LIMITING DISTRIBUTIONS FOR A CLASS OF DIMINISHING URN MODELS.
MARKUS KUBA AND ALOIS PANHOLZER

ABSTRACT. In this work we analyze a class of 2 x 2 Pélya-Eggenberger urn models with ball replacement matrix
M = (70‘1 _Od ), a,d € N,and ¢ = p - a with p € Ng. We obtain limiting distributions for this 2 X 2 urn model
by obtaining a precise recursive description of the moments of the considered random variables, which allows us to
deduce asymptotic expansions of the moments. In particular, we obtain limiting distributions for the pills problem
a = ¢ = d = 1, originally proposed by Knuth and McCarthy. Furthermore, we also obtain limiting distributions
for the well known sampling without replacement urn, a = d = 1 and ¢ = 0, and generalizations of it to arbitrary
a,d € Nand ¢ = 0. Moreover, we obtain a recursive description of the moment sequence for a generalized problem.

1. INTRODUCTION

1.1. Polya-Eggenberger urn models. P6lya-Eggenberger urn models are defined in the following way. We
start with an urn containing n white balls and m black balls. The evolution of the urn occurs in discrete time
steps. At every step a ball is drawn at random from the urn. The color of the ball is inspected and then the
ball is returned to the urn. According to the observed color of the ball there are added/removed balls due to
the following rules. If a white ball has been drawn, we put into the urn a white balls and b black balls, but if a
black ball has been drawn, we put into the urn ¢ white balls and d black balls. The values a, b, c,d € Z are fixed
integer values and the urn model is specified by the 2 x 2 ball replacement matrix M = (‘Z Z) This definition
extends naturally also to higher dimensions. Urn models are simple, useful mathematical tools for describing
many evolutionary processes in diverse fields of application such as analysis of algorithms and data structures,
statistics and genetics. Due to their importance in applications, there is a huge literature on the stochastic
behavior of urn models; see for example [11, 16]. Recently, a few different approaches have been proposed,
which yield deep and far-reaching results for very general urn models; see [3, 4, 9, 10]. Most papers in the
literature impose the so-called tenability condition on the ball replacement matrix, so that the process can be
continued ad infinitum, or no balls of a given color being completely removed. However, in some applications,
there are urn models with a very different nature, which we will refer to as diminishing urn models. We refer
to [8] for a detailed description of diminishing urn models.

A well known example of a diminishing urn model is the classical example sampling without replacement
urn model with transition matrix M = (_01 91 ) In this model, balls are drawn at random one after another
from an urn containing balls of two different colors and not replaced. What is the probability that k balls of
one color remain when balls of the other color are all removed? Another famous diminishing urn model is the
so-called OK Corral urn, which serves as a mathematical model of the historical gun fight at the OK Corral.
The ball transition matrix of the OK Corral urn model is given by M = ( _01 51 ) This problem was introduced
by Williams and Mcllroy in [22], and can be viewed as a mathematical model for warfare and conflicts; see
[13, 14]. It was studied by several authors using different approaches, leading to very deep and interesting
results; see for example Stadje [19], Kingman [12, 13], Kingman and Volkov [14] or the recent works of
Flajolet et al. [18, 3], and Turner [20]. An vivid interpretation is as follows. Two groups of gunmen, group A
and group B (with n and m gunmen, respectively), face each other. At every discrete time step, one gunman
is chosen uniformly at random who then shoots and kills exactly one gunman of the other group. The gunfight
ends when one group gets completely “eliminated”. Several questions are of interest: what is the probability
that group A (group B) survives, and what is the probability that the gunfight ends with & survivors of group A
(group B)? Moreover, one is also interested in the total number of survivors, regardless of the group. It turns
out that the limit laws arising in the OK Corral urn model are of a different nature compared to the limit laws
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2 MARKUS KUBA AND A. PANHOLZER

arising in the sampling without replacement urn model, which can easily be seen by comparing the limit laws

given in [19, 12, 13, 14, 18, 3], basically normal distributions or related distributions, with the limit laws —

beta distributions, exponential distributions, and geometric distributions — arising from the sampling without
(m71+n7k)

m—1

replacement urn model: ]P{Xmm =k} = W’ 0 < k < n. This explicit formula can be proven in

m

various ways, e.g., via lattice path counting arguments or generating functions [8]. Here X, ,, denotes the
random variable counting the number of white balls, when all black balls have been drawn, starting with n
white and m black balls, in the sampling without replacement urn model.

In this work we will analyze diminishing Pdlya-Eggenberger urn models with ball replacement matrix M
given by

c —d

We are interested in the distribution of the random variable X, ,,, counting the number of white balls, when all
black balls have been drawn, starting with n white and m black balls, respectively. We assume that the initial
number of white balls is a multiple of a and the initial number of black balls is a multiple of d; equivalently we
consider the random variables X 4., on, With m,n € Ny. The distribution of the random variable X 4., o, in
the context of the evolution of an urn, with ball replacement matrix given by M, may be described as follows.
We have a state space S := {(d - m,a - n)|m,n € Ny}, where the evolution of the urn takes place. The
evolution stops at absorbing states A := {(0,a-n)|n € No}. The question is then to determine the probability
P{X4m,an = k}, that a certain state k € A is reached, starting with « - n white balls and d - m black balls. The
aim of this work is the derivation of limiting distributions of the random variables X, r, for diminishing urn
models, when the urn evolves according to a ball replacement matrix M given by (1). We will see that different
limiting distributions arise according to the growth of m and n. Note that when starting with a - n 4+ o white
balls, where 1 < a < a, the urn model is no longer well defined. It may happen that at some stage only o
white balls are left, but we are forced to remove a white balls, when choosing a white ball. The same problem
occurs when the parameter ¢ # p- a is not a multiple of the parameter « in the definition of the ball replacement
matrix.

M:(a 0 ), with a,d € N and c=p-a, peNp.! (1)

1.2. Motivation. Our studies of the class of diminishing urns with a ball replacement matrix given by (1) is
motivated by the following problems.

The pills problem. The pills problem was originally proposed by Knuth and McCarthy in [15], p. 264; the
solution appeared in [7]. An vivid interpretation of the pills problem is the following: In a bottle there are m
large pills and n small pills. A large pill is equivalent to two small pills. Every day a person chooses a pill at
random. If a small pill is chosen it is eaten up, but if a large pill is chosen it is broken into two halves, one half is
eaten and the other half which is now considered as a small pill is returned to the bottle. The problem, proposed
in [15], was to find the expected number of small pills remaining when there are no more large pills left in the
bottle. Brennan and Prodinger revisited this problem in [2], where they showed how one can derive the exact
moments of the pills problem (at least in principle), and computed them up to the third moment. Furthermore
they also considered variations of the problem assuming, e.g., that a large pill is equal to p small pills, where
they also succeeded in computing the expected value. The pills problem corresponds to the derivation of the
expected value of X, , for a diminishing urn model with ball replacement matrix M = (jl _01 ) In the
recent work of Hwang et. al. [8] the limiting distributions of the pills problem and a related model, namely
M = (’11 _02), where obtained by using generating functions. It was shown that the limiting distributions
significantly differ for these two problems. The generating functions approach of [8] has the benefit that one
not only obtains the limiting distributions, but also the exact distribution of X, ,, for the two considered turn
models. However, it seems difficult to extend the generating function approach to study the class with a ball
replacement given by (1) in full generality. Hence, the results of [8] motivated us to analyze the class of urns
with replacement matrix M = ( 75‘1 Pd )

Sampling without replacement This classical urn model corresponds to the urn with ball replacement
matrix M = (Bl _01 ) The distribution of the types of balls after ¢ draws is very well known (see, e.g.,
[3]), but here we will focus on the limiting distributions of X, ,,. Note that this problem is often treated by
introducing two absorbing axes, i.e., {(0,n) : n > 0} U {(m,0) : m > 0}, but we rather simply use the

1Throughout this work we use the notations N := {1,2,3,... } and Ng := {0,1,2,...}.



LIMITING DISTRIBUTIONS FOR A CLASS OF DIMINISHING URN MODELS. 3
absorbing axis A = {(0,n) : n > 0}, which is fully sufficient. We will also derive limiting distributions for
the generalizations M = ( 7’ o ).

1.3. Weighted lattice paths. It is useful to describe and visualize the evolution of an urn with ball replacement
matrix M = ( a g ) by weighted paths, which is described here in the case of urns with two types of balls. If the
urn contains m black balls and n white balls and we are picking up a white ball, which appears with probability
o » this corresponds to a step (m,n) — (m + a,n + b), which gets the weight -, and if we are picking
up a black ball, this corresponds to a step (m,n) — (m + ¢, n + d), which appears with probability .- and
gets thus the weight . The weight of a path after ¢ successive draws consists of the product of the weights
of every step. For a diminishing urn we obtain that the sum of the weights of all possible paths starting at state
(m,n) and ending at the absorbing state (¢, j) € A (which did not pass another absorbing state earlier) gives

then the required probability, that when starting at (m, n) we are ending at (i, j).

Unfortunately the weighted path approach is in general not effective for studying the behaviour of urn
models. An example for a weighted path corresponding to the evolution of a diminishing urn is given in

Figure 1. The steps associated with a ball replacement matrix M = (_6“72) are visualized in Figure 2.

@0 (0

FIGURE 1. An example of a weighted path from (6, 1) to the absorbing state (0, 2) for the
so called pills problem with ball replacement matrix M = (_1 ?) and the vertical absorbing

1—
: : : oht 62151432321 _ _3
axis A = {(0,n) : n > 0}. The illustrated path has weight 2222357755 = 3950

(d(m-1),an+c)

(d(m-1),an) (dm,an) I (dm,an)
dm dm+an
dm+an an an
dm+an dm+an
(dm,a(n-1)) (dm,a(n-1))

FIGURE 2. The steps associated to the transition matrix M = (_C“_g) forc=0and c > 0.

1.4. Goal. We will determine the structure of the moments of X4, qn for urn models with ball replacement
matrix M = (_Ca _Od), a,d € Nand ¢ = p - a, with p € Ny, as well as providing explicit formulas for the
expectation and variance of X4,,, 4,,. Moreover, we will determine limiting distributions of the random variable
Xdm,an With replacement matrix M as given in (1). As a byproduct we (re)-obtain limiting distributions for

the pills problem, and also for generalizations of it.

For m fixed and n tending to infinity we can show that X4, on/(a - 1) tends to a so-called Kumaraswamy
distributed random variable. Furthermore, we show that for m tending to infinity the limiting distribution for
¢ > 0 changes according to the quotient a/d, with a,d € N and the proportion of m and n. We will also
encounter Weibull distributions as limiting distributions.
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1.5. Notation and plan of the paper. We denote by X,, £, X the weak convergence, i.e., the convergence
in distribution, of the sequence of random variables X, to a random variable X . Furthermore, we denote with
H, = Y""_, 1/k the n-th harmonic number and with > := S°7_ 1/k? the n-th second order harmonic
number. We denote with [Z] the unsigned Stirling number of the first kind, and with {Z} the Stirling numbers
of the second kind, see e.g. [5]. Furthermore, we use the abbreviation 2t := z(x — 1)---(z — ¢ + 1) and
zt:=x(x+1)--- (x + £ — 1) for the falling and rising factorials, respectively. Moreover, we use the standard
asymptotic notations, such as the big-O notation, small-o notation, and also the asymptotic equivalence of
functions f ~ g <= lim(f/g) = 1.

The main results of this work are the characterization of the limiting distributions of X, ., depending on
the ball replacement matrix M and the initial states, which are contained in the next section. In Section 3 we
will give a recursive description of the moments of X g,,, ., together with the derivation of the expectation and
the variance. Section 4 is devoted to the proofs of the limiting distribution results. A generalization of the
considered urn model is then discussed in Section 5.

2. RESULTS

Next we state our limiting distribution results for X4y, 4, divided into three cases, namely first ¢ = 0,
second ¢ # 0 and % < 1, and third ¢ # 0 and % > 1.

2.1. Limiting distributions for ¢ = 0.

Theorem 1. For the ball replacement matrix M = (_Oa Pd), the random variable X4y, on, counting the

number of white balls when all black balls have been removed, starting with a - n white and d - m black balls,
has the following limiting behaviour:

(1) For fixed m and n — oo the scaled random variable % converges in distribution to a limiting
variable Y (d/a,m):
de,an i) Y(é, m),
an a
with convergence of all moments, where Y («, 8) denotes a Kumaraswamy distributed random variable
with parameters o and [3.

a
md de,an

(2) For m,n — oo such that m®/4 = o(n) the scaled random variable e

tion to a Weibull distributed random variable,

converges in distribu-

miX r d
dm,an N W(*, 1).

an a
(3) For m,n — oo such that n ~ pm“/d, with p € RY, the random variable Xdm,an converges to a

random variable X, which is fully characterized by the sequence of its moments:

L . s 95 S ¢ aﬁ
Ximan £ X, with E(X®) = a r(1+ 5.
a5 X, wi <>a;{l}f’<+d>

(4) For m — oo and n = n(m) = o(m® %) the random variable X g, ar, converges to a limit X, which
has all its mass concentrated at zero:

L
de,an — 0.

Remark 1. For a = d = 1 we obtain the limit laws for the well known sampling without replacement urn
model M = ( _01 _01 ), which seem to be mathematical folklore, although we could not find a proper reference
to the literature. In particular, one obtains a Beta B(1,m) limiting distribution for fixed m and n — oo, an
exponential distribution for m,n — oo such that m = o(n), and geometric distributions for m,n — oo such
that n ~ pm.
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2.2. Limiting distributions for ¢ # 0 and § < 1.

Theorem 2. For the ball replacement matrix M = (_Ca _Od), withc=p-a > 0withp € N, and § < 1 the

random variable X 4, on, counting the number of white balls when all black balls have been removed, starting
with a - n white and d - m black balls, has the following limiting behaviour:

dm,an

(1) For fixed m and n — oo the scaled random variable X pm
variable Y (d/a,m):

converges in distribution to a limiting

de an L d
—— = Y(=,m),
an a
with convergence of all moments, where Y («, 3) denotes a Kumaraswamy distributed random variable
with parameters o and 3.

(2) For m — oo and arbitrary n = n(m), possibly constant or a function of m, the random variable
Xdam,an

; converges in distribution to a limit W (d/a, 1):

X
Raman £, yy(4 ), @)

Im,n a
with convergence of all moments, where W (k, \) denotes a Weibull distributed random variable with
parameters k and \. The normalization values gy, n, are given as follows:

cd

an +moa—_

a
) =< 1;
for pi 3)

Imn = gm,n(av G d) = an md a
— +clogm, for - =1.
m d

Remark 2. The special case « = ¢ = d = 1 of Theorem 2 was already proved by Hwang et. al. in [8].
Furthermore, the special case a = ¢ = 1, d = 2 of Theorem 2 reproves the Rayleigh limiting distribution for
vVmX,, om/(n + 2m), also stated in Hwang et. al. [8].

2.3. Limiting distributions for ¢ # 0 and a/d > 1.

Theorem 3. For the ball replacement matrix M = (_Ca _Od), withc=p-a > 0withp € N, and § > 1 the

random variable X 4, on, counting the number of white balls when all black balls have been removed, starting
with a - n white and d - m black balls, has the following limiting behaviour:

dm,an

(1) For fixed m and n — oo the scaled random variable X pm
variable Y (d/a,m):

converges in distribution to a limiting

S v
with convergence of all moments, where Y («v, 3) denotes a Kumaraswamy distributed random variable
with parameters o and 3.

(2) For m,n — oo such that ma/d = o(n) the random variable X gy, qn converges after suitable scaling
to a Weibull distributed random variable,

%X m,an d

M2 Rdman £,y ),
an a

(3) For m,n — oo such that n ~ pm“/d, with p € R, the moments of the random variable Xam,an

converge,

s s
s s ’ al S
E(de,an) —a ;%p F(l + E) Z {r}ﬂr,[;&ov s> 1a

r=~{
where the values U p.1, 4 satisfy a system of recurrence relations given in Proposition 1.

(4) For m — oo and arbitrary n = n(m) satisfying n = o(m®®) the moments of the random variable
Xdm,an converge,

S

. , s

E(X;m,an) —a’ Z {T}ﬁr,O;O,Oy s> 17
r=0

where the values U .1, 4 satisfy a system of recurrence relations given in Proposition 1.
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Remark 3. Unfortunately, even though we can prove convergence of the moments also for the regions m, n —
oo such that n ~ pm® 4 orn = o(m“/ d), we are not able to show that the resulting moment sequence defines
a unique distribution for these two cases.

3. THE STRUCTURE OF THE MOMENTS

3.1. A recurrence for the moments. By definition of Pélya-Eggenberger urn models with ball replacement
matrix given by (1) the probability generating function h, »(v) = > .< o P{Xam,an = k}o* of Xam.an
satisfies the following recurrence (recall that ¢ = pa, p € Np): B

an dm

hm,n(v) = hm,n—l(v) + hm—l,n-&-p(v)a for n > 07m > 17 (4)

an +dm an + dm
with initial values given by hg ,(v) = v*" for all n > 0.

Our aim is to derive limiting distributions of X4y, 4n. for max{m,n} — oo. To do this we will give a
precise description of the moments, which enables us to determine the limiting distributions using the so-called
method of moments, i.e., by applying the moment convergence theorem of Fréchet and Shohat, the second

central limit theorem, see, e.g, [17]. Of course, it follows from (4) that the moments eLf)m = E(X jman)
satisfy the recurrence

S d S
els] ol _an_ bl for n >0,m > 1, @)

m,n m,n—1 emfl,ner?

an +dm an + dm

with initial values egi]n = a*n®, forn € Ny.

Our first observation for determining the structure of the moments is that e,[;ﬂ,n is a polynomial of degree
s in n, in other words the s-th moment is of the form e,[;ﬂ,n = ZE:O )\S,g’mnz , where the numbers A ¢ ,,, are
independent of n. In the following we obtain an explicit result for A, 5 ,,, and a recursive description of the

quantities A\s g, 1 <€ <s—1lintermsof A, ; j, withf4+1<i<sand1l <j<m.

Lemma 1. The s-th moments emn =E(X3mn.an

) of the random variable X g, o, satisfy the expansion eLfl],n =

ZZ:O )\S,k,mnk, where Ag g m = . Furthermore the values X\ ¢, 1 < £ < s—1, satisfy the following

a
(m+%>
. m
recurrence relations:

m—1 m
)\S,E,m = Z (k>

P (mz%) Hs t.m—k,

where

a > k dm - k
- E -1 k—£—1 e E k—t L
Hs.t,m al + dm (f N 1)( ) )\s,k:,m + al + dm <£)p )\s,k,m 1

k=0+1 k=(+1
For { = 0 we have
m—1 s
/\S,O,m = E Hs,0,k with Hs,0,m = E p )\s,k,m~
k=0 k=1

The initial values are given by As s0 = a® and g 00 =0, for 0 < € < s — 1.

Proof. In order to prove the stated expansion of el;i],n we start with the ansatz egf;]’n = Zzzo As, Lmn[ , and get

from the recurrence relation (5) the equation

(an + dm) Z )\S,&mné =an Z As,em(n — 1)€ +dm Z As ptm—1(n + p)e. 6)
=0 =0 (=0
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By comparing the coefficients of n’, for 0 < £ < s + 1, in equation (6) we obtain a system of s + 2 equations:

)\s,s,m = )\sq’s,ma

& k : k
— _ k £+1 k—20 1</0<
dm)\s,é,m + aAs,Efl,m akng( )\s, k,m (f . 1) +dm ép )\s,k,mfl <£)> = 14 =S,

50m ZP A.skm 1

with initial values A\s; s 0 = a®, and \s g9 = 0 for 0 < ¢ < s — 1, which are determined by eg]n = a°n®. The
first equation is trivially true, so there remain s + 1 equations, which determine the values As ¢, 0 < £ < s.
The term A; 41, on the left hand side cancels with the first summand of Zk:e—1( 1)k= ”1)\5,;67,,1 (zfl) on
the right hand side, and we obtain

S
k
dmXso.m = —alAs o.m + @ —1)FHL, ,,( )
£, £, k:%H( ) k)

= k
+ dmAs,k,m—l + dm Z pkie}\s,k,m—l (€> 9
k=0(+1

1 < ¢ < s. The key step is to note that for computing the values A ¢, for 1 < £ < s, only values A ; ,,, and
Asim—1, With £ + 1 < 4 < s, are needed, which allows to recursively describe these values. Hence, we can
obtain for the values Xs ¢, the following recurrence relations:

dm
As m — >\9 m— s,0,m> fi 1§€§ ’
s, dm +al stom—1 1 Us.e, or s
with
a k k—t—1 dm k k—e

sbm +— )\5 m )\s m—1-
e <é—1>( 2 Ry, Z 0 kym—1

=0+ k=0(+1

In the case £ = 0 we directly obtain

s
2 k

)\s,O,m, = )\S,O,m,—l + p )\s,k,m—la
k=1

and further

S
. L k
>\s,07m = >\s,07m—1 + Ws,0,m—1, with Hs,0,m = § p )\s,k,m~
k=1

Using induction with respect to m and n we conclude that the recurrence (5) has a unique solution for the given
initial values A\s s 0 = a®,and A\; p o =0for0 </ < s —1.

Now we will compute A, s ,,. We have

dmAs,s,m + a)\s,s—l,m = _sa)\s,s,m + aAs,s—l,m + dmAs,s,m—la

leading to
(dm+ as)As s m = dmAs s m—1.
This gives
dm m! a’
)\s,s,m = m}\g’s’mfl, and further )\s,s,m = (m T Lj)m = (,m‘_"_%) s
m
where (m + %)™ = (m + %) ... (1 4+ %) is written using the falling factorials notation. O

By Lemma 1 we can derive arbitrarily high moments of X, 4. In particular, we will derive the expectation
of X gy an, and use Lemma 1 to prove our limiting distribution results.
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3.2. Factorial moments and an explicit formula for the moments in the case ¢ = 0. The computation of
several moments using Lemma 1 suggested that an alternative description of the moments can be obtained. Let
egfb)n = E(@)i denote the s-th factorial moment of the normalized random variable Xy, 4 /@, With
e(()szL = 1. In the following we obtain an alternative expansion of es)m in terms of n#, the falling factorials

powers of n.

X m,an — . .
(dT)S of the normalized random variable X gy, an/a

1
K

1 & ko AYE
Moom = e D ( R DN v vers
("0 k=0 j=t+1
The initial values are given by Ag 30 = 1 and Ag po =0, for0 <4 < s — 1.
Moreover, the values s ¢.m, with eﬁln = (ij an) = ZZ:O neks,g”n, arising in the expansion of the
ordinary moments of X qm, an, are related to Ag j , in the following way.

_ 8 ~\ i—efs||J .
As,é,m =a Z Z(_l)J {T} |:£:| AT‘,],ma O S g S S,

r=~0 j=~{

Lemma 2. The s-th factorial moments egi?n =E

(s)

satisfies the expansion ey, n = ZLO As7(g,mn£, with Ag sy = and Ng ¢.m, 1 < 0 < s—1, recursively

described by

where [ ] denotes the unsigned Stirling numbers of the first kind, and { } denotes the Stirling numbers of the
second kind, respectively.

As an immediate consequence of the result above we get explicit results for all moments in the case ¢ = 0.

Corollary 1. In the case ¢ = 0 the s-th factorial moment E(@)j of the normalized random variable
de,an/a is given by

=
a (")
Consequently, the ordinary s-th moment of X gm, an is given by

E(de an =a Z Z

E(deman)i_ n®

i

( )
(9)

Proof of Lemma 2. First we note that the factorial moments e, satisfy the same recurrence relations (5) as
their ordinary counterparts eLi],n, only the initial condition changes to e((le = IE(X“T“)i = n?. We proceed as

in the proof of Lemma 1 and obtain by the ansatz 655?,1 =7 _oAs k,mns the equation.

(an + dm) Z Asyg_’m,nﬁ =an Z Asom(n— l)ﬁ +dm Z Asom—1(n+ p)ﬁ. @)
£=0 =0 =0

Next we use the facts
(an + dm)nt = (a(n — €) + al + dm)nt = an™L + al + dmnt, n-(n—1)% = =L,
and the binomial theorem for falling factorials

i 3 (oot

k=0

in order to write (7) as

i As,[,m, (anﬂ ((],6 + dm ) =a Z As A, 'm,ni + dm i TLJ i ( >
£=0

s Am—1-

1=
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The equation above simplifies to

ZAégma£+dm dmznﬂz(>

£=0

a Lm—1-

Comparing the coefficients of n%, the falling factorial powers of n, we obtain the equations

Assm(as+dm) =dmAs sm-1, =S5,
(®)

Asom(as+dm) = dmAg g -1+ dm Z (;)ﬂf sjm—1, 0<0<s—1.
Jj=t+1

Consequently, we obtain

m 1
A =—71>-A and further A = .
5,8,M m+ d s,s,m—1, 5,8,M (mjnT)

Moreover, we also get from (8) the stated recurrence relation for A ¢y,

m
§ : —/
As,f,m = al As,[,m,—l + a@ A s,j,m—1-
m+ =

d j=L+1

In order to obtain the stated relation between A ¢, and Ag ., 0 < £, 5 < s, we use the expansion of the
ordinary moments into factorial moments using the Stirling numbers of the first and second kind.

E(X5nan) = aﬂE(@)s = ag {i}E(X””;‘m)z asg {i} ionjAr,j,m
U I S

Jj=0 =
On the other hand, E(X jm)an) = Z;zo n As,l,m’ which proves the stated result.
O

Proof of Corollary 1. In the case of ¢ = a - p = 0, or equivalently p = 0, we obtain from Lemma 2 the result

ns
mn ZAbémn Asam:W7
(")
since all terms A ¢, 0 < £ < s — 1, are zero due to the factor p. This implies that the ordinary moments are
explicitly given by

(X3 an) = a Z Z (Hi[;]).
0

3.3. The fine structure of the moments for a/d > 1. Next we are going to use Lemma 2 to obtain a refine-
ment of the description of the factorial moments.

Proposition 1. Fora/d > 1 and ¢ # 0 the values A ¢, arising in the expansion of the s-th factorial moment

Xdm,an \S . .
67‘:,)1'7, =E(=zen ) = 37 nfAg g, of the random variable X g, qn, satisfy

As,@,m = Z 7;1 Z’lgé 0: h,gm
d

h=¢ ( m

where the values Vs g.;; satisfy Us ¢.50 = 1,

u s b ah al
Dusso== 3 ()P0 Y dusini a5,

j=l+1 h=j 1=0
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and further for{ +1 < h<s—1and0<g<h-—-/{

min{h,h—g+1} h—j

AU ah al
1957Z;h,g = Z (£>p][ Z ﬁs,j;h,i : piﬁg(g; F)

j=0+1 i=max{0,9—1}
The quantities p; o(X,Y), 0 < £ <i+1, and q;(X,Y) arising here will be defined in Lemma 3 stated below.
In order to give the proof of the result above, we need the following identity.

k+Y )
Lemma 3. The sum ﬁ 21:_01 %k’ can be expanded in the following way:
m k

1= (* T ) Emlpio(X,Y)  q(X,Y)
m 7;1 - m 9 (9)
C S E TR o)
assuming thatY +h+1—X #0, for0 < h <4, i > 0, with

paxn) =3 ey GOIEE S g () osesin,

j=¢ h=max{0,j—1} f=h

o (e iy

=0 f=h

Proof. We use the identity,
m—1 (k+Y) ) (m + X — )(erY) (me) (X _ ]) ()]()

Z (k+X) (k+X) = = ;

(k4 G+1+Y —X)("H%)  jH1+Y =X

(10)

with j+14 X —Y # 0, and j > 0, which can be proven using induction with respect to m. In order to apply
k4+Y . .

the result above to the sum ﬁ ZL:_Ol %k’ we expand k' in the following way:

m k

M:4k+X¥ﬁ@i:§é(iy—XY#@Hdﬂf:§;<» ZfE:{:}k+X
S £ ()

Consequently, we get

le ::)Y() i mw 5~ k+X) i(;){i}(_)@i—f

k=0 :0 m /) k=0 k f=h
_i (m+X=n)("%) (X—h)(X) N TAVI
_h_o<<h+1+YX)(”’;X) (h+1+Y - X)(m”))J;(f){h}( A

This proves the stated result for ¢;(X,Y"). In order to obtain the expressions for p; »(X,Y),0 < ¢ <i+1, we
expand (m + X — h) (m‘]tX ) in terms of ordinary powers of m,

m+ X\ (m+x)htt 1R L A e
(m+X—h)< ): h'z mi . xhtl=i

h h!

h+1

hlz<h+1)zj:o[£]( 1)t X1 ]:h'}f ehi:l(h—i-l)[} 1yt

Interchanging summations leads then directly to the stated results for p; ((X,Y"). O
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Proof of Proposition 1. We proceed by induction with respect to m and ¢. We readily observe that A ¢ p,
satisfies the stated expansion. Assuming that the values A ; ;. have the stated expansion for all £ < m and
{41 < j < swe get by Lemma 2 and the induction hypothesis

S

m—1 al .
1 k+ a J i—¢
As,@,m = mat oL E : ( k ) E : ([)p] AS,J}k

( md) k=0 j=+1
s s h—j m—1 k42t

SN ATED3) SRR, SRt 1A
= ENH Y m+az) (kJr“T“) .

j=t+1 h=j i=0 k=0 \ &
Before we can apply Lemma 3 we need to check that the conditions Y + 1 + g — X # 0 are satisfied, for
Y = %Z,X ah ,0<g<i Wehave ]l <1+g¢g <i+1<h—-j+4+1 < h— ¢ with equality only
in the case j = E + 1. Hence, from our assumption a/d > 1 we get 1 +g < h — £ < %(h — {), such that
1+g—4(h—1£)#0,0<g <i. We obtain by Lemma 3

s s h—j i+l g ah af ah af
. _r m Pi,g(7> 7) B %(77 7)
bt = 3 (P S s (3 A - )
Jj=L+1 h=j i=0 g=0 m m
This implies the stated result for 95 4.¢ 0. Furthermore, we obtain

s s h—j H—lm ng (th,,(fi[)
Z <)p;zz ]hzz r;l—i-“h

j=L+1 h=j i=0
s h— mm{h,h—g+1} PN h—j ah al
= Z +ah Z Z (€>pjl Z ﬂs,j;h,ipi,g(ja E)’
h=(+1 ( m g9=0 j=0+1 i=max{0,g—1}
which leads to the stated results. U

3.4. Derivation of the expected value. Next we will derive the explicit expressions for the expectation of
Xdm,an using Lemma 1.

Proposition 2. The expectation of X qm, an Is given as follows:

E(Xaman) =~

afﬂ n c (dmta B )’
(") dmad ()

Proof. In order to obtain the expected value of X4, on We use Lemma 1 to get
E(Xdm,an) = A1.1,m7 + A,0,m,

where the values A1 1, A1,0,m are given by

a
1
AM,im = 7aes AL0,m = AL0,m—1+ D AL1,m-
)1, (erd) ,0, ,0, ,1,

m

+ cH,y,, for — =1,

]E(de,an) =

£ 1.

This implies that Ay o ,,, can be written as

m—1 m—1 1
ALom =P Z AMem =D a Z T%

We have to distinguish between the cases § = 1 and § # 1. F1rst assume that § = 1. We obtain

m—1 m—1

Z(kig):Z(kH Zk+1 Hn,

k=0 k k=0 k

and further E(X g an) = nffﬁl + cHy,. In the remaining case § # 1 we use the summation formula

—

m—

m—+ X X

-0 X

k=0 X
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which can easily be deduced from another summation formula, see [5], p. 188,

Zi: @ g(_ i); - X(k1+,;X) ’

=0
using the fact that 37" (5) = (/1) We get
o _ dm+ta a
k+2\ m—+ 0
i () d=a("yT) d—a
which directly leads to the result
an c(dm + a) ca
E(Xdm.an) = = — — .
( dm, ) (m;zz) + (d_a)(m:lg) d—a

O

3.5. Asymptotic expansions of the expected value. Next we derive asymptotic expansions of the expected
value E(X g, an) for max{m,n} — oco. These expansions serve as an indicator for the normalizations used in
Theorems 1-3 for the random variables X 4, an -

Lemma 4. For m € N fixed and n — oo, and arbitrary a,c,d, the expected value of X gy, qn, as given in
Theorem 2, is asymptotically given by
an

m

]E(de,an) == +O(1)

For m — oo, a/d < 1 and ¢ # 0 and arbitrary n = n(m) the expected value of X gm qn always tends to
infinity:

an 4 clogm, for & =1

m ’

ale

cd

E(de,an) ~ an + =m

ra+9)- for § < 1.

md
Form — 00, a/d > 1, or a/d < 1 together with ¢ = 0, we have the following three regions in the asymptotic
behaviour of the expected value of X gy, an:

e For m®% = o(n) we have

E(Xaman) = T(1+ 5) 2% + O =7 + —— +1).
d’mi matl  mai-1

o forn ~ pma/d, with p € R*, we have

a ca 1 c 1
E(Xgm an) = al'(1 + & (’)(— ‘ )
(Xdm.an) a(+d)p+a—d+ m+mz*1+m3
e Forn = n(m) such that n = o(m®'?), we have
ca n c
E(Xdm.an) = +O(— + —5—)- (11)
a—d md  md

Remark 4. Our results above say in principle that the asymptotic behaviour of X 4y, 4, is governed by the quo-
tient a/d, together with the (non)-positivity of ¢. A similar situation occurs in tenable triangular urn schemes,
compare with Janson [10]. A simple explanation for the results above is as follows. For m fixed and n tending
to infinity, the actual values of a, d and c are irrelevant. For m tending to infinity, such that a/d < 1 and ¢ # 0,
the positivity of c ensures that the random variable always tends to infinity. In the remaining cases with m
tending to infinity, such that a/d > 1, or ¢ = 0 and arbitrary a, d, the random variable X4, 4, can be rather
small, depending on the growth of n = n(m) compared to m.

Proof. We use the explicit results stated in Theorem 2. For m fixed and n — oo we use Stirling’s formula for

the Gamma function:
Z\? V2T 1 1 1
o= () Y2 (L L o)), B
@ =\z) 77 U+ 13 +aggz T 95 12)




LIMITING DISTRIBUTIONS FOR A CLASS OF DIMINISHING URN MODELS. 13

and obtain for arbitrary a, ¢, d the expansion

F'm+1)I'(1+ %
o) = an TG gy —p g 4
) @'

Fm+1+9)
Assume next that m — oo, a/d < 1 and ¢ # 0 and arbitrary n = n(m). We use the asymptotic expansion of
the harmonic numbers

E(de,an) = +O(1)

1 1
H, =1 - —
ogm + -y o + O(m2 ),
where v = 0.5772156649 denotes the Euler-Mascheroni constant, to get for a/d = 1 the result
E(de,an) = a+ 1 +cH,, ~ — —|— clogm
Fora/d < 1 we get
an c (dm+a a, an cd a
E(Xam,an) = @ ( T — ) ~I'(1 —T(1 Ta,
Kaman) = zy + 7= (s (1+2) 2% + =T+ Hm!

where we have used again Stirling’s formula (12). For m — o0, a/d > 1, or a/d < 1 together with ¢ = 0,
we proceed similarly to the previous cases. For example, assuming that m®/¢ = o(n), we obtain by Stirling’s
formula (12) the result

a, an

d)md

c

E(de,an) ==

an c (dm+a

R TN

(1+O( )>+(9( — +1).

a
m d

4. DERIVATION OF THE LIMITING DISTRIBUTIONS

In the following we will present our proofs of Theorems 1-3. First we prove simultaneously the limit laws of
the Theorems 1-3 in the case of fixed m, and n tending to infinity. Then, we separately provide the remaining
proofs of the Theorems 1-3 for m tending to infinity and n = n(m) in Subsections 4.2, 4.3, 4.4.

4.1. The case of fixed m. We assume that m is an arbitrary but fixed natural number, and derive the limit of
Xdm,an for n tending to infinity. Using Lemma 1 we can expand the s-th moment of Xy, 4, for arbitrary
values of a, d, ¢ € N in powers of 7 in the following way:

s—1
E(Ximn.an) = = el Z Ao kmf® = A s)mns—i—z s kmf = N s mn®+0(n*~1) = (:L:Z) +0(n*71),
k=0 m

since we assumed that m is an arbitrary but fixed natural number. Consequently, the moments of the normalized
random variable X g, on/(an) satisfy the following asymptotic expansion:

]E<X§m,an) _ ehln _ 1 (1 +O(%)) _ M(l +O(%)).

a*n® asn® (M D(1+m+ %)

m

Hence the s-th moment of the scaled random variable X, qn/(a - n) tends to the s-th moment of a Kura-
maswamy distributed random variable Y = Y (d/a, m) with parameters & = d/a and 8 = m, for any s > 1,

in symbol E( dm.an ) — E(Y®). Hence, by the theorem of Fréchet and Shohat, which says that the moment

asn?
convergence implies the convergence in distribution if the moments sequence determines a unique distribution,
we obtain the convergence in distribution of Xy, 4n/(a - n) to Y (d/a, m).

Note that the density f(¢) = fy(¢) and the distribution function of a Kumaraswamy distributed random
variable Y = Y («, B) are given as follows:
ft)=apt* (1 -t~ and P{Y <z} =1-(1—2%)°".
Furthermore, the s-th moment of Y is given by
LB+ 1)1+ 2)
F1+6+2)

E(Y?®) = , for s > 1.
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The Kumaraswamy distribution is closely related to the beta distribution. A Kumaraswamy distributed random
variable Y = Y («, ) can be expressed as the c-th root of a beta distributed random variable with parameters

1and j3.

4.2. Proof of Theorem 1. We use the explicit results for the moments of X, n in the case ¢ = 0 and
arbitrary a, d stated in Corollary 1:

E(ij,an - Z Z (er aa) :

Hence, using Stirling’s formula (12) we obtain for m — oo the asymptotic expansions

o~

1 T(1+ %) . A LA+ DG
ai. aj ’ E(Xém,an) ~a’ n (_1) —' (13)
T ) =12 e

Assume first that m,n — oo such that m®/@

a*n°T(1 4 %) /m'T, and we get

= o(n). The dominant term in the expansion above is given by

Xs m% as
E(—2mem N O T(1 + =2).
(Fmen D) o1+ 2
Let W = W(k, \) denote a Weibull distributed random variable. Then, the s-th moment of W is given by

E(W) = A"T(1+ >

k;)’ for s > 1.

Moreover, special instances of the Weibull distribution are the exponential distribution and the Rayleigh distri-
bution, and the density f(t) = fu (¢) is given as follows
k tik—
10 =5 ()" eV or 12 0. (14)

Hence, in the region m,n — oo such that m®? = o(n), we can use the moment convergence theorem of
Fréchet and Shohat and obtain the convergence in distribution of Xz, o, m®¢/(a - n) to W(d/a, 1).

For m,n — oo such that n ~ pm®?, with p € RT, we obtain from (13) the expansion

i aé s
E(Xdm.an) ~ @ Z(Pm“/d)er(ljn“{} 'Y {E} pT(1+ if)

=0 =0
Consequently,

lim E(Xj, on) =ns, Where n,:= aSZ{ } ZI‘(l—i-sz)

m,n— oo
£=0

In order to show that the sequence of moments (7);)s defines a unique distribution, we compute the correspond-
ing moment generating function ¢(z) associated to the moment sequence (7;)s:

. al . al <[s] #°
s (1 = (1 ol
DREES NN HTEE WAIE ) W s
5>0 s>0 = 1>0 s>1
Using the bivariate generating function identity of the Stirling numbers of the second kind, see Wilf [21],
R
n>0k>0
we obtain further
B al pf(eaz _ 1)2
=> T+ TR
>0
Since the latter expression is the moment generating function (¢) of a Weibull distributed random variable

with parameters a/d and 1, evaluated at t = p(e®* — 1), we see that ¢(z) is indeed analytic around z = 0,
which completes the proof. Hence, by the theorem of Fréchet and Shohat X4, o, converges in distribution
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to a random variable X with moment sequence (7)s)s. Note that the special choice a = d, sampling without

replacement, gives a (scaled) geometric distribution with parameter flp, due to
{/ az 4 1+p
p(2) =Y plle - 1) = = = —.
>0 1-— p(@az — 1) 1 + P — peaz 1-— (1 — m)e‘”
In the remaining case m — oo, with arbitrary n = n(m) satisfying that n = o(m?®/?), we obtain

E(Xgm.an) — 0, forall s > 1, which proves the stated result.

4.3. Proof of Theorem 2. The limiting distributions of X4, 4n. for a/d < 1 and ¢ # 0 and m — oo, will

be obtained by giving precise estimates for the s-th moments eLfiw Lemma 4 suggests the right scaling factors

gm.n chosen according to the ratio a/d. We will provide the following estimates for the moments of X 4, 4r:

an+m-gL \ $
1+ %) (5D ) (14 O(he), for § <1,

ol

m,n

s'(% + clogm)s(l +0(5-)), for s =1.

logm
Note that the above expansions will imply the limiting distribution results by applying the method of moments:
s as 1 a
]E(Xgmm) il [T+ (+0 ), for g <1,
Im,n G s!(l + O( L )), for § =1,

logm

since the s-th moment of X g, qn/gm,n converges to the s-th moment of a Weibull distribution with suitably
chosen parameters.

First we consider the case a/d < 1. Since we want to prove the asymptotic expansion

el =T+

cd
as, /an+mo—
m,n 7)

d 2 )5(1—’—0(%)’

md
we have to determine the asymptotic growth of the coefficients A ¢ ,,, appearing in the recursive description of
the moments egfin in Lemma 1. The shape of the s-th moment ekﬂn = ijo As, g’mnz implies that we have to

show the following asymptotic expansion of the numbers Ag ¢ p,:

v as S 87@7% (Cd)sjZ 1
As,f,m =a F(l + E) <£>m W (1 + O(E)) (15)

To show this we will use induction with respect to £ and apply Euler’s summation formula. The statement is
true for £ = s, since we know by Lemma 1 that

s as 1
Moo = =a$r<1+“s>(s)m—d<1+0< ).
) i n’

Using the induction hypothesis for £-+1 up to s — 1 we see that the dominant contribution to s ¢, iS stemming
from the term Ag ¢41,,»—1 and we get

{+1 dm
s,4,m ™ - )\s 4 m—1- 16
Hs,e, < / ) dm t apP s trtm=1 (16)
Due to Lemma 1 we also have
m—1 m m al
m! I'(k+ % +1)

)\s,&m = Z (kzg Hsbom—k = al Z J Hs.0,k- (17)

iz (M%) Pim+ G +1) 2 k!

Using the induction hypothesis we obtain the approximation

L+ 5+ 1) pripy as (E+1N[ s\ (edp™ I T(k+ Dk
;;1 O G D) (A A VIR L 2 k! ( +O(

k=|logm]

1

m

o
d

).
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Now an application of Euler’s summation formula (see, e.g., [5], p. 469) leads to

(+1 s Cpas (cd)s1 1 B
/\sm:ZFlg s—t /tsz1
=@ () () G e
s +1 _g_as (cd)s—t1 1
= T'(1 ST 1
=alel(1+ )<£+1>< ¢ )m c(d_l)s“(s_g_awd—e))( +O(m%)>

#Hlﬁjmam?e?@ﬁz)@+o%wﬁ

which proves the stated result for 0 < ¢ < s. For £ = 0 we have due to Lemma 1:

dt(l +0O(

)

ale

m

m—1

902 ZZ szk pz/\G,l,k(1+O( %)>
k=0 i=1

k=0

S

Using Euler’s summation formula and the fact ¢ = a - p gives

s—1 m e 1
Aso.¢ = pal'(1 + %j) <S) (ed)— / 51 dr(1 + O(

)

1) (d—a)s1 J, ma
= sT'(1+ %j)m‘*‘% = a;d(l(s Ty (1+ O(ml% )
=T(1+ ‘;‘S)ms?w(c_dl)a + o(wj% )-

This completes the proof of Theorem 2 for a/d < 1.

Now we consider the remaining case a/d = 1. We have to prove that

[s] — ("
em’n—s!(m +clogm) (1+0( ). (18)

log m
This implies that we have to show the following asymptotic expansion of the numbers g ¢

£ s—1 s—
_ g8\ ac (log m) 1
As,0,m = 8! <€ —7 (1+ (’)(logm)). (19)

We proceed exactly as in the previous case a/d < 1. Using (16) and (17) we finally obtain

+1 s m! ™ (logt)s—*~1 1
— s—14—1 | 1
Astm = atpe . ( 1 )(éJrl) (m+f)!/1 t 4 +O(1ogm))

ale ! (6 : 1) <e : 1) # (logﬁ)zﬁm 1+ O(loglm))

l,.s—0 s—0
Y EANC (logm) 1
“(; 2 (14 O )

which proves the stated result for 0 < ¢ < s. The remaining case ¢ = 0 is treated in a fully analogous manner.
Hence for m — oo the limiting distribution is given by an exponential distribution with parameter 1, which
also proves the part a/d = 1 of Theorem 2.

4.4. Proof of Theorem 3. We use the results of Lemma 2 and Proposition 10 and study the moments
h—j

80X ) =0 o S IS i Y

= r=~{ j=4 h—j(m)go

for m — oo. Interchanging summations gives

]E(X;m,an - Z Z Th)
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a

Proceeding as in Subsection 4.2 we use the expansions 1/(m+a7h) ~T(1+ M)/mTh, and obtain

SUNRPTO N SEr-=s WD 9P DY W1 VAT

£=0 h= r=h j=g+~£

First we consider the case m,n — oo such that m®/¢ = o(n), and directly obtain
n® as ma X5, un as
E(X; ~a'—7T 1+ —), E(———)~T(1+ —).
(Kiman) ~ * D1+ 2), E(——tmam) (14 2)

We use again the moment convergence theorem of Fréchet and Shohat and obtain the convergence in distribu-
tion of Xgpm.anm®?/(a - n) to a Weibull distributed random variable W (d/a, 1).

Next assume that m, n — oo such that n ~ pm®/ ¢, with p € R*. We have

S

B0~ S 3 D S0 5 5 o o,

=0 h=¢ r=h j=g+¢
R al s
~ ra+ — Vr.e:0,0-
30+ S (o

It seems difficult to obtain suitable bounds on ¥,. g.¢ ¢ in order to prove that the moment sequence determines a
unique distribution, which is necessary to apply the theorem of Fréchet and Shohat.

In the remaining case n = o(m®/¢) only the constant term being independent of n and m, case { = h =
g = 0, in the expansion of E(X, . is relevant, and we get

: S
E(Xsm,an) ~a’ Z {T}ﬁr,O;O,O-

r=0
Note that this expansion is consistent with p = 0 in the case considered before. Unfortunately, again we are
not able to show that the moment sequence determines a unique distribution.

5. GENERALIZATION: A BIASED POLYA-EGGENBERGER URN MODEL

In the ordinary Pdlya-Eggenberger urn model at every step a ball is chosen at random from the urn. E.g., if
the urn contains n white and m black balls, the probability of choosing a white ball is given by n/(m + n),
whereas the probability of choosing a black ball is given by m/(m + n). We consider now a biased Pdlya-
Eggenberger urn model defined as follows. Starting with an urn with ball replacement matrix M = ( 701 9 )
we associate with the states of the urn a sequence P of positive real numbers P = (i) men,, With pg = 0
and p,, € R, where P is independent of n. For the sake of simplicity we have chosen ¢ = d = 1 in
M. The cases d > 1 ora > 1 (with ¢ = p - a) can be reobtained by properly choosing the sequence
P = (pm)meny = (22)men,. Assuming that the urn contains n white and m black balls, for this class
of biased diminishing urns, the probability of choosing a white ball is given by n/(n + p,,), whereas the
probability of choosing a black ball is given by p,,,/(n + py,). Let X, ,, denote the random variable, which
counts the number of white balls remaining in the urn when all black ball have been removed. By definition we
have the following recurrence for P{X,, ,, = k}:

n+me{an ! k}+ +pm
with initial values P{Xy ,, = n} = 1, for n € Ny. We also have the following recurrence for the moments

i = B(X, )

]P){Xm,n = k} = ]P){Xm 1,n+c — k}

[s] _— n [5] Pm  [s]
n+pm mn 1,m n+pm m—1,n+c’

m,n

with initial values e([)s’]n = n®, for n € Ny. Obviously, the recurrence for the moment sequence is almost
identical to the previous recurrence (5). This suggests that, as before, the s-th moment is again a polynomial
of degree s in n, with coefficients depending only on m. The next result makes this precise — we recursively
determine the moments of X, ,, for a given sequence P = (Py, ) men, . and also obtain an alternative description
for the factorial moments of X, ,,, similar to Lemmata 1-2.
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Proposition 3. The s-th moment e,[gin = E(X;, ) of the random variable X,, ,, satisfies the expansion
67[;]771 = ZZ:O /\S,gmnk. The values A ¢, are recursively given by

m

m—1
Pk pj
)\s,s,m = , and As,lJn = E Hs,6,m—k | | h L’
k=0 1ok P T
j=m+1—k

where

1 - k k—t—1 DPm ~ (E\ 5y
Hsbom = Z ( )(_1) ) )\s,k7m + — Z c ')\s,k,mfl-
Pm + £ Pt (-1 Dm + 4 vyt L

For ¢ = 0 we have

m—1 s
. L k
)\S,O,m = § Hs,0,k 5 with Ms,0,m ‘= E )\s,k,mc .
k=0 k=1

The initial values are given by A\s s 0 = land As y0 =0for 0 < ¢ <s—1.

Furthermore, the s-th factorial moment eg;?,?n = E(X7,n) of the random variable X, ,, satisfies the expan-
m

sion es;?n = ZZ:O As,k7mnﬁ. The values A ., are recursively given by Ag  p, = pkpj- > and
1=1
m p m—1 k » s j
Neam= (11 52) X (11557) 3 (7)o
o Prtt k=0 o o+t j=0+1 ¢

with initial values are given by Ag s 0 = 1and Ag p 0 =0for 0 < ¢ <s—1.

The proof of the above result is fully analogous to the proofs of Lemma 1, 2 and is therefore omitted.
We refrain from studying this new generalized urn problem in full generality, and only state the following
immediate consequences.

Corollary 2. In the biased urn model with c = 0 the factorial moments of the random variable X, ,, are given
by
m

Pk

E(XZ ) =n*- .
iz1 Pr + s

Consequently, for ¢ = 0 and any given sequence P = (Dy,)men,, satisfying >, <, pi < o0, one obtains the
following limiting distribution results.

e For m fixed and n — oo the normalized random variable X,, ,,/n converges in distribution to a
random variable V,,, with convergence of all moments,

an XTSnn "
Zmn Loy B(ERM) S EVE) =

n ns

Pk
- P + s

Moreover, V,,, can be written as the exponential of a weighted sum of m independent exponential

random variables ey,
m

Vm:eXp(—Ze—k).

i1 Pk
e For n fixed and m — oo the random variable X,, ,, converges in distribution to a random variable
Zn, With convergence of all moments,

S m
L i)s Dk
Ko £ 20 BOG) > B0 = S m{ ST
Jj= =1
e For min{m,n} — oo the normalized random variable X, ,, /n converges in distribution to a random
variable W, with convergence of all moments,

an ‘(fnn 5 -
S LW, B S EW) = [
n n

i Pr +s
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Moreover, W can be written as the exponential of a series of independent exponential random variables
L
er = Exp(1),

9]
€k

= exp —
1 pk

Moreover, the random variables Z,, /n, and V,, both converge in distribution to W, with convergence of all
moments, for n, m tending to infinity.

Proof. In the case ¢ = 0 the factorial moments egﬁ?n of Yy, », are given by

m
k _ s De
ZAskmn Assm*nezl_llpe_’_sv

since the values A ; m, 0 < k < s—1, all have a factor c. The assumption

m>1 p < oo on the sequence P
ensures that the product [],", o +S converges for s > 1 and m tending to infinity. Consequently, the limiting
distributions are obtained in a straightforward way using Fréchet-Shohat’s moment convergence theorem, see,

e.g, [17]. In order to decompose the random variables V;,, and W into sums of exponential random variables,

we proceed as follows. Let € £ Exp(A) denote an exponentially distributed random variable with parameter

A. The Laplace transform E(e™*¢) of € is given by E(e™*) = 5 + . Let (€7)sen be independent identically

Exp(1)-distributed random variables. Using the fact that } - € £ Exp()), we obtain

E(exp(—t-is)) ZﬁE(eit%) = ﬁl_:t

(=1"" (=1 {=1

The moments of the random variables V,,, and W are given by

m p m 1 o p o0 1
v =l == B =]l =1li=
o bets oty ibets ol
Hence, we obtain the stated decompositions V, £ exp ( S 15 ) and W £ exp ( > ;—Z) O

Remark 5. A particularly interesting case is the biased sampling without replacement urn M = ( _01 91 ) with

sequence P = (py)men, = (M?)men,- The factorial moments and the ordinary moments of Y,,, ,, are given
by

Ean) = 21:[ +k2 Y”z”)_z{s'}njn s

7=0 J k:ll—’_ki2

A closed form expression for the product ;" kel Hj is readily obtained using the Euler product form of the
2

hyperbolic sine function, together with the product form of the Gamma function

sinh(mz) =7z ﬁ (1+ 2—2) I(z) = ¢ ﬁ e
k=1 k2" & k:11+%7

such that

H B 7/ (m +1)2 _ =1 /S
1+ sinh(my/s)D(m+1+iy/s)T(m+1—iy/s)’ 1+ %  sinh(mys)

k=1 k=1 k2

Note that the random variable W = exp ( — .7~ ) arising in the limit min{m, n} — oo is closely related
to distributions considered by Biane, Pitman and Yor [1] in the context of Brownian excursions and Theta
functions. For example, one can further show that the random variable W has support [0, 1], and its distribution
function can be expressed in terms of the Jacobi Theta function ©(q) = Znez(—l)"q”Q, P{W < q} =
1-0(g), 0<g<1.
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6. CONCLUSION AND ACKNOWLEDGEMENTS

By applying the method of moments we were able to describe in a quite precise manner the asymptotic
behaviour of a class of 2 x 2-urn models with replacement matrix M = (_C“ _Od), a,d,p € Nand ¢ = a - p.
In the table below we give a short summary of our findings, using the asymptotic small-o, and equivalence
notations. It is an interesting question to ask whether the approach used for a study of 2 x 2-urn models can
be generalized to an analysis of certain diminishing urn models with more types of balls. Moreover, the biased
variant of the considered urn models has interesting connections to distributions considered by Biane, Pitman

and Yor [1].

n — 0o: m — 00: m — 00: m — 00:

m fixed m=o(ni)| m~p-ni, peRT n=o(m)
a/d < 1andc € N | Kuramaswamy Weibull Weibull Weibull
a/d > 1and ¢ € N | Kuramaswamy Weibull Moment convergence Moment convergence
a,d € Nand ¢ = 0 | Kuramaswamy Weibull Characterized by moments Degenerate

The authors want to thank Hsien-Kuei Hwang for useful and encouraging discussions on this topic, and
Svante Janson for pointing out the decompositions into sums of exponentials in Corollary 2. Furthermore,
the authors thank the referee for very valuable remarks, pointing out several imprecisions and improving the
presentation of this work.
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