ADDITIONS/ALTERNATIVES TO KUNEN, PART 2

JAKOB KELLNER, 2011SS

1. SATISFACTION RELATION AND RELATIVIZATION

1.1. The satisfaction relation for sets. Recall that we can formulate A = ¢ in
ZFC (cf. Kunen 1§14 and TV§10).

For simplicity, we only use the first oder language with signature {€}, and inter-
pret the relation symbol € always as the “real” €-relation restricted to the model
A. So we can identify the {€}-structure (called model) with its “universe” (ground
set).

More formally we claim that there is a sentence pgar (A, ¢, p) with free variables
A, ¢, p which expresses (when A is a nonempty set, ¢ a formula of the language
{€} with free variables among {z; : ¢ < n} for some n € w and p is in A™) that
(A,€) E ¢ under the assignment that maps z; to p(i). We usually just write
A |= ¢(p) instead of psar(4, ¢, D).

It is important, e.g., for the development of L, that the formula pga is absolute
for transitive models (this is shown in Lemma 5).

Recall that we can define A = T (for T a set of sentences) to mean (Vp € T)A |=
©. In particular, if T" is (in the metalanguage) a recursive set of sentences, then we
can represent/define T in ZF~, and thus formulate A = T'. (Note that, as usual,
it cannot be guaranteed that the represented T' “is really the same” as the set T
in the metalanguage, as the universe might contain nonstandard natural numbers
and thus nonstandard elemets of T'.)

As mentioned, we can prove the completeness and the incompleteness theorems
inside of ZF (AC is not needed), so we get the following (in ZF):

From the incompleteness theorem (Kunen I 14.3) we get: If T is a recursive,
consistent superset of ZF~, then

Tt Con(T).

The completeness theorem (which we can prove in ZF) says:

Con(T) iff there is a set M and a relation E C M? such that

(M,E) =T.
So in particular

T (3M,EYM,E) =T
(Note that this gives an alternative proof of Kunen IV 7.7 under the suitable as-
sumptions.)
Note however that Con(T') this is NOT equivalent to: there is a set M such that

M = T (where we use the e-relation). Rather, the Mostowski collapsing theorem
gives us (assuming that T contains the axiom of extensionality):

(3M)M =T iff (3M transitive) M =T iff (M, E) (M, E) = T and E is wellfounded
And ZF proves:
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Lemma 1. If there is an M such that M =ZF, then Con(ZF+Con(ZF)).

Proof. It M EZF, then clearly Con(ZF) holds. But Con(ZF) is an absolute state-
ment for transitive models (since it only quantifies over natural numbers, i.e., it is
Ap when w is considered a constant). So M |=Con(ZF); and therefore ZF+Con(ZF)
is consistent. (]

Remark: In the same way M EZF implies also Con(ZF+Con(ZF+Con(ZF))),
Con(ZF+Con(ZF+Con(ZF+Con(ZF)))), etc.

Lemma 2. ZF does not prove that (3IM,E) (M, E) =T implies SM)M =T.

Proof. Otherwise, ZF+Con(ZF) would prove Con(ZF+Con(ZF)), contradicting the
incompleteness theorem. (Il

1.2. The satisfaction predicate is absolute. In the following, let M C N be
nonempty classes (possibly sets).
e We already know that Ag-formulas are absolute for transitive classes (Kunen
IV 3.6).
e We call a formula ¢ is upwards absolute between M and N, if ¥ (p) —
YN (p) for all p € M.
e Similarly, ¢ is downwards absolute between N and M, if ¥ (p) — ¥ (p),
again for all p € M.
e So by definition, v is absolute between M and N iff it is upwards and
downwards absolute.

Lemma 3. If M C N and ¢(x1,...,Tn,Y1,---,Ym) is absolute, then Ix1,... .0
is upwards absolute and Vx1,...,r,¢ is downwards absolute.

(The proof is trival.)
Lemma 4. Let M C N both satisfy some basic theory S CZFC. Let ((y) be any

formaula, and assume that there are absolute formulas ¢(Z,y) and Y (Z,y) such that
SEYY (¢ < Jzdp < VI ).

Then ¢ is absolute.

(This is in some way similar to Kunen IV 3.7. and 3.10)
P . M Jr M Iz N N N N N7 M

roof- ¢ M|<_)=S (32¢) u. abs. (32¢) N|(_=>S ¢ N<\_=>S (vay) d. abs. (Vzy) MT:S

M, O

Usually the theory S involved is “completely harmless”, e.g., a finite subset of
ZF~\Powerset. And usually it is not neccessary to keep track of such harmless S.

Lemma 5. The satisfaction relation is absolute between transitive models.

Proof. To see whether A = ¢(p), we have to inductively calculate the truth value
of A |E=1(a) for all formulas ¢ and all possible parameters a (of course we do only
need subformulas of ¢, but that does not make much difference). Let us set Fml
to be the set of forumals and Z = Fml x A<¥. We say that f is a truth function,
if the following is satisfied:

e fis a function from Z to {true, false}.

e If ¢ is a formula of the form z,, = x,,, (for variables x,,,,,) and if p € M*

for some k > max(n,m) then f(¢,p) = true iff p(n) = p(m).
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e Analogously for € instead of =.

e If ¢ is a formula of the form 11 Aq, then f(¢,p) = true iff f(v1,p) = true
and f (19, p) = true.

e Similarly for v, -, —.

o If ¢ is a formula of the form 3z, 1), then f(¢, p) = true iff there is a k bigger
than n and than all indices of free variables in ¢ and a p’ € P* such that
for p(1) = p'(1) for all I # n in the domain of p such that f(v,p") = true.

e Analogously for V.

So A | o(p) iff there is some truth function f with f(¢,p) = true, and equiva-
lently iff for all truth functions f we have f(¢,p) = true.

Note that the following are absolute for transitive models:
©1(w) saying “w is the set of natural numbers”. )Kunen IV 5.1)
p2(Fml) saying “Fml is the set of formulas”.
v3(Z,Fml, A) saying “Z = Fml x A<¥”. (Kunen IV 3.10, 3.11, 5.3).
¢(f,A) saying “f is a truth function”. Note that this formula is even Ag
when we consider Fml, w and Z as constants, since in the definition of truth

function we only quantify over formulas, parameters, and natural numbers.
e Y(f,p,p) which says “f(¢,p) = true. (This is obviously even Ag.)

So A [= ¢(p) is equivalent to
() (5, A) AY(f, 6,)

as well as to

(Vf) ¢(f, A) = ¥ (f, ¢, P)
Since both ((f, A) AY(f,d,p) as ((f,A) — ¥(f,d,p) are absolute for transitive
models; A = ¢(p) is absolute for transitive models as well. O

1.3. A; properties. The following is not needed for the course. We can define a
more restricted class of absolute formulas, called Ay formulas, and show:

e A formulas are absolute for transitive models,
e all the formulas that we proved to be absolute for transitive models are in
fact Aq.

Definition 1. o A formula v is Iy if it has the form Vxy...Vx,¢ where ¢
18 Ao.
1 is Xq if it has the form 3xy ...3x,¢ where ¢ is Ag. A formula C is called
Ay with respect ot a basic theory S, if there are a IIy formula v and a X4
formula ¢ such that

SEVZ (Y & ¢ < Q).
The following is an immediate consequence of Lemma 4:

Lemma 6. Assume that M C N are transitive (and nonempty). Then every ¥,
formula is upwards absolute and every Iy formula is downwards absolute. If M
and N both satisfy S, then every Ay formula (with respect to S) is absolute.

The following should be clear (using prenex normal form):

Lemma 7. If v1,¢o are X1 formulas, then p1 A w2, ©1 V @o Jxer, (VE € x)p1
are logically equivalent to a X1 formula (and —p1 is logically equivalent to a TI;
formual).
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Similarly, if ©1,p2 are Iy formulas, then @1 A pa, w1V @ Yoy, (3t € z)p;
are logically equivalent to a II; formula (and —p; is logically equivalent to a ¥4
formual).

The properties listet in Kunen IV 3.9, 3.11 and 5.1 are Ay. One can show that
the other properties that are shown to be absolute for transitive models in Kunen
IV 3.14, 5.3, 5.4, 5.5, 5.7 are in fact A;. In particular:

Lemma 8. The following are Ay :
72 =A<

A ¢(a)

R is a wellorder on A

a+ B, &? (ordinal)

Later one can show
Lemma 9. The function o — L(a) is Ay

Note that “a is a cardinal”, “« is regular” and “« is a limit cardinal” are Iy
statements (but not Ay, which follows, e.g., from Kunen p. 141).
Of course functions can be A as well:

Definition 2. A functions F is called 31 if “F(z) = y” is 1. Similarly for I1;
and for Aq.

Lemma 10. The composition of Ay functions is Aq.
Proof. F(G1(Z),...,G,(Z)) = z can be written as:
YY1, YUn [ (yl = Gl(j) N Nyp = Gn(f)) - Z:F(yla---ayy) ]

which can be written as IT; (since G,, can be written as ¥ and F as II), but it is
also equivalent to:

st [ = GL@) A Ay = Gu(Z)) Az =F(y1,..,yy) |
which can be written as ¥; (since F is also Xp). O
Lemma 11. Assume that F is a X1 function. More exactly, assume that some

S proves that the according X1 formula defines a function (on the ordinals, say).
Then F is actually Ay (with respect to S-models).

Proof. By assumption, z = F(x) is expressed by a 3; formula ¢(z, z). We have to
show that there is a ITy formula ¢ (z, z) which is equivalent to ¢ (modulo S). But
z="F(z) iff

Vi (t=2zV t#F(x))
This is II; (since t # F(z) is II;). O
Lemma 12. If F is a Ay function, and ¢ a Ay property, then (%) := (3t €
F(2))é(t, z) is A1, and the same holds for (Vt € F(z))¢(t, T).

Proof. ¢(z) iff Vz (z =F(z) — It € 2¢(t, 7)) iff Vz (z = F(Z) ATt € 2¢(t,T)). O

So for example whenever ¢ is Ayq, then so is (Vn € w)¢ and (In € w)@, since w
can be interpreted as a (constant) A; (and in fact even Ag) function.
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Lemma 13. Assume that F is a function on the ordinals which is defined by
recursion on a Xy function G, by

Then F is 31 (and therefore Ay ).

Proof. For an oridnal « (which is a Ag property), y = F(«) is equivalent to:

fra=V(VB<af(B) =G I8 Ny=G(f)).
(]

1.4. Satisfaction for classes: relativization. Note that we have a satisfaction
predicate only for sets M, not for classes. In general, if M is a class, then there is
no predicate cpg//[m (¢) that expresses that ¢ holds in M, see the remark after Kunen
I 14.2 (which shows this fact for M = V). However, there is a different way to
express that ¢ holds in M (where M can be a set or a proper class): Relativize
¢ to the formula oM. If ¢ is a “standard” formula (from the meta theory) and
M is a set, then both notions can be used and actually are the same: For any
©(x1,...,2p), ZF~ proves the following (Kunen IV 10.1.):

(VM)(Yp1,- - spn € M) M = (p) < @™ (p1,...,pn)
(More formally, here we should write pgaT(M, €, ¢, < p1,...,p, >) instead of

M = ¢(p).)

So for classes we can only use the form ¢™ (which is a new formula constructed
from ¢ in the meta-theory). We will also write M |= ¢(p) instead of #™(p), but you
should be aware that this means something different than the satisfaction relation.
In particular we can only talk about finitely many ¢, so we cannot really formulate
M = T for, e.g., infinite recursive T'. We will still write M |= T, by which we mean
something like: For all ¢ € T (in the metalanguage), ZF~ (or another appropriate
theory) proves oM. Note that in particular V =ZF~ holds trivially (and the same
for V |=ZFC, if we assume ZFC as basic theory); and is not a contradiction to the
incompleteness theorem.

1.5. Restricted satisfaction predicate for classes. The following is not re-
quired for the course:

For a class M it is possible to define satisfaction predicates for restricted set of
formulas. Let us just give the example of 31 formulas and M = V. In this case we
can even define a 31 formula @8} 5, (¢,p) (with free two variables ¢ and p) such
that for all 3; formulas ¢ ZF proves the following

(vp) Y™ — ofAr s, (¥, D)

(This does not contradict Kunen I 14.2, since the negation of a ¥; formula is not
¥, any more.)

How to define this formula? Recall that any »; formula is upwards absolute for
transitive models. So if ¢ is a 3; formula, then ¢ (p) holds (in V) iff

(3A) A is transitive A p€ A N A E(p)

This is a ¥; formula (since we can write A = 1(p) as a ¥y formula). Similarly,
there are ¥,, formulas that capture ¥, -truth in V' for any natural (meta-language)
number n.
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There are several important applications of this fact; as a “toy application”
(which is not important) we can slightly strengthen reflection: By reflection we can
get the the absoluteness of the ¥jgi0 satisfaction formula between R(8) and V,
which in turn implies absoluteness of all Y11 formulas.

2. REFLECTION, ELEMENTARY SUBMODELS

Using the satisfaction relation, we can define (in the object language) for sets
M C N: a formula ¢ (with free variables among {z; : i < n} with n € w) is
absolute between M,N if (Vp € M™)M E o(p) iff N E o(p).

Definition 3.
M < N (M is an elementary submodel of N ), if all formulas are absolute.

Analogously to Kunen IV 7.3, one proves (all of the following are in the object
language): Assume that M C N. Then Then the following are equivalent:
(a) M <N
(b) If ¢ is of the form Javp(z, y1,. .., ym), then (Vp € M™) [(Ela € N)N = ¢(a,p) —
(Ja € M)N = ¢(a,p)]. (This is called the Tarski Vaught criterion).

Kunen IV 7.8 can easily be modified to sets:

Lemma 14. Let N be a (well-orderable) set and X C N. Then there is an ele-
mentary submodel M of N such that |M| < max(Rg, | X|).

Of course, ZF~ proves the following: If M and M’ are isomorphic, then M
and M’ satisfy exactly the same sentences (without free variables). This is a “set
version” of 7.9.

So in particular, 7.10 can be formulated for sets the following way:

Lemma 15. Let N be a (wellorderable) set and X C N transitive. Then there
is a transitive M satisfying the same setences as N and such that X C M and
IM] < max(Ro, | X]).

(We could also allow formulas with parameters in X, since these parameters are
not moved by the Mostowsky collapse.)

3. FURTHER READING

The following is interesting but not important for the rest of the book (and will
not be required in an exam):

We already know (from IV 6.9) that we cannot prove in ZFC that there is a
(strongly) inaccessible cardinal. I also proved (using the incompleteness theorem)
that even something stronger is true: ZFC plus the existence of an inaccessible even
has higher consistency strenght than just ZFC. This is also proved in Kunen p.145.

I also recommend to read the “curious example” on p.146.

4. THE DEFINABLE SUBSETS

This section replaces Kunen V.

Given a set A, let D(A) be the family of definable subsets of A (by formulas
with parameters in A). This is welldefined since we have the satisfaction relation
for sets.
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So X € D(A) iff there is a formula ¢(x,y1,...,y,) and there are ay,...,a, € A
such that
X={tecA: AE=¢(t,a1,...,an)}

Lemma 16. e D(A) CP(A).
o If A is transitive, then D(A) is a transitive superset of A .
e AcD(A).
e FBuery finite subset of A is in D(A).

Proof. Any b € A can be written as {t € A: A=t € b} (since A is transitive), so
A CD(A).

If X € D(A), then X C A, soif t € X then t € A and so t € D(A), which shows
that D(A) is again transitive.

A={te A: t=t}.

If {a1,...,a,} C A, then use the formula ¢(x) of the form z = a; V-V
x = an. (Note: In Kunen VI 1.3(c) this fact has to be proved differently, since
Kunen uses the satisfatcion relation only in the form of (meta-theoretic) relativized
formulas.) O

Lemma 17. (1) x =D(A) (a formula with the two free variables x and A) is
absolute for transitive models (of some finite S CZF).
If a transitive model M satisfies comprehension for the satisfaction for-
mula, then D(A) € M for all A € M.
(2) From a wellorder <4 on A we can construct/define a wellorder on D(A).

This construction is also absolute.
(3) If A can be wellordered, then |D(A)| = max(Ro, |4]).

Proof. A = ¢(a) is absolute for transitive models (see Lemma 5). So also the
formula X = {t € A: A = ¢(t,a)} (with free variables X, A, ¢,a) is absolute.
Also, the set of formulas and the set of parameters, A<N, is absolte, which implies
that D(A) is absolte.

Let Fm be the set of formulas, i.e., Fm C w. Given a wellorder of A, we can
construct (in an absolute way) a wellorder <z of Z := Fm x A<% (as in Kunen I
10.12 and 10.13, absoluteness follows from Kunen IV 5.6). This in turn defines a
wellorder on D in the obvious way.

In more detail: There is a n absolute, surjective map f from Z to D(A): Given ¢
and P, let f(¢,p) be {t € A: A ¢(¢t,p)} (if the length of p covers all free variables
of ¢, set f(¢,p) = 0 otherwise). Now fix a1 # ag in D(A). There is a <z-minimal
by such that f(b;) = ay, analogously define by. obviously by # be. Then set a1 < as
iff b1 < by. This shows that (given <z) we can define in an absolute way a wellorder

on D(A).
Note that |Z| = |Xg x A<¥| = |Ng x A| (Kunen I 10.13), so since f : Z — D(A)
is a surjection we get |D(A)| = max(No, |4]). O

5 L
(The following corresponds to Kunen VI §1 and §2, details can be found there.)

5.1. Definition and basic properties.
e L(0) =0,
o L(a+1)=D(L(a)),
o L(0) = Uyes L) for 6 limit.
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The class L is defined as J,con L(@).

Lemma 18. o L(a) is transitive.
o L(a) C L(B) whenever a < 3.
o L(a) € L(a+1).
o L(a) C R(w).
e ONNL(a) =a.
e L(n) = R(n) forn € w, L(w) = R(w).
o |[L(a)| = || for all @ > w.

Proof. The proof is an easy induciton, using Lemmas 16 and 17 in successor steps.
(For the last item, just use AC. However, AC is not neccessary, since D(A) can be
canonically wellordered. We will come back to this later.) O

Lemma 19. L EZF. (More exactly: For each ¢ in ZF, we can prove (in ZF) that
Y holds.)

Proof. All of this is straightforward, apart from Comprehension. For Compre-
hension, note that the L-hierarchy satisfies the requirements for reflection. This
implies:

Given ¢o, ..., ¢, (in the meta theory), we can prove in ZF: For
each « there is a 8 > « such that ¢, ..., @, are absolute between
L and L(3).

So we want to show that comprehension for ¢ holds in L, i.e., that for all z € L the
set

X:={tez: LEo¢l)}
isin L. Chose « large enough so that z (and any parameters) are in L(«). Reflection
gives a § > a such that L |= ¢(¢) iff L(8) = ¢(¢) for all ¢t € L(B) and therefore for
all t € z. This shows that X is a definable subset of L(3), i.e., X € L(8+ 1), and
so X € L. O



