define a partial

order Cz(A) by the following clauses.
(i) A condition in Cgz(A) is a pair p = (t,a,) with t, : a, — 2 for
some o, < k and a, € [A]<".

(i) We have ¢ <c_a) p if and only if t, C ¢4, a, C a4 and
s Cx — t,(B) =1
for every x € a, and o, < 8 < .
The following proposition lists the basic properties of this partial order.

6A nonempty subset T' C <#x is a subtree of <"k if it is closed under initial segments.
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Proposition 2.2. (1) If n < Kk and (pe | £ <n) is a descending se-
quence of conditions in Cz(A), then the pair p = (U, tpe; Ue—,y Qe )
is a condition in Cz(A) with p <c_a) pe for all §& < n. In particular,
Cz(A) is <k-closed with infima.

(i1) If p and q are conditions in Cz(A) with t, = t,, then p and q are
compatible in Cgz(A). In particular, Cz(A) satisfies the kT -chain
condition. g

The coding provided by the above forcing turns out to be much stronger
than in the countable setting, because we no longer need to bother with the
definability of #x of the ground model (see [0, Section 1]).

There is a sequence (T, | a < k) of canonical Cz(A)-names with the
property that whenever G is Cz(A)-generic over V and t¢ = |J{t, | p € G} :
k — 2, then for every a < k,

T¢ ={t e <"k |VYa < B <k [ta(B) =0 — s5 Z 1]}.

Theorem 2.3. If k is an uncountable cardinal with k = k<", A is a subset of
“r and G is C5(A)-generic over V, then the sequence (TS | a < k) witnesses
that A is a X9-subset of "r in V[G].

Rather than presenting the short proof of this theorem, we will prove an
absoluteness version of it in Section [4| (see Corollary that will imply
the above statement. This result will show that the above coding does not
only hold true in V|G| but is in fact persistent under certain further forcing.

We close this section with a small observation showing that in a certain
sense, the generic coding provided by Theorem is optimal.

Proposition 2.4. Let k be an uncountable reqular cardinal with k = K<*.
Then there is a subset C' of "k with the property that in every generic ex-
tension of the ground model by a <rk-distributive forcing, the complement of

C s not a XY-subset of "k.

Proof. Define C to be the club filter on k, i.e. C is the set of all x € "k such
that the set {o < k | () = 0} contains a closed unbounded subset of .
Assume, towards a contradiction, that there is a generic extension V[G] of
the ground model V by a <k-distributive forcing P such the complement of
C is a X9-subset of * in V[G]. Work in V[G]. By our assumption, there is
U,. By the
<k-distributivity of P, the set C is dense in "k and this implies that the set

a sequence (U, | o < k) of open subsets of *x with C =,

U, is open dense for every a < k.
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Let h : "k —> "k be the unique function such that z(«) > 2 implies
h(z)(a) = z(«) and x(a) < 2 implies h(z)(a) = 1 — x(«) for all x € "k
and a < k. Then h is a homeomorphism of “x and h[C] is also equal to
the interseaction of k-many dense open subsets of “x. In this situation, a
standard argument shows that there is an x € C N A[C] and there are closed
unbounded subsets Cy and C of x in V such that C; C {a < k | z(a) = i}
for all + < 2. But then Cy N C; = 0, a contradiction. O

Note that it also possible to use [8, Theorem 4.2] to derive a contradiction
in the proof of the above proposition.

3. STRONGLY S-COMPLETE FORCINGS

In this section, we define a strengthening of the notion of an S-complete
forcing introduced in [19, Chapter V, Definition 1.1]. We will use this prop-
erty to show that the forcing constructed in the proof of Theorem is
<k-distributive and preserves the stationarity of certain subsets of k. This
will allow us to generically code information with the help of the sequence

(Sa | @ < k) of disjoint stationary sets.

Definition 3.1. Assume k is an uncountable regular cardinal, S C x and
P is a partial order. We say that P is strongly S-complete if there is a
sequence D = (D, | o < k) of open dense subsets of P with the property
that whenever

(a) 6 > k is a regular cardinal with P(P) € H(0),

(b) M is an elementary submodel of H(#) of cardinality less than s such
that B,PeManda:/{ﬂMGS, and

(c) P = (pe | £ <m) is a descending sequence of conditions in P such
that pe € M for every £ < np and {&@ <a | I <npe € Ds} is
unbounded in «,

then there is a condition p in P with p <p p; for every £ < 7.

Lemma 3.2. Let k be an uncountable reqular cardinal with n<" < k for
every cardinal n < k, let S be a fat stationary subset of k and let P be a

strongly S-complete partial order. Then P is <k-distributive.

Proof. We show that P is <n-distributive for every infinite cardinal n < k by
induction on 7. Note that limit steps are trivial, for if 7 is a limit cardinal,
then P is <n-distributive iff it is <p-distributive for every infinite cardinal
1 < n. Moreover, any forcing is trivially <w-distributive. Similarly, if n < &
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is a singular cardinal such that P is <n-distributive, then P is in fact <n*-
distributive. All of the above hold true for any notion of forcing P. The only

nontrivial case in the induction is the following.

Assume 7 < £ is a regular cardinal such that P is <n-distributive, let f
be a P-name for a function from 7 to On and let py be a condition in P.
Pick a sequence D = (D, | o < k) of open dense subsets of P witnessing
that P is strongly S-complete, and pick a sufficiently large regular cardinal
6.

We inductively construct a continuous C-increasing chain (Mg | f < k)
of elementary submodels of H(f) of cardinality less than x and a strictly
increasing continuous sequence (ag | 8 < k) of limit ordinals less than x
such that the following statements hold for every g < k.

(1) n, f7p0757P € MO'
(ii) ag =k N Mg € k.
(iii) If cof (ag) < 7, then @) My C Mgy,

Then C = {ap | B < K} is a closed unbounded subset of x and, using the
assumption that S is fat stationary, there is a strictly increasing continuous
map b: 1+ 1 — x such that {aye) | £ < 1} is a closed subset of S of order-
type n+1. Now we inductively construct a sequence (pe | € < 1) of conditions

in P and a sequence (f¢ | £ < n) such that pe € Myei1y, pepr b “f [ € =17

and pey € D for every & <.

ap
Assume (pg (]Qf_ < §) is already constructed. Then pg and D, ,, are both
elements of Mye11), because ape) < apeq1) © Myeqry. Using that P is <n-
distributive by induction hypothesis, there are pgy1 € D N Myer1)+1 €
My¢42) and t¢ with per1 <p pe and peyq IF “f €= te”.

Now, assume ¢ € 7N Lim and (pg | € < &) is already constructed. Then

Xp(€)

{a < ape) | I < € ps € D5} is unbounded in ay). Hence there is a con-
dition ¢ in P with ¢ <p pg for every £ < & Let (€, | pu < cof(§)) be a
strictly increasing continuous sequence of ordinals that is cofinal in . Since
cof (ape)) = cof(§) < m, we can conclude “'©Mye) C Myge11 C Myeyr).
This shows that the sequence (pe, | p < cof(€)) is an element of Mpei1)
and, by elementarity, there is a condition ps € My¢41) such that pe <p pg
holds for every £ < €.

Since {@ < () | FE < 1 pe € Da} is unbounded in ), there is a con-
dition p € P with p <p p¢ for every & < n. If we define f = U5<77 te, then
plE“f = f7. This shows that P is n-distributive. O
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We continue with a technical definition that summarizes the important

properties that we will deduce from strong S-completeness.

Definition 3.3. Let P be a partial order, let # be a regular uncountable
cardinal with P(P) € H(f) and let M be an elementary submodel of H(#)
with P € M. A condition p in P is strongly (M, P)-generic if whenever D is
a open dense subset of P that is an element of M, then there is a condition
q € D with ¢ € M and p <p q.

The following basic observation will be needed in the proof of the next

lemma.

Proposition 3.4. Let k be an uncountable reqular cardinal and let S be a
fat stationary subset of k. If P is a <k-closed partial order, then S is a fat

stationary subset of k in every P-generic extension of V.

Proof. Let C be a name for a club subset of x, v < & and po be a condition
in P. Then we can inductively construct a descending sequence (p,, | @ < k)
of conditions in P and a sequence (¢, | a < k) of bounded subsets of x such
that pay1 IF “CNna= ¢o” holds for every o < k. Then C' = |
closed unbounded subset of x and there is an «, < x such that C' NS N a,

acr Ca 18 &
contains a closed subset of order-type . Hence p,, <p pg forces that the

intersection of C' and S contains a closed subset of order-type . O

We are now ready to show that strongly S-complete forcings contain
dense subsets of strongly generic conditions for a great variety of elementary
submodels.

Lemma 3.5. Assume that

(a) K is an uncountable reqular cardinal with n<" < k for every n < k,
(b) S is a fat stationary subset of k,
(c) P is a partial order that is <k-closed with infima,
(d) Q is a P-name for a strongly S-complete partial order,
(¢) D= (D, | a < &) is a sequence of P-names for open dense subsets
of Q such that whenever G is P-generic over V, then the sequence
(DS | o < k) witnesses that Q° is strongly S-complete in V[G), and
(f) 0 > k is reqular with D, P(P % Q) € H(6).
Then for every element x of H(0) and every regular cardinal n < k, there is
a dense set of conditions (p,q) in P Q such that the following statements
hold for some elementary submodel M of H(#).

(i) M has cardinality less than k and z,P, Qe M.
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(ii)) « = kN M € S and there is a closed unbounded subset of a of
order-type n consisting of elements of S.

(iii) (p,q) is strongly (M, P * Q)-generic.

(iv) The condition p is the infimum of a descending sequence of condi-

tions in PN M.

Proof. We start by proving some general facts about the behaviour of ele-
mentary submodels of H(#) in P-generic extensions. Let M be an elementary
submodel of H(0) of size less than x, with D,P,Qe M and kN M € S, let
((pe. Ge) | € < €) be a descending sequence of conditions in (IP Q)N M of
length less than x, such that every dense subset of P * Q that is an element
of M has some pg as element, and let pe be the infimum of the sequence
(pe | £< &) in P. If G is P-generic over V, then H()VIY is a P-generic
extension of H(A)V, and we define

M[G] = {i%| & € M is a P-name}.

The following claims are standard, but we provide their short proofs for
sake of completeness.

Claim. If G is P-generic over V with pe € G, then M|[G] is an elementary
submodel of H(0)VE with M Nk = M[G] N k.

Proof of the Claim. Let & € M be a P-name with ¢ € k. Then
D = {<p’q> E]P’*Q | Ja<kplr “i‘:d”}

is a open dense subset of P Q an an element M. Hence (pe,de) € DN M
for some £ < & and there is an @ € Kk N M with ¢ = a.

Assume there are P-names iy, . . ., i,_1 € M such that o(z, 2§, ..., 3¢ )
holds in H(6)VI®! for some formula ¢(vy,...,v,) and some z € H()VIC].
Since H(#)VI is a P-generic extension of the model H(#)Y, the set of all
conditions (p,q) in P * Q such that either p I “Va —p(z, Zo, . . ., dn_1)”
holds in H()Y or p I- (i, @, ..., 4, 1) holds in H()V for some P-name
i € H(A)V is a open dense subset of P * Q, and is an element of M. By our
assumptions, this implies that there is a P-name &, € M and a & < & such
that pg IF (&, Zo, . . ., 4p—1) holds in H(A)Y and this shows that there is an
r € M|G] such that o(z, %5, ..., 2% ) holds in H(9)VIC. O

Claim. There is a P-name ge for a condition in Q such that (pe,de) is
strongly (M, P % Q)-generic condition and (Pe; Ge) <pug (P& Ge) for every
£<¢&.
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Proof of the Claim. Let G be P-generic over V with pe € G and let D be a
open dense subset of Q¢ that is an element of M[G]. Then there is a P-name
D € M for a dense subset of Q with D = D¢ and

D. = {(p,4) ePxQ|plF g€ D"}

is a open dense subset of P x Q and an element of M. Hence there is a E<¢
such that (pg, ¢¢) is an element of D, N M, and this yields qg € D. We can
conclude that for every o € K N M[G] there is £ < ¢ with qg e DS. By our
assumptions and the above claim, this shows that there is a condition g¢ in
Q% such that ¢ <ge q'g holds in V[G] for every £ < &. These computations
yield a P-name ¢¢ with the desired properties. Il

Pick an element z of H(#), a condition (py,do) in P * Q and a regular
cardinal 7 < k. We inductively construct a continuous C-increasing chain
Mp of elementary submodels of H(#) of cardinality less than x and a strictly
increasing continuous sequence (g | f < k) of limit ordinals less than  such
that the following statements hold for every § < k.

(i) 7. po, 4o, D,P,Q € M.
(i) ag =k N Mg € k.

(iii) My € My,

(iv) If cof (ag) < m, then “H@s) My C Mg, .

If we define C' = {as | B < k}, then there is a continuous strictly in-
creasing function b : 7+ 1 — & such that {aye) | £ < 0} is a closed subset
of S of order-type n+1. We define a decreasing sequence ((pe, ge) | £ < n) of
conditions in P Q such that (pe, de) € Myey1y and (pes1, er1) is an element
of every open dense subset of P Q that is an element of M.

Assume that the sequence ((pg, ¢z) | £ < ) is already constructed. Then
Lemma and Proposition show that the partial order P % Q is <x-
distributive and this implies that the intersection of all open dense subsets
of P+Q that are elements of My is open dense. Since pg, Ge, Mye) € Myey1)
and My has cardinality less than s in M1, elementarity implies that
there is a condition (pey1,des1) in (P* Q)N Myer1y below (pg, ge) that is an
element of every open dense subset of P % Q that is an element of My ).

Now assume that ¢ € 1N Lim and the sequence ((pg,de) | £<&) is
already constructed. By the above claim, there is a strongly (M), P * (Q))-
generic condition 7 with r <p,4 (e, Gg) for every € < &. Pick a sequence
(€u | p < cof(§)) that is cofinal in & Since cof(aye)) = cof(§) < n, our
assumptions imply that the sequence ((pe,,de,) | it < cof(§)) is an element
My¢41) and, since Mg is an element of My¢1), elementarity implies that
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there is a strongly (M), P+Q)-generic condition (pe, ¢e) € (P*Q) N My(es1)
such that (pe, ge) <p.g (Pe, ge) holds for every £ <&

This completes the construction of the sequence ((pe,ge) | £ <n). An-
other application of the above claim shows that there is a strongly (My,), P*

Q)-generic condition (py, G,) such that (p,, ¢,) <p.y (Pe, ge) for every £ <n
and p, is the infimum of the sequence (ps | £ < n) in P. Moreover, the set
{ane) | € < n} is a club subset of ay(,) € S consisting of elements of S. [

Corollary 3.6. Assume that k, S, P, Q, D and 6 satisfy the properties
listed in Lemma . Then S is a fat stationary subset of Kk in every (P*Q)—
generic extension of the ground model.

Proof. Let C be a (P % Q)-name for a closed unbounded subset of & and let
G x H be (P Q)-generic over V. Fix an infinite regular cardinal n < x such
that either 7 is uncountable or K = w;. By Lemma/[3.5] there is an elementary
submodel M of H(#) containing C with o« = kM € S, a closed unbounded
subset ¢ of v of order-type 7 contained in S and a strongly (M, P*Q)-generic
condition r € G. We then have a € Lim(C*)N S and, if 7 is uncountable,
then ¢ N C%*H contains a closed subset of order-type 7.

If kK > wi, then this argument shows that C“*¥ N S contains a closed
subset of order-type n+1 for every regular cardinal n < x and, by [I, Lemma
1.2], this implies that S is fat stationary in V[G, H|. In the other case, the
argument shows that S is a stationary subset of w; in V[G, H| and every
such subset is fat by [5]. O

4. ALMOST DiISJOINT CODING AND STRONGLY S-COMPLETE FORCINGS

This section contains the proofs of the absoluteness versions of Theorem
mentioned at the end of Section [2] Throughout this section, let x be an
uncountable cardinal satisfying k<* = &, let A C "k and let (T}, | a < k)
be defined as before the statement of Theorem 2.3

Lemma 4.1. Let Q be a Cs(A)-name for a partial order. Assume that for
sufficiently large regular cardinals 0 and every x € H(0) there is a dense set
of conditions (p,q) in Cg(A) * Q that are strongly (M,Cs(A) * Q)-generic
for some elementary submodel M of H(0) of cardinality less than k with
2,C5(A), Qe M, kN M € k and a, € M. Then the sequence (TS | o < k)
witnesses that A is a X9-subset of "x in V|G, H] whenever G H is (Cz(A) x

Q)-generic over V, i.e. A= an[Toﬂ in V|G, H].

Proof. Fix © € A. Then the set D = {p € C5(A) | x € a,} is dense and

there is a condition p € G with x € a,. Assume, towards a contradiction,
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that © ¢ [Tg)]v[c]. Then there is a a, < f < k with t¢(8) = 0 and sg C x.
In this situation, we can find a ¢ € G with ¢ <c_a) p and 8 < ag4. Then
sg C x implies tg(8) = t,(8) = 1, a contradiction. This argument shows
that z € [T, ]VI6] C [TG]VICH],

Now, assume that there is an z € [T¢]VIGH]\ A for some a < k. Pick a

G+H and a sufficiently

(Cs(A) * Q)-name & for an element of "x with z = &
large regular cardinal §. By our assumption, we can find a condition (p., ¢.)
in G * H with the property that (p,,q,) I “& € [To]\ A” and (p,,¢.) is
strongly (M, Cg(A) % Q)-generic for some elementary submodel M of H()
of cardinality less than x with «, &, Cg(A),Q € M, kN M € x and a,, € M.

Given a € kN M, the set
Dy = {rng(A)*Q]rll— “id [To]” V
Ju [lh(w)=a A ri-“aCi A ueT,”]}

is an open dense subset of Cz(A) * Q and an element of M. Hence we can
find r5 € Dg N M with (ps,¢.) <c.a) 7a and us with lh(uz) = & and
ra IF “tig €@ A i, € T,”. Define u = J{ua | @ < ay, }. Then (p.,d.) Ik
“% C 2”7 and hence u € T,.

Next, if y € AN M, then the set

E, ={(p,d) € Cs(A) xQ | y € a, A
(rlFd=g" v Io<wmrt e [d#y]6")}

is an element of M and a open dense subset of Cg(A)*Q. This shows that for
every y € AN M there is a condition r, € E, N M with (p., ¢.) g(cs_(A)*Q Ty
Having established that a,, € M above, we can conclude that a,, = ANM
and u € y for every y € AN M.

By our assumptions on s, there is an o, < o, < k with u = s,, and
we can find a condition p in Cg(A) with p <c_(a) p«, @« < ap, a5 = a,, and
ts(an) = 0. Let G+ H be (Cg(A) * Q)-generic over V with (p,¢.) € G x H.
Then ¢ e [TC)VIGHA and hence u = ¢ | lh(u) € TS. But we also have
Q. >y, > a, S,, = uand tg(ay) = t;(a,) = 0, contradicting the definition
of T,. O

Corollary 4.2. Assume that n<" < k holds for every n < k. If S is a
fat stationary subset of k, Q is a Cz(A)-name for a strongly S-complete
partial order and G x H is (Cz(A) * Q)—genem’c over V, then the sequence
(TS | a < K) witnesses that A is a X9-subset of *r in V|G, H].

Proof. Pick 6 satisfying Lemma [.5/(f) and some = € H(#). By Lemma
, there is a dense set of conditions (p,q) in Cg(A) * Q such that the
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statements (i)-(iv) listed in the lemma hold for some elementary submodel
M of H(0) of cardinality less than x with € M. Since every such condition
p is the infimum of a sequence of conditions in Cz(A) N M, Proposition
shows that a, C M holds for these conditions. We can conclude that the
assumptions of Lemma [4.1] are satisfied in this case. [

We close this section with another corollary of Lemma that directly
implies the statement of Theorem [2.3] Note that, in contrast to the last
corollary, the following argument only uses the assumption that x is an

uncountable cardinal with kK = k<*.

Corollary 4.3. Let Q be a Cg(A)-name for a o-closed, <r-distributive
partial order. If G x H is (Cz(A) * Q)—genem’c over V, then the sequence
(TS | a < K) witnesses that A is a X9-subset of *r in V|G, H].

Proof. We show that the assumptions of Lemma [.1] are satisfied in this
setting. Let 6 be a sufficiently large regular cardinal, x € H(#) and r be a
condition in Cgz(A) * Q. Since our assumptions imply that the partial or-
der C5(A) * Q is <s-distributive and therefore the intersection of less than
r-many open dense subsets of this partial order is nonempty, we can simul-
taneously construct a C-increasing sequence (M, | n < w) of elementary
submodels of H(f) of cardinality less than x and a descending sequence
((Pn,n) | n < w) of conditions in Cy(A) *Q below r such that the following
statements hold for every n < w.

(i) r,x,Cs(A) * Q € My, (pn,n), M, € M,y and kN M, € k.

(ii) (Pn,Gn) is an element of every open dense subset of Cg(A) * Q that

is an element of M,,.

Set M =
Cs(A). By our assumption, there is a C¢(A)-name ¢ for a condition in Q with
(P, @) <c.(ays (Pns Gn) for all n < w. Then (p, ¢) is strongly (M, Cz(A) Q)-
generic with the desired properties. O

M,, and let p be the infimum of the sequence (p, | n < w) in

n<w

5. THE MAIN FORCING CONSTRUCTION

In this section and the next, we work under the following assumptions.

<f and n<" < k for every

(1) x is an uncountable cardinal with k = &
n<k.

(2) A = 2" is a regular cardinal.

(3) (Sa | @ < k) is a sequence of disjoint stationary subsets of Sy if
is the successor of a regular cardinal n and a sequence of disjoint

fat stationary subsets of x if k is inaccessible.
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We define S = S,, S = (S | @ < k) and S, = &\ S, for every a < k.

Note that assumption implies that k is either an inaccessible cardinal
or the successor of a regular cardinal. In the following, we will work with
stationary subsets R of s such that either k = #* and R C S} or & is
inaccessible and R is fat stationary. We write B = RUSZ, in the first case
and R* = R in the second case. By using [, Lemma 1.2], it is easy to see
that R* is a fat stationary subset of x in both cases.

Towards a proof of Theorem we recursively define a forcing that

simultaneously performs the following three tasksﬂ

e Generically add a sequence A = (As | 6 <2%) of subsets of k in
the generic extension V[G] such that every element of H(x+)VI¢ is
coded (in a sense made precise later on) by exactly one As.

e Generically code A to ensure that this sequence is definable over
H(x")VICl by a ¥,-formula using a parameter y C  that is added
by our forcing.

e Ensure that the parameter y is definable in H(x")VI¢! by a ¥;-

formula that uses the sequence (S, | @ < k) as a parameter.

In this situation, we can well-order H(x¥)V[ in the desired way by iden-
tifying each element of H(x+)VI®! with the unique A5 coding it. The generic
coding used in this construction will be a variation of the almost disjoint
coding forcing from Section [2| that was introduced in [2, Section 2] and com-
bines the original forcing with iterated club shooting. The additional coding
to make the parameter y definable from (S, | @ < k) will be achieved by
further iterated club shooting.

Before we begin with the construction of our forcing, we specify a number
of notions used in this construction and fix some more assumptions. We start

with several notions of coding sets into other sets.

e Welet <-,->: On x On — On denote the Gaodel pairing function.
e We say that A C k codes an element z of H(k™) if there is a bijection
b: k — te({z}) such that

A = {<0,<a, B> |a, B < K, bla) € b(B)}U{=<1,a~|a <k, bla) € z}.
Note that z and b are uniquely determined by A.

"This extends the construction of the forcing to witness Theorem as provided
in [11I Section 2], by the additional third task below. Note that this task introduces
the additional technical difficulty that the witnessing forcing for Theorem cannot be
(unlike the witnessing forcing for Theorem [1.3)) <x-closed. The final forcing to witness
Theorem [T.4] will be a two-step iteration of the forcing described in this section preceded
by a preliminary forcing to achieve assumption below. This two-step iteration is
described in detail at the end of Section @
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e Given z,y € "k, we define © & y € "k by setting

z(f), if a =<0, 8>,
(z®y) (@) :==q y(B), if a==<1,p5-,
0, otherwise.

for all a < k.
e Given «, 8 < k, we define ¢(a, §) € "2 by setting

[ L iy e {<0am <L)
(o, B) (7) = { 0, otherwise.
for all v < k.

In addition to our previous assumptions, we also assume that the follow-
ing objects exist. Note that we can (and will) achieve by a preparatory
almost disjoint coding forcing, using Corollary

(4) W = (w, | ¥ < A) is a sequence of pairwise distinct elements of 2.
(5) T = (T, | o < k) is a sequence of subtrees of <*x with the property
that
(1) {ws@w, |7 <y<A} = JIM
a<k
holds whenever V[G] is a generic extension of the ground model V
by a strongly S*-complete forcing.
T thus witnesses that {ws @ w, | 7 <y < A} is a E-subset of "« in
every generic extension by a strongly S*-complete forcing.

In the following, we inductively construct a sequence Py = Py |y <A
of partial orders such that Ps is a complete subforcing of PP, whenever § <
v < A. Fix v < X and assume that we constructed Ps with that property
for every § < 7.

Definition 5.1. We call a tuple
p = <5patpa@75pagp>
a IP,-candidate if the following statements hold for some ordinals 5, < &
and 7, < min{y + 1, A\}.
(i) sp:Bp+1— <"2.
(i) tp: By +1 —> 2.
(ili) d, = (dpa | @ < ) is such that d,, , is a closed subset of S,N(5,+1)

for every oo < f3,. We require that d,, , is the empty set if « = 3-7+1
with i < 7, f = <7, 0> and one of the following statements holdsﬁ
8We will shoot clubs through the S, but only for specific a, in order to ensure that

in the end, certain sets will be definable using S as parameter by checking which of the
S, remained stationary. Coding each piece of information both positively and negatively
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a) 1 < 2 and s,(7)(d) = 1.

) i =2and lh(s,(y)) <9

c) 2<i<bandt,(8)=1—3.

) i =5 and s,(7y) & Ts.

(e) i =6 and s,(7) € T.

(iv) &, = (¢ps | * € a,) is a sequence that satisfies the following prop-
erties.

(a) a, is a subset of {ws ® c(a, 1) | 0 <7y, @ <k, © <2} of cardi-
nality less than x.

(b) If = € a,, then ¢, is a closed subset of 5, + 1 and the impli-
cation

spla) Cx — ty(a) =1
holds for every o € ¢, ..
(v) A, = (A5 | 6 <,) is a sequence that satisfies the following state-
ments.

(a) If § < 7, then A, s is a Ps-nice name for a subset of s (and
thus by our assumptions a Ps-nice name for a subset of & for
every 6 < 6 < ).

(b) If ¥ < =, and G is P5-generic over the ground model V, then
either [A\|VI¢) = |5|VIC] holdsﬂ or in V]G], there is a sequence
(ys | 0 <7) of pairwise distinct elements of H(x™) s.t. Ag(;
codes y; for every § < 7.

Given a P,-candidate p and ¢ <+, we define p [ J to be the tuple

<Sp7tp7‘i;>7 (Cpa | T € ap [§>,ffp [ min{~,,d}),
where a, | § = a, N {ws ® c(a,i) | 6§ <d, a <k, i< 2}.
It is straightforward to check that whenever p is a P,-candidate and
0 <7, p|0disa Ps-candidate.

Definition 5.2. A P,-candidate p is a condition in P, if the following
statement holds for all § < 7, a < k and ¢ < 2 with ws @ c(a, i) € a,.

(vi) If p | § is a condition in Ps, then
plo ke, “i=1 ¢+ acA,;" "

will make sure that the complexity of those definitions will in fact be A;-definable. Note
that each S, is a fat stationary subset of &.

9We will show later that this case never occurs (see Corollary .

10The idea behind this construction is that the set a, collects information about the
interpretations of names in /Tp that is already decided by the condition p. This will
allow us to use the almost disjoint coding part of the forcing (see Clause , (b)) to

add a subset of x that in the end codes J ¢ ap and thus also J,. o Ap whenever G is

peG
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Given conditions p and ¢ in P, we define ¢ <p, p to hold if 5, = s, |
Bp+1),t,=1,1(Bp+1),dpo =dya I (B, +1) for every a < ,, a, C ay,
A, =A, Ty and ¢, =y | (By + 1) for every x € a,,.

Proposition 5.3. If p is a condition in P, and § < v, then p | 0 is a
condition in Ps. In particular, every condition p in P, 1s also a condition in
P

Tp*

Proof. Let § < v and assume that p | § is a condition in Ps for every § < 4.
Fix § < 6, a < k and i < 2 with ws @ ¢(«a,i) € ays. Then (p [ §) [d=p |0
is a condition in Py and a,;5 = a, [ 0 C a,. Since p is a condition in PP, this

implies J < v, and
(P1o) 16 ke, “i=1+— aeA;"
We can conclude that p [ § is a condition in Pj. Il

The following statement is a direct consequence of the above definitions.

Proposition 5.4. If p is a condition in P, and Aisa sequence of length
smaller than min{y+ 1, \} such that /Yp C A and A satisfies the statements
listed in Clause (@) of Definition then the tuple (sp,tp,cﬂ,,c},,fﬁ is a
condition in P, that is stronger than p. U

Proposition 5.5. If ¥ < min{y + 1, A}, then the set of all conditions p in
P, with vy, > 7 is dense in P,.

Proof. Fix a condition p in P, with 7, < 4. Since ¥ < A = 2%, we can
recursively construct a sequence A of length 7 that satisfies the statements
listed in Clause of Definition |5.1} By Proposition , the resulting tuple
(Sp, tp, J];, Cp /Y) is a condition in P, that is stronger than p. O

Lemma 5.6. If § <, then Ps is a complete subforcing of ..

Proof. Every condition in Ps is a condition in P, <p;, = <p [ (Ps x Ps)
and, if ¢ is a condition in Ps and p is a condition in P, with p <p_ g,
then Proposition [5.3] shows that p | § is a condition in Ps and it is easy to
check that p [ 6 <p, ¢ holds. Hence it suffices to show that every maximal
antichain in Py is maximal in P.,.

Fix a maximal antichain A of P; and a condition p, in IP,. By Proposition
, there is a condition p with p <p_ po and 7, > 0. Proposition implies

P-generic. In Clause , we simultaneously work on making this subset of x lightface
definable.
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that p | ¢ is a condition in Ps. Hence we find a condition ¢ in Ps and r € A
with ¢ <p, p [ d,7. Then 7, = 0. Define p* to be the tuple

(Sq:tq,dgy (Cpa | T € ap\ ag) U (cgu | T € ag), Ap).
Then p* is a P,-candidate with ~,« = 7,. Fix d <7, a<kandi<?2such
that p* | 0 is a condition in P5 and z = ws @ (o, i) € a, Ua,. If z € ay,
then § < 6 < Yp+ and /Yq = ffp | 6 implies that p* [ & <p; q | 5. Hence

prldlbe “i=1l+—acd;”

holds in this case. Now assume that = € a, \ a,. Since ¢ <p, p | ¢, we have
p* 16 <p; p | § and this implies that the above forcing statement also holds
in this case. Therefore p* is a condition in P, and our construction ensures

that p* <p_ p,q holds. Hence A is a maximal antichain in P,. O

This completes the construction of the sequence ]1_5@ of partial orders.

Proposition 5.7. Let v < A\, A < X and (p, | a < \) be a sequence of
conditions in P, such that gpa C ffm holds for all & < 8 < . Then A=
U{/Tp& | o < A} satisfies the statements listed in Clause (@ of Definition
(5.1 O

Proposition 5.8. If f < k and v < X, then the set of all conditions q in
P, with B, > B is dense in P,. In particular, if v < X and G is P,-generic
over V, then k= sup{p, | p € G}.

Proof. Fix a condition p in P, with 3, < $ and define ¢ to be the tuple

(sp U{(a,0) | By < < B>7tp U((a,1) | By <a< B>> (dga | @ < B>7Epagp>

with dy o = dp for a < 3, and dy, = 0 for all 5, < a < B. Then it is easy

to see that ¢ is a condition in P, with ¢ <p_ p and 3, = 5. U
Lemma 5.9. If v < A, then P, is strongly S*-complete. Moreover, if p is
a condition in P, and ¢ < B, is such that d, . is required to be the empty
set by one of the statements listed in Clause of Deﬁm’tion then the
partial order of conditions in P, below p is strongly S¢-complete.

Proof. Let D = (D, | a < k) be defined by setting Dy = {q € P, | B, > a}
for every a < k. Each D, is open dense in P, by Proposition [5.8 We show
that D witnesses that P, is strongly S*-complete.

Assume 6 > k is a regular cardinal with P(P,) € H(6), M is an elemen-
tary substructure of H(#) of cardinality less than x with § = sup(M Nk) €
S* and B,IPA, € M and p'= (pe | € <n) C M is a descending sequence of
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conditions in P, such that {a < | 3¢ <n pe € D,} is unbounded in f.
This implies that 8 = sup;_, B, € S*. We define a tuple

pe = (s,t,{do | @ < B), (¢, | x €a),A),
by setting

o5 = {(6,0)} U Ufsp [ € <n}
et = {81} U Uty | € <nh
o dy = U{dpa | £ <, o< B} for every a < f.

od — d, U{B}, if a < B and d, # 0. )
“ 0, if either « = B or a < 8 and d, = 0.

o a = Uap | € <n},
ec, = {f} U U{cpw | &<, x € apg} for each x € a,
o A = U{A, | &€ <nh

By Proposition , A satisfies the statements listed in Clause of
Definition . Since 8 € S* C S, for every a < 8, we can conclude that p,
is a P,-candidate. Fix 6 < v, v < sk and i < 2 with z = ws ® c¢(v,7) € a.
Then there is { < n with z € a,, and hence § < vy, < v, I pa [ 0 is
a condition in Ps, then p, [ 0 <p, p¢ | 6 and hence it forces that « is an
element of Ap*,d if and only if ¢ = 1. This shows that p, is a condition in P,
and our construction ensures that p, <p. p¢ holds for every § <.

The proof of the second statement is similar, noting that if p and ¢ are
as in its hypothesis, then we have 57 C S, for all ¢ # o < k and dgc =10
for every condition ¢ in P, below p. Thus, if 8, M, 8 and p satisfy the
above statements with S* replaced by S¥, then we can repeat the above
construction to obtain a condition p. witnessing strong Sf-completeness.

OJ

If kK = 1" is a successor cardinal, then the assumption S, C S, can be
used to show that PP, is in fact <#-closed.

Lemma 5.10. If v < X and p € P, is a condition with v, = v, then the
forcing P, satisfies the k™ -cc below p.

Proof. By a standard A-system argument, using the assumption that k =
x<" and that whenever ¢ < p in P, we have that /Tq = /Tp. Il

Lemma 5.11. If q is a condition in Py and D is a collection of less than
A-many open dense subsets of Py, then there is a condition p in Py such
that p <p, q and the set D NP, is dense below p in P, for every D € D.

Proof. We start by proving the following claim. An iterated application of

this claim will yield the statement of the lemma.
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Claim. Let gy be a condition in Py and D be a open dense subset of Py. Then

there is a condition qg in Py such that g5 = (sS4, gy, dgos Cao> Ags) <py qo and

Dn IP’%!S is dense below qj in IP’%S.

Proof of the Claim. We inductively construct a sequence (g, | 0 < a < 0)
of incompatible conditions below ¢y in Py with 0 < 6 < k™ and ffqa C ffqa
for all @ < a < #: Assume that the sequence (g5 | 0 < @ < ) is already
constructed. If there is p, € D such that p, <p, (S4,t> d;m CaosUa<a A,
and the conditions p, and g5 are incompatible in Py for all 0 < & < «, then
we set g, = po and we continue our construction. Otherwise, we stop our
construction and set 6 = a.

Define A = Ua<o /an and ¢} = (Squ, tgas J;a, Cors A) for all a < 6. Given
a < 0, Proposition shows that ¢ is a condition in PWS below ¢ and ¢,.
In particular, the set A = {¢} | 0 < o < 6} is an antichain in qug below
q5- By Lemma [5.10] this means that the above construction has stopped at
stage # < kT, because no suitable condition py could be found. This implies
that A is a mazimal antichain in IF’A,qS below ¢g.

Pick a condition p in ]P’qu below ¢;. Then there is 0 < a < 6 and a
condition 7 in qug with r S]}qué D, .. Since g is an element of D, we get

r € D. This shows that the condition g has the desired properties. U

Let (D, | a <)) be an enumeration of D such that A < A is a limit
ordinal. By the above claim and Proposition we can construct a de-
creasing sequence (g, | a < A) of conditions in Py such that ¢ = g, qo =
(Sqstgs d;, Cas ffqa> for all « < X and D, NP, ., is dense below gq41 in P
for all a < A.

Pick a condition r in P’yq; below ¢5 and a < A. Then our construction

’an+1

ensures A, = fqu and 7 | Ygus <P, & I Ygas1 = Gat1- This allows
us to find a condition 7, € D, with 7, gpvqaﬂ T [ Ygas:- We define ¢ =
(¢ |  €a,Uaz,) by letting ¢, = ¢, if © € ar, and letting ¢, = ¢,
otherwise. Then r, = (sz_, tr,, cZ}a, c, ffr> is a ]P’qu -candidate with 7, = ro |
Vgas: - Moreover, if § < v, and 7, [ 4 is a condition in 5, then this condition
is stronger than r [ 6. We can conclude that r, is actually a condition in
IP’qu that is a common extension of r and 7,, and an element of D,. This

shows that p = ¢5 has the desired properties. O

Corollary 5.12. Forcing with Py preserves all cofinalities less than or equal
to .

Proof. By Lemma [3.2] and Lemma forcing with P, preserves cofinalities
less than or equal to k. Let v < A be a limit ordinal with cof(y) > « and let v
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be a regular cardinal with £ < v < cof(7y). Assume, towards a contradiction,
that there is ¢ € Py and a Py-name ¢ with ¢ lFp, “¢: 0 — ¥ is cofinal”.
Given a < v, define

Do={peP\|3IB<yplre “ca)=p5"}.
Let G be Py-generic over V. By Lemma [5.11} there is p € G such that
p <p, ¢ and D, NP, is dense below p in [P, for every a < v. By Lemma

m, PP, satisfies the x*-cc below p. Therefore we can define ¢: v — v in
V by setting

cla) = sup{f+1|3reP, [r <p,, P N 7lFp, “ela) =671}

for every @ < v. Pick a < v. By Lemma G = GNP, is P, -generic over
V. Since p € G, the above computations show that there is an r € D, N G.
If 3 < v witnesses that r is an element of D,, then ¢“(a) = 8 < ¢(a). This
shows that the range of ¢ is unbounded in v, a contradiction. U

Corollary 5.13. Let G be Py-generic over V and A be a subset of k in
V[G]. Then there is a v < X such that A= AS"™ for some P.-name A for
a subset of k.

Proof. Let Ay be a Py-name for a subset of x with A = AOG and, given
a < K, let D, be the open dense subset of P\ consisting of all conditions in
P, that decide the statement “& € Ay”. By Lemma m, thereisa p € G
such that the set D, NP, is dense below p for every a < k. Define

A = {{a,r) o<k, re D NP, r<p, p, rlFp, “ézEAo”}.

Then A is a [P, -name for a subset of x and we can use Lemma m to
conclude that A = AG = AG Py O

6. THE PROOF OF THEOREM [1.4]

We are now ready to show how the forcing constructed in the last section
can be used to produce a locally ¥;-definable well-order of H(x™) using only
the sequence S as a parameter.

Lemma 6.1. If G is Py-generic over V and y is an element of H(k)VIC],

then there is a unique ordinal & < X such that for some p € G with § < ~,
the set Ag(s codes y.

Proof. By Corollary [5.13 there is a v < A and a P,-name y such that
_ GNP,
y=19
for a subset of k such that the following statements hold whenever H is

P, -generic over V with p € H and ¢" € H(kH)VIC],

. Fix a condition p in P\ with v, > 7. Let A be a P, -name
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e If there is no d < ~, such that Aga codes ¢, then A7 codes ¢".
e Otherwise, A" codes an element of H(x)V that is not coded by
some Agts with 0 < 7, (note that Corollary implies that such

an element always exists).

Define A = A, U {(7,,A)}. Then A satisfies the statements listed in
Clause (v) of Definition [5.1] and (s,, t,, d,, &, A) is a condition in Py below
p. This density argument shows that there is ¢ € G and § < 7, such that

. GNP :
Vg >y and A 5 GPrg = &,

= A% codes j

Now assume, towards a contradiction, that there are g < d; < A and
po,p1 € G such that both Afo’(;o and Afhél code y. Pick p € G with
p <p, po,p1- Then G = G NPy, is Ps-generic over V and Corollary
implies |6,]VI% < |AVIE). Thus AS; = AS ; and AS; = AS ; code the
same element of H(k%)VIE, contradicting Clause of Definition for

the condition p. O

Corollary 6.2. Forcing with Py preserves the value of 2". U
If G is Py-generic over V, then we define

D(G) = {ws®clayi)|i<2, peG[d<y AN (i=1 aeAg(;)]}.

Proposition 6.3. If G is Py-generic over V and x = ws & c(«, i) € D(G),
then there is a condition p € G with x € a,. In particular, D(G) =, ap-

Proof. Assume x = ws @ ¢(a,i) € D(G). Then there is a condition ¢ € G
such that 0 <, and g [dIFp, “i =1¢— a € Aqﬁ ”. We may assume that
x & a,. Fix py € P\ with py <p, ¢ and = ¢ a,,. If we define

p = <Spo>tpoad;o,{<if7@>} U {(cpow | ¥ € apo>>gpo>7

then the above assumptions imply that p is a condition in Py that is stronger
than py. Hence the set of all conditions p in Py with x € a, is dense below

q€q.
The second statement of the claim is immediate from its first statement
and the definition of P,. O

Proposition 6.4. If G is Py-generic over V and x € D(G), then
k = sup{sup(c,.) | p € G, x € a,}

and for every a < k, either k = sup{sup(dpo) | p € G} ord,, =0 for every
p € G with a < B,. Moreover the latter case occurs if and only if there is a
condition p € G such that o < 8, and d, . is required to be the empty set
by one of the statements listed in Clause of Definition .
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Proof. Fix a condition ¢ in Py with x € a, and 8 € S with 8, < 8 < k.
Moreover, if there is an a < f3, such that d,, is not required to be the
empty set by one of the statements listed in Clause of Definition [5.2}
then we also fix such an ordinal oo. We define p to be the tuple

(s,t,{d¢ | ¢ < B),{ca | T € aq>7/fq>

with
o5 = sg U ((§0) | B <€<P).
ot =1, U (D) |8, <E<B)
o ¢, = Cup U (B, B for all z € qa,.
d ¢ if ¢ < B, with a # (.
o d = «U{B}, iffa=¢
@, 1fﬂq<C§B.

Then p is a condition in P, with p <p, ¢, 8, = 3, sup(¢,.) = B and
sup(dp,o) = 5. Together with Proposition E 6.3, this implies all but the back-
wards dlrectlon of the last statement of the claim. To see that this direction
holds as well, note that if p € G and d, , is required to be the empty set by
one of the statements in Clause of Definition and ¢ is a condition in
Py below p, then d, , is required to be the empty set by that same statement
and hence d,, = ) for every ¢ € G with o < 3, O

We fix Py-names $ and  in V such that $7 = J{s, | p€ H} : k — <2
and t = |J{t, | p € H} : kK —> 2 holds whenever H is Py-generic over V.

Lemma 6.5. If G is Py-generic over V, then D(G) is definable over the

+>V[G}’

structure (H(k €) by a Xy-formula with parameters s¢ and 9.

Proof. Let G be Py-generic over V. The statement of the lemma will be a
consequence of the following two claims. The first claim is a direct conse-

quence of the definition of Py and Proposition

Claim. If z € D(G), then C& = Hcpe | p € G, © € ay} is a club subset
of k such that the implication

(2) %a)Cr — %) =1
holds for all o € CE. 0

Claim. Assume that x € (%2)VI¢ is such that the implication @ holds for

every element o of some club subset C' of k. Then x is an element of D(G).

Proof of the Claim. Note that the following proof will be similar to the
proof of Lemma . Let @& be the canonical Py-name such that aff =
\U{a, | p € H} holds whenever H is Py-generic over V. Assume, towards
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a contradiction, that x is not an element of ¢“ = D(G). Then we can find

g € G and Py-names C' and # such that 2 = ¢ and
q IFp, “d€2\a A CCkclub A Ya € C [$(a) C i — i(a) =1]"

Fix a condition py in Py below ¢. Let M be a countable elementary
substructure of (H(6), €) for some large, regular # with the property that
B =sup(M Nk) € S* and Py, p, q, a, C,i € M. Pick a decreasing sequence
of conditions (p, | n < w) C M so that p, € D for some n whenever D € M
is a dense subset of Py. By the genericity of the p, and the fact that forcing
with [Py preserves the regularity of x, we have 8 = sup,,., 3, and (using
Lemma and Lemma there is u : f — 2 such that for every n < w
there is an m > n with p,, IFp, “2 [Bpn =1 [,@pn Tand y [ By, #u | By,
for all y € a,, . Define

—.

p = (s;t,{da | @< B){c, |y €a),A)
by setting

o5 = {(Bw)} U Uncy s

ot = {50} U U,cuton:

ed, = Hdpo|n<w, a<B,} for every a < j.
od — {Jau{ﬁ}, if « < and d, # 0.

0, if either & = B or a < 8 and d, = 0.
o a = U, -
e c, = {8} U U{cpow | a<n, y€a,,} for every y € a.
d A) = Un<w"zfpn‘

Since 8 € S* and u ¢ y for every y € a, we can conclude that p is a
condition in Py that is stronger than py. This construction ensures

p ke, “BeC A S(B)=3(B) Ci A i(F) =0,
a contradiction. Hence we can conclude that € a“. U
By the above claims we can conclude that
D(G) = {z e ("2)VI¥|3C C k clubVa € C [s%(a) Cx — %) =1]}.
This yields a ¥;-definition of D(G) over (H(x*)VI¢) €) using the parameters

$% and ¢ . O

Lemma 6.6. Let a < k and G is Py-generic over V. Then S, is a stationary
subset of k in V|G] if and only if there is a p € G such that d,, , is required to
be the empty set by one of the statements listed in Clause of Definition
22
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Proof. By Lemma [5.9] the partial order of conditions in Py below p is
strongly S*-complete whenever d,, , is required to be the empty set by one
of the statements listed in Clause of Definition . Thus, if there is such
a condition p in G, then Corollary shows that forcing with P\ preserves
the fat stationarity of S7. In the other case, forcing with PP\ destroys the sta-
tionarity of Sy, because Proposition [6.4]shows that (J{d,. | p € G, a < S,}
is a closed unbounded subset of S, in V[G]. O

Lemma 6.7. Let G be Py-generic over V. Then the sets 59, t% and T are

Ay -definable in (H(k™)VIC] €) using the sequence S as a parameter.

Proof. Using Clause (fiiil) in Definition and Lemma it follows that
the following equivalences hold for all 8,7, < k with § = <, d>.
§9(v)(6) =0 <= Sg is stationary

Sp.741 1s not stationary A Sg.7yo is not stationary.

<~
§9(y)(6) =1 <= Spgry, is stationary
<= Sp7 is not stationary A Sg.74o is not stationary.
{9(8) =0 <= Spr 3 is stationary <= Sg7,4 is not stationary.
{9(B) =1 <= Spr,4 is stationary <= Sg7 3 is not stationary.
§9(y) ¢ Ts <= Sprs is stationary <= Sg.7+6 1s not stationary.
§9(y) € Ts <= Sprie is stationary <= Sg.7+5 1s not stationary.
These equivalences yield A;-definitions of ¢, i and T in H(x)VIC] that
only use the sequence S as a parameter. Il

Lemma 6.8. Let G be Py-generic over V. Then there is a well-order of
H(xH)VICl that is definable over (H(k+)VICl, €) by a 1 -formula with param-
eter S.

Proof. Define W = {w; | § < A}. Then our assumptions (made at the begin-
ning of Section [5)) imply that 1 and « are both definable over (H(x*)VI¢l, €)
by ¥;-formulas that use the sequence T of subtrees of <*k as a parameter.

Claim. Ifp € G and § < 7,, then
Agé = {a<k|ws®ca,1) € DIG)} = {a<k|ws®dc(a,0) ¢ D(G)}.
Proof of the Claim. By the definition of D(G), we have

aeAg’:(; <— Jgeq [(5<'yq/\04€/1§5] — ws ®c(a,1) € D(G)
and

ag¢g AS = Jge G i<y Na¢ AS] = ws;®c(a,0) € D(G). O
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Working in V]G], we define P to be the set of all pairs (z,v) such that
z € H(k*)VIGl v € W and there is a subset A of x coding z that satisfies

e A—v®dc(a,1) € DG)] N [a¢g A— v®c(a,0) € D(G)].

Claim. Let z € H(k")VICl and let 5, be the unique ordinal (given by Lemma
such that §, < v, and Ag(sz codes z for some p € G. Then ws, is the
unique element of W with (z,ws,) € P.

Proof of the Claim. By the previous claim, the subset Agaz of k witnesses
that (z,ws,) is an element of P. Now assume, towards a contradiction,
that there is 6 < X\ with § # 0, and (z,ws) € P. Let A C k witness
that (z,ws) € P. By the above claim, A = Ag(; for some ¢ € G with
3 = max{§,8,} < 7,. If we set G = G NP5, then Corollary implies

7VIE < [A]VI€) and the subsets AC; = A% and AS; = A% code the same
element of H(k+)V[®]. This contradicts Clause (v|) of Definition . O

Let <z denote the wellorder on W induced by its enumeration . Define
<, to be the set of all pairs (z, z) in H(k™) such that

v, eW [(z,v) € P N (Z,0) € P N v <z7].

Lemma implies that P is ¥-definable over H(x")V[¢ using parame-
ters T', $¢ and ¢°. Thus the assumptions made at the beginning of Section
imply that <, is ¥;-definable over H(x™) VI using parameters T', s¢ and
t¢. Lemma shows that each of these parameters is itself definable in
H(x)VIE by a j-formula with parameter S. In particular, the relation <,
is definable over H(x™)VIGl by a ¥;-formula with parameter S.

Given z, z; € H(xk*)VI¢ and dy, §; < A such that 6; is the unique ordinal
with the property that ¢; < ~, and Ag& codes z; for some p € G, we
have zy <, z; if and only if §g < d;. This shows that <, is a well-order of
H(k™T). O

Proof of Theorem[1.]] Let k and (S, | & < k) be as in the statement of the
theorem and A = 2". Fix an injective sequence @ = (w, | v < A) of elements
of *2 and define A = {ws ® w, | 6 <~y < A}. Fix an enumeration § of <"k
as in Definition 2.1} Let C5(A) be the notion of forcing corresponding to A
given by Definition . Since forcing with Cz(A) preserves our assumptions
on x and Corollary shows that all assumptions listed at the beginning
of Section (5[ hold in Cz(A)-generic extensions of the ground model V| there
is a canonical Cy(A)-name Q with the property that Q¢ = P, whenever
G is Cz(A)-generic over V and PZJG] = (P, | v < \) is the corresponding

sequence of partial orders constructed in V[G] with respect to .
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Then the combination of Proposition 2.2 Lemma Corollary
and Corollary [6.2] implies that P = C5(A) % Q is <x-distributive and forcing
with P preserves all cofinalities less than or equal to A and the value of 2.
If G * H be (C5(A) * Q)-generic over V, then Lemma 6.8 implies that there
is a well-order of H(xT)VI*H] that is definable over (H(x")VIC*H] ¢) by a

Y1-formula with parameter S. U

7. X1-DEFINABLE SEQUENCES OF DISJOINT FAT STATIONARY SETS

This section contains the proofs of Theorem [1.5] and Theorem We
start with a definition that will allow us to prove both theorems using the

same techniques.

Definition 7.1. Let x be an uncountable regular cardinal. We say that a
tuple (6,0, v,<) is suitable for k if § > K is a regular cardinal, § > 0 is a
strong limit cardinal, v < k is an ordinal, < is a well-ordering of H(f) of

order-type 6 and the following statements hold.

(i) The set I(<1) = {{z | z <y} | y € H(#)} of all proper initial seg-
ments of < is definable over (H(#), €) by a ¥;-formula with param-
eter v.

(ii) If P is a partial order of cardinality less than § with the property
that forcing with IP preserves cofinalities less than or equal to k1 and
G is P-generic over V, then H(x")V is definable over (H(x™)VI¢ €)
by a Y;-formula with parameters x and v.

(iii) There is a closed unbounded subset of [H(#)]<" consisting of ele-
mentary submodels M of H(f) with 7[I(<) N M] C I(<), where
7w : M — N denotes the corresponding transitive collapse.

The following proposition shows that the last statement listed in the
above definition follows from the first statement in the case where v < k.

Proposition 7.2. Let k < 0 be uncountable regular cardinals and let <1 be a
well-ordering of H(0). Assume that there is v < k such that the set 1(<) of
all proper initial segments of < is definable over (H(0), €) by a 31 -formula
with parameter v. If M is an elementary substructure of H(0) of cardinality
less than k with k,v € M and M Nk € Kk and 7 : M — N denotes the
corresponding transitive collapse, then w[1(<1) N M| C I(<1) holds.

Proof. Fix a ¥g-formula ¢(vg, v1,v2) such that

I(«) = {AeH@O) | Iz € HO) p(A,x,v)}
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and pick A € I(<) N M. By elementarity, there is X € M such that
©(A, X, v) holds. Since 7(v) = v and N C H(f), we can apply g-absolute-
ness to conclude that ¢(m(A),7(X),r) holds and 7(A) is an element of
I(<). O

In the following, we present two settings in which the above requirements
are satisfied. We start by showing that in L there is a suitable tuple for every
uncountable regular cardinal.

Lemma 7.3. Assume thatV =L holds. If 0 > k is a reqular cardinal, § > 60
s a strong limit cardinal and < denotes the restriction of the canonical well-
ordering of L to H(0), then the tuple (9,0,0,<1) is suitable for k.

Proof. The set I(<1) consists of all A € H(#) with the property that there
is an o < 6 with A € L, and (L., €) = “A is an initial segment of <r,”.
This shows that /(<) is definable over (H(6), €) by a ¥;-formula without
parameters.

Let P be a partial order with the property that forcing with P preserves
cofinalities less than or equal to k% and let G be P-generic over V. Then
H(xT)Y is equal to L,+yvic. This shows that the set H(x%)V is definable
over (H(k*)VI€l €) by a ¥;-formula without parameters. O

Next, we present a setting in which suitable tuples exists for all uncount-
able regular cardinals below a measurable cardinal. The following arguments
make use of some basic properties of the Dodd-Jensen core model KP7 (see
[4]). The following observation will allow us to show that the third clause
of Definition [7.1]is satisfied in this setting.

Proposition 7.4. Assume that V = L[E] is an extender model in the sense
of 21]. If k is an uncountable regular cardinal, < is the restriction of the
canonical well-ordering of LIE] to H(k™) and I1(<) is the set of all proper
initial segments of <, then there is a closed unbounded subset of [H(k1)]<*
consisting of elementary submodels M of H(k™1) with w[I(<) N M| C I(<),
where m: M — N denotes the corresponding transitive collapse.

Proof. By [6, Theorem 8], we know that Local Club Condensation holds and
we can use [7, Theorem 88] to find a closed unbounded subset of [H(x™)]<*

consisting of elementary submodels of H(k*) with the desired properties.

g

In the proof of the following lemma, we use the presentation of the core

model given in [I3]. In the proof of the lemma, we only consider premice
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over the empty set. Therefore we omit the index D (as used in [I3]) in these

arguments.

Lemma 7.5. Assume that U is a normal measure on a cardinal § and
V = L[U] holds. If k < ¢ is an uncountable reqular cardinal and < denotes
the restriction of the canonical well-ordering of the Dodd-Jensen core model
KP7 to H(k)X" | then the tuple (6, kT, K, <) is suitable for k.

Proof. Let K denote the Dodd-Jensen core model KP7. Then the results of
[4] show that H(d) C K and < is a well-ordering of H(x™) of order-type x™.
Let P € H(J) be a (possibly trivial) partial order with the property that
forcing with P preserves cofinalities less than or equal to k™ and let G be
P-generic over V. Then we have H(k")VI®l = H(x*)KI® and the results of
[13] show that K = (KP7)XI¢l, By [13, Theorem 2.7], the set of all mice in
H(xT)VIE is definable over the structure (H(k)VICl, €) by a ¥;-formula with
parameter x. Since V = L[U] and H(§)V C K, a standard argument using
elementary substructures of H(§7)V of cardinality x shows that H(k")V is
equal to the union of all low parts Ip(M) of mice M (see [13, Section 1]) in
H(x%)VI¢l and we can conclude that H(x%)V is definable over (H(x*)VI¢], &)
by a Y;-formula with parameter x. Moreover, given A € H(/@'*)V[G], we can
use [I3] Theorem 2.10] and [I3, Theorem 3.4] to see that A is an element of
I(<) if and only if there is a mouse M = J,[F] € H(k")VI®l such that A €
Ip(M) and (M, €) = “A is a proper initial segment of <yp”. This shows
that (<) is definable over (H(k)VI®l €) by a X;-formula with parameter
k. Finally, K is an extender model and therefore Proposition [7.4] implies

that the third clause of Definition [7.1]is satisfied in this setting. U

In the subsequent paper mentioned after Question [I.9] in Section [T} we
will show that if M, exists, ¢ is the unique Woodin cardinal in M; and <
is the canonical well-ordering of H(wsy) in Mj, then the tuple (0, ws,ws, <)
is suitable for w; in M;. With the help of the techniques developed in this
chapter, we will use this result in that paper to show that the existence
of a well-ordering of H(wy) that is locally definable by a ¥;-formula with
parameter w; is consistent with the existence of a Woodin cardinal and a
failure of the GCH at w;.

Next, we show how the concept of k-suitable tuples can be combined with
our previous forcing constructions to obtain well-orders of H(k™) whose %;-
definition only uses the cardinal  as a parameter. We start by proving some
direct consequences of suitability.
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Lemma 7.6. Let k be an uncountable reqular cardinal and let (5,60, v, <) be
suitable for k. Define <,, = < [ (H(k) x H(k)).

(i) The order < is definable over (H(),€) by a X1-formula with pa-
rameter v.

(i) The set H(k) is an element of 1(<1) and k is <-cofinal in H(k).

(111) The well-order (H(k), <) has order-type k and k = k=" holds.

(iv) The set {H(k)} is definable over (H(0),€) by a Xi-formula with
parameters Kk and v.

(v) The set {<.} is definable over (H(0),€) by a ¥q-formula with pa-
rameters k and v.

(vi) If Kk is the successor of a regular cardinal 1, then the set {Sy} is
definable over (H(6), €) by a Xy-formula with parameters k and v.

Proof. (i) Given z,y € H(f), we have x <y if and only if there are A, B €
I(<) with x € A and y € B\ A. By our assumptions on (<), this yields
the first statement of the lemma.

(ii) Fix =,y € H(f) with x <y and y € H(k). Since < has order-type 0,
thereis A < 0 with y<\. Pick A, B € I(<) withy € Aand A € B\ A. Choose
an elementary submodel M of H() contained in the closed unbounded set
described in Definition [7.1](iii) with te({y}) U {A, B,\,x,v} C M and let
7 : M — N denote the corresponding transitive collapse. Then we have
w(A),m(B) € I1(<), y = w(y) € 7(A) € I(<) and hence x € 7(A) C N C
H(k). Moreover, we have y = 7(y) € n(B) \ 7(A4), m(\) € n(B) and hence
y<am(A) < K.

(iii) The second statement of the lemma implies that the well-order
(H(k), <) has order-type at least . Assume toward a contradiction that
there is A € I(<), a bijection b : Kk — A and y € H(k) with A =
{z € H(k) | x <y}. Choose an elementary submodel M of H(#) contained
in the closed unbounded set described in Definition [7.1] (iii) with te({y}) U
{A,b,k,v} C M and let m : M — N denote the corresponding transitive
collapse. Then we have w(A), 71(AU{y}) € 1(<), 7(A) U{y} = n(AU{y}),
which shows that A = 7(A). But elementarity implies that there is a bijec-
tion between 7(A) and m(k) < k, a contradiction. In particular, this shows
that H(x) has cardinality x and hence we also get k = K<".

(iv) By the second part of the lemma, H(k) is the unique element M of
H(#) such that M € I(<), MNk = k and k is <-cofinal in M. By Definition
[7.1] (i) and the first part of the lemma, this yields the statement of the claim.

(v) This statement follows from our assumptions and the above state-

ments.
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(vi) Since the sets Sy and {n} are definable over (H(x), €), this statement
follows directly from the fourth statement of the lemma. O

The next result shows how we can use suitable tuples to replace sequences
of fat stationary subsets of x by the cardinal x as the parameter in a ;-

definition of a well-ordering of H(k™).

Theorem 7.7. Let k be an uncountable reqular cardinal and let (6,0, v, <) be
suitable for k. Then there is a sequence (S, | a < k) of disjoint fat stationary
subsets of k with the property that the set {(S, | @ < k)} is definable over
(H(kT)VICL €) by a Xi-formula with parameters x and v whenever P is a
partial order of cardinality less than & such that forcing with P preserves

cofinalities less than or equal to k™ and G is P-generic over V.

Proof. Define F' : kN Lim — kK to be the unique function such that the
following statements hold for all o € k N Lim.

(i) Assume that there is a triple (v, A, C) such that v, A < o and C' C
a N Lim is a club in « with the property that, for every closed
bounded subset ¢ of C' of order-type A, there is & € ¢ with F(a) # .
Then F(a) = 79, where (v, Ao, Co) denotes the <-minimal triple
with this property.

(ii) If there is no such triple, then F(«a) = a.

By the Recursion Theorem, F' is definable over (H(6), €) by a formula

with parameters x and v.
Claim. Given B < k, the set F~{B} is a fat stationary subset of k.

Proof. Assume, towards a contradiction, that the statement of the claim
fails. Then there is a triple (5, A, C') such that §, A < x and C' C kN Lim is
a club subset of k with the property that, for every closed bounded subset
c of C of order-type A, there is an a € ¢ with F(a) # S. Let (5o, Ao, Co)

denote the <-minimal triple with these properties and set

A = {z [ < (B, Ao, Co)} U {(Bo, X0, Co)} € I(<).
Since (4,6,v,<) is suitable for k, we can find a monotone enumeration
(ag | € < k) of a club subset of x and a continuous ascending sequence
(Me | € < k) of elementary submodels of H(6) of size less than s such that
the following statements hold for all £ < k.
(1) ag = kN Mg and Sy, Ao, k, v, A, Cy € M.
(2) M is contained in the club described in Definition [7.1] (iii), thus if

me : Mg — N¢ denotes the transitive collapse of M, then we have
m[I(<)NM] C I(<).
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Fix £ < k. Then [y, Ao < ag = m¢(k) € Lim, CoNag = m(Cy) C aeNLim
is a club in a¢ and a¢ € C. Pick a closed bounded subset ¢ of Cy N a¢ of
order-type A. Then c is a closed bounded subset of Cy and there is a € ¢
with F'(&) # . This shows that the triple (fy, Ao, Co N K,) satisfies the
assumption in (i) with respect to ag and hence F(ag) < a¢ by elementarity
of Me. Next, if such exists, pick (7, p, D)<I(5o, Ao, CoNka) such that v, p < ag
and D C ag N Lim is a club in ag. Since (2) implies that m¢(A) € I(<) and
{(v,p, D) € me(A) C Ng, there is D C N Lim club in & such that D € M,
D = (D) = DN ag and (7, p, D) < (Bo, N, Co). In this situation, the
<-minimality of {8y, 0, Co) and elementarity implies that there is a closed
bounded subset d of D of order-type p such that d € M, and F(a) =~ for
all a € d. Then sup(d) < a¢ and d is a closed bounded subset of D of order-
type p. These computations show that {8y, Ao, Co N Kk4) is the <-minimal
triple that satisfies the assumption in (i) with respect to g, and we can
conclude that F'(ag) = Sy.

Set ¢ = {ag | £ < Ao}. We have just shown that ¢ is a closed bounded
subset of Cy with F(«a) = [y for all a € ¢. This contradicts the choice of

(Bo, Ao, Co)- O

Set S, = F7'{0} and S5 = F~'{1 + 3} for all 3 < k. By the above
claim, the sequence (Sg | 8 < k) consists of pairwise disjoint fat stationary
subsets of x.

Claim. The set {(Sz | B < k)} is definable over (H(#), €) by a ¥;-formula

with parameters k and v.

Proof of the Claim. By Lemmal7.6] the set {(H(k), €, <)} is definable over
the structure (H(#), €) by a 3;-formula with parameters £ and v. Since
(H(k), €, <) is a model of ZFC; (the canonical extension of the axioms of
ZFC™ to the language of set theory extended by a new predicate symbol
A, that includes all instances of Replacement and Separation for formulas
in the extended language), we can use the Recursion Theorem within this
structure in order to show that F' is definable over {(H(k), €, <)} by a
formula without parameters. In combination, these observations yield the

statement of the claim. O

Now, let P be a partial order of cardinality less than ¢ such that forc-
ing with P preserves cofinalities less than or equal to x* and let G be P-
generic over V. By Definition [7.1] (i), H(x")" is definable over the structure
(H(kT)VIE €) by a ¥;-formula with parameters x and v. By the above claim
and Xj-absoluteness, the set {(Sz | 8 < )} is definable over (H(k™)V, €)
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by a ¥;-formula with parameters x and v. Together, these statements imply
that {(Ss | B < k)} is definable over (H(x*)VI¢l €) by a ¥;-formula with
parameters x and v.

This completes the proof of the theorem. O

Corollary 7.8. Let n be an infinite reqular cardinal and let (§,0,v,<1) be
suitable for k = n*. Then there is a sequence (S, | o < K) of pairwise
disjoint stationary subsets of Sy with the property that the set {(S, | a < k)}
is definable over (H(k*)VICl €) by a ¥y-formula with parameters k and v
whenever P is a partial order of cardinality less than 6 such that forcing with

P preserves cofinalities less than or equal to k™ and G is P-generic over V.

Proof. Let (S, | a < k) be the sequence of pairwise disjoint fat stationary
subsets of k produced by Theorem Given a < &, set S, = S, N Sy
Then S, is a stationary subset of x for each a < k.

Let P be a partial order of cardinality less than § such that forcing with
IP preserves cofinalities less than or equal to k™ and let G be P-generic over
V. By Lemma .(Vi) and ¥;-reflection, the set {Sy;} is definable over the
structure (H(x*)VI®l €) by a ¥;-formula with parameters x and v. Since
Theorem [7.7 shows that the set {(S, | & < k)} is definable in the same way,
this yields the statement of the corollary. O

Corollary 7.9. Assume that k is either the successor of a regqular cardinal
or an inaccessible cardinal. Let (6,0,v,<) be suitable for k and let P be a

partial order of cardinality less than 0 with the following properties.

(a) Forcing with P preserves cofinalities less than or equal to kKt and
fat stationary subsets of k.
(b) If G is P-generic over V, then 2% is regular, k = k<" and n<" < Kk
for alln < k in V[G].
Then there is a P-name Q for a partial order such that the following

statements hold whenever G x H is (P x Q)-generic over V.
(i) The partial order QF is <r-distributive in V[G].
(ii) Forcing with Q% over V[G] preserves all cofinalities less than or
equal to (2°)VIC and the value of 2%,
(i4i) There is a well-ordering of H(kT)VI@H that is definable over the
structure (H(k*)VIGHL €Y by a ¥y-formula with parameters r and

V.

Proof. If  is the successor of a regular cardinal 7, let S = (S, | a < &)
denote the sequence of pairwise disjoint stationary subsets of Sy produced
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by Corollary . If k is an inaccessible cardinal, then we let S denote the
sequence of fat stationary subsets of x provided by Theorem [7.7] In either
case, by (a), Sisa sequence of either fat stationary subsets of x or stationary
subsets of S respectively in every P-generic extension of the ground model.
Together with (b), this shows that x and S satisfy the requirements of
Theorem in every P-generic extension of the ground model. Let Q be a
P-name for the partial order given by Theorem [I1.4] Since P has cardinality
less than 0 and 0 is a strong limit cardinal, the construction of the forcing
in the proof of Theorem shows that we can find such a name with the
property that P Q also has cardinality less than 4.

Let G %« H be (P  Q)-generic over V. By Theorem , QY is <k-
distributive in V[G], forcing with Q% over V[G] preserves all cofinalities less
than or equal to (2%)VI¢l and the value of 2 and there is a well-ordering <« of
H(xT)VI&H] that is definable over (H(x+)VI®H] €) by a ¥;-formula with pa-
rameter (S, | a < k). Since Theorem [7.7] shows that the set {(S, | a < x)}
is definable over (H(x*)VI®H] €) by a ¥)-formula with parameters x and v,
we can conclude that the well-order < is also definable over (H(x+)VI®H] ¢)

by a ¥;-formula with parameters x and v. U

Proof of Theorem[1.5. Assume that V = L holds and « is either the succes-
sor of a regular cardinal or an inaccessible cardinal. Let IP be a partial order
with the properties (a) and (b) listed in Corollary [7.9} Pick a strong limit
cardinal § with |P| < . By Lemma [7.3] there is a well-order <t of H(x")
such that the tuple (4,7, 0, <) is suitable for . Let Q be the P-name for
a partial order given by Corollary Then Corollary [7.9] implies that the
statements (i)-(iii) listed in the theorem hold. O

Proof of Theorem[1.7]. Assume that U is a normal measure on §, V = L[U]
holds and x < ¢ is either the successor of a regular cardinal or an inaccessible
cardinal. Let P € Vs be a partial order with the properties (a) and (b) listed
in Corollary [7.9] By Lemma/[7.5] there is a well-order <1 of H(x") such that
the tuple (5, k*, k, <) is suitable for k. Let Q be the P-name for a partial
order given by Corollary and let G x H be (P x Q)—generic over V. Then
Corollary implies that the partial order Q¢ is <k-distributive in V|G,
forcing with Q¢ over V[G] preserves all cofinalities less than or equal to
(29)VIE and the value of 2% and there is a well-ordering of H(xT)VI&:H]
that is definable over the structure (H(x*)VI%H] &) by a ¥;-formula with
parameter k. O
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