ISOLATING NODES IN RECURSIVE TREES
MARKUS KUBA AND ALOIS PANHOLZER

ABSTRACT. We consider the number of random cuts that are necessary to isolate the node with label
A, 1 < X < n, in a random recursive tree of size n. At each stage of the edge-removal procedure
considered an edge is chosen at random from the tree and cut, separating the tree into two subtrees.
The procedure is then continued with the subtree containing the specified label A, whereas the other
subtree is discarded. The procedure stops when the node with label X\ is isolated. Using a recursive
approach we are able to give asymptotic expansions for all ordinary moments of the random variable
Xn,x, which counts the number of random cuts required to isolate the vertex with label A in a
random size-n recursive tree, for small labels, i. e., A = [, and large labels, i. e., A=n + 1 — [, with
! > 1 fixed and n — oo. Moreover, we can characterize the limiting distribution of a scaled variant
of Xy, x, for the instance of large labels.

1. INTRODUCTION

The model of random recursive trees is definitely one of the most popular and most studied random
tree models, since it turned out to be of interest for various applications; we mention here the stemma
construction in philology [11], for pyramid schemes [3], and the spread of contamination in an organism
[10]. For a survey of applications and results of recursive trees see [9].

A rooted labelled tree T of size |T| = n (the size of a tree T is measured as usual by the number
of nodes of T'), where the nodes are labelled by distinct integers of the set {1,2,...,n} is a recursive
tree, if the root is labelled by 1, and for each node v holds that the labels of the vertices on the unique
path from the root to v form an increasing sequence. It is well known that there are T,, = (n — 1)!
different size-n recursive trees. A random recursive tree of size n is then a recursive tree with n nodes
chosen with equal probability T%L from the space of all such trees. Besides the previous description
the construction of random recursive trees can be described via the following simple growth rule: a
random tree T of size n is obtained from a random tree T’ of size n — 1 by choosing uniformly at
random a node in 77 and adjoining the node labelled by n to it.

In [10] Meir and Moon considered the following edge-removal procedure (= cutting-down procedure)
for a rooted tree with n vertices. Pick one of the n—1 edges of the tree at random and remove it. This
separates the tree into a pair of rooted trees; the tree containing the root of the original tree retains
its root, while the tree not containing the root of the original tree is rooted at the vertex adjacent to
the edge that was cut. Now the subtree that does not contain the original root is discarded and the
procedure is continued recursively for the remaining subtree until the original root is isolated. In paper
[10] the random variable X, is studied, which counts the number of edges that will be removed from
a randomly chosen recursive tree of size n by above edge-removal procedure until the root, i. e., the
node labelled by 1, is isolated. This problem was studied in the context of the spread of contamination
in an organism, where it is assumed that the first node is the source of all the contamination. By
separating nodes from the source by successively removing edges one eventually isolates the source
node. It was shown in [10] the following asymptotic equivalent of the expectation: E(X,) ~ oen-
Thus on average ~ @ random edges have to be removed from a random size-n recursive tree before

the root node is isolated.
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Recently Javanian and Vahidi-Asl [8] have studied a modification of above edge-removal procedure,
motivated by considerations concerning the hierarchy of a workforce of a company: at each stage after
removing a random edge, the subtree containing the node with the largest label, i. e., label n, is kept
and the other subtree is discarded. Thus finally the node labelled by n will be isolated. Again one
is interested in a study of the random variable Y,,, which counts the number of edges that will be
removed from a randomly chosen recursive tree of size n until node n, i. e., the last recent entry, is
isolated. It was shown in [8] the following asymptotic equivalent of the expectation: E(Y;,) ~
Therefore on average ~ ﬁ
before node n is isolated.

_n_
2logn”
random edges have to be removed from a random size-n recursive tree

But isolating node 1 and isolating node n in a tree by removing random edges can be considered
as special instances of a natural generalization of the edge-removal procedures described above. In
order to isolate via random cuttings the node with a specified label A, with 1 < A < n, in a tree T
with nodes labelled by 1,2,...,n we consider the following procedure:

(1) Pick one of the n — 1 edges of the tree at random and remove it. This separates the tree T
into two subtrees 7' and T’ Let us assume that A € 7.

(2) Continue the edge-removal procedure recursively for the subtree 7', which contains the node
labelled by A, until node A is isolated.

In the present paper we are studying this general edge-removal procedure by analyzing the random
variable X, x, with 1 < A < n, which counts the number of edge-cuts that are necessary to isolate
the node labelled by A in a random recursive tree of size n. Of course, the margin cases X,, (isolating
the root) and Y,, (isolating the largest node) are contained as the special instances X, 1 and X, »,
respectively. This general edge-removal procedure has a natural interpretation in the model for the
spread of a contamination in an organism mentioned above: instead of assuming that the root node
is the contamination source we assume that a certain node A is the contamination source, which one
wants to isolate. Figure 1 and Figure 2 give examples of isolating certain nodes via the edge-removal

procedure considered here.
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Figure 1: Isolating the root in a size-8 recur- Figure 2: Isolating the largest node in a size-8
sive tree with 5 cuts. recursive tree with 5 cuts.

We will analyze the random variable X,, x from “both ends”, i. e., we are studying X,  for small
labels: A =1, with [ > 1 fixed and n — oo, and for large labels: A = n+1—1, with [ > 1 fixed and
n — 0o. By using a recursive approach we are able to give asymptotic expansions of the moments
of the random variables X,,; and X, ,,+1—, for [ fixed and n — oo. For the instance of large labels
we can apply the Theorem of Fréchet and Shohat and characterize the limit law of the normalized

random variable 105 2 Xy n+1—1 by its moments. It turns out that the random variable X, ,,1_;, which
logn )
n

counts the number of edge cuts necessary for isolating the I-th largest node, is (after scaling with
asymptotically, for [ fixed and n — oo, uniformly distributed on [0, 1). For the instance of small labels

loi = X, converge, for [ fixed and n — oo, in probability to 1, but it turns out that

we can show that
a zero-mean and unit-variance normalization of X, ; has (for s > 2) s-th moments of order log%71 n.
Thus existence of the limit law (and in the affirmative case a characterization of the limit law) of this
normalized random variable cannot be shown by the method of moments. This was already observed
for the special instance of isolating the root, i. e., for X, 1, in [12].

Throughout this paper we use the abbreviations #! = z(z — 1)--- (z — 1) and 2! == z(z +

(z) denotes the Psi

1)---(z +1—1) for the falling and rising factorials, respectively. ¥(x) :=
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function (= digamma function), and H, := Y_,_, + and o = > h_1 2= denote the first and second
order harmonic numbers. Note that the Psi function is related to the harmonic numbers by the

equation ¥(n+1) = H,, —~, where 7 is the Euler-Mascheroni constant. Further we denote by X @ Y

d
the equality in distribution of the random variables X and Y, and by X, 9, X the weak convergence,

i. e., the convergence in distribution, of the sequence of random variables X, to a random variable
X. The symbol [A] denotes Iverson’s bracket for the predicate A, i. e.[JA] = 1, if A is true and 0
otherwise.

Remarks:

(1) We want to remark that for the problem of isolating the root node of a tree via random cuttings
Janson [7] gave an alternative approach by establishing a very useful connection between the number
of cuts to isolate the root and the number of records when assigning random values to the edges of
the tree. We want to sketch in the following that one can extend the arguments used in [7] to give
also a connection between the number of cuts and the number of records for the problem of isolating
a specified label \. We consider a randomly chosen recursive tree of size n and attach to each edge
e a random value 7., where we assume that the values . are i. i. d. with an arbitrary continuous
distribution. For a given label A, with 1 < A\ < n, we call a value v, a record if it is the largest value
in the path from the node labelled by A to the edge e. Then it holds that the number of records is
again distributed as X, ».

(#4) Furthermore we want to remark that the cutting-down procedure for isolating the root node
of a random recursive tree has also been used to give an alternative representation of the so called
Bothausen-Sznitman coalescent (see [5]).

2. RESULTS AND OUTLINE OF THE PROOF

2.1. Results. For the s-th moments of the random variables X,, ; and X, ,,+1_; we get the following
asymptotic expansions, for [ > 1 fixed and n — oo, stated as Theorem 1 and Theorem 2.

Theorem 1. The s-th moments IE( le) of the number of random cuts necessary to isolate node l in
a random recursive tree of size n are, for l,s > 1 fized and n — oo, asymptotically given by

n® Y5’ n
E(X;,) = + — + 0(7), 1
( ,l) logs n logs-‘rl n logs-‘rQ n ( )

where the constants ;s appearing in above expansion are given by

S

-1 -1

1 H, 1
s = (s + 1) Hs — S (HEy — Hl(3)1) — HH—1 — sy + Z - Z L2 (kY
2 el =20

where v = 0.57721 is the Euler-Mascheroni constant.

Theorem 2. The s-th moments E(sz,n+1—l) of the number of random cuts necessary to isolate node
n+1—11in a random recursive tree of size n are, for l,s > 1 and n — oo, asymptotically given by
n’® n’®
E(X? = 0(7) 2
( n,7z+1—l) (S I 1) logs n + 10g3+1 n ( )

From these asymptotic expansions of the s-th moments we obtain the following results for the
limiting behavior of X,,; and X, 41—, for [ fixed and n — oo, given as Corollary 1 and Theorem 3.

Corollary 1. The s-th centered moments E([Xn’l — E(Xn’l)]s) of the number of random cuts nec-

essary to isolate node [l in a random recursive tree of size n are, for 1 > 1, s > 2 fized and n — o0,
asymptotically given by

B[t~ 05)]) = 0 0 =), 8



4 M. KUBA AND A. PANHOLZER

where the constants §; s appearing in above expansion are given by

(=1’ (=1)°

-1 R ()

—1)s
5l,s - ( 8) (Hl+sfl - Hs) +

Thus the scaled random variable loi"

1 with convergence of all moments.

Xy, converges, for 1l > 1 fired and n — oo, in probability to

Theorem 3. The limiting distribution of the normalized random variable loi" Xont1-1 is, for1 >1
fized and n — oo, a standard uniform distribution Uy with support [0,1):

logn (d)

Xpmsi 2x, x9y,. (4)

2.2. Outline of the proof. In order to show our results we will basically use a recursive approach,
which allows to describe the number of random cuts necessary to isolate label [ in a random recursive
tree of size n via the corresponding quantities for smaller tree sizes k < n and labels r not larger than
I, i. e.,, r <l. Such a recursive approach is amenable, since it is well known (see [5, 12]) that random
recursive trees satisfy a certain randomness-preservation property, which is stated in Subsection 3.1.
Using this property we can easily give a distribution recurrence for X, ; (and X,yi_;), where the
behavior of the random variables considered are determined by the splitting probabilities p(, 1), (k,r)
(and P(y.1,(k,r)), Which give the probability that when starting with a random size-n recursive tree
and removing a random edge the subtree containing node I (node n + 1 — 1) is of size k and where
furthermore node ! (node n + 1 —1) is the r-th smallest (the r-th largest) node in this subtree. Using
a bijective argument we can give exact formulae for these splitting probabilities. They are computed
in Subsection 3.2 and given as Lemma 1.

From the distribution recurrences for X, ; and X,,;1_; we easily obtain recurrences for the s-th
moments E(X . l) and E(Xfm t1o l). In order to treat these recurrences we use a generating functions
approach, which allows to translate these recurrences into linear differential equations for suitably
introduced generating functions M ,(z) and N;s(z). Since we are able to determine the general
solutions of the corresponding homogeneous differential equations it is possible to describe the solutions
of these differential equations rather “explicitly”. To determine the asymptotic growth behavior of
E(thl) and E(Xfwﬂ_l), and thus essentially of the coefficients of the generating functions M; s(z)
and N (z), we use singularity analysis (see [2]), i. e., we study the growth behavior of the functions in
a neighborhood of the dominant singularity, together with certain lemmata for singular differentiation
and integration; the corresponding Lemma 2 is stated in Subsection 4.1. Since, for a given pair (I, s),
all generating functions M, ;(z) (and N, ;(z)), with r <[, j < s and (r,j) # (l,s), appear in the
inhomogeneous part of the differential equations determining M; s(z) (and N; 4(2)), we are forced to
“pump out” the asymptotic expansions of the generating functions M; s(z) (and N; (z)) around the
dominant singularity via induction on both parameters [ and s. The corresponding computations for
small labels: labels | > 1 fixed, are carried out in Section 4, whereas the computations for large labels:
labels n + 1 — [, with [ > 1 fixed, are given in Section 5.

3. THE RECURSIVE APPROACH

3.1. Recurrences. It has been observed in earlier work that random recursive trees satisfy the fol-
lowing “randommness-preservation” property, which will allow a recursive approach for the analysis of
the parameter considered.

Choose a random recursive tree of size n and then one of its n — 1 edges uniformly
at random. Cutting this edge produces a pair of trees of size k and n — k. Then,
conditioned on k£ and after an order preserving relabelling of the subtrees with labels
{1,...,k} and {1,...,n — k}, the subtrees themselves are random recursive trees of
size k and n — k.
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An important step for the recursive description of the probabilities P{X,,; = m} is to introduce
the splitting probabilities p(, 1y, (x,r: they give the probability that when starting with a random size-
n recursive tree and removing a random edge the subtree containing node [ is of size k and where
furthermore node [ is the r-th smallest node in this subtree.

When we treat the analogous problem of isolating the node n+1—1 it is convenient to introduce the
splitting probabilities p(y 1) (x,r): they give the probability that when starting with a random size-n
recursive tree and removing a random edge the subtree containing node n+1—1 is of size k and where
furthermore node n + 1 — [ is the r-th largest node in this subtree. Of course, these quantities are
connected via the trivial relation

Pn), (k) = P(nynt1—0),(k,k+1—r)- (5)

From the recursive nature of the problem together with the randomness-preservation property
immediately follows the distribution recurrence for the number of random cuts necessary to isolate
the [-th smallest node in a random recursive tree of size n given below.

I n—1
P{Xps=m}=> > pup,teryP{Xer =m—1}, n>2, (6)
r=1 k=r
with initial value P{X;; = 0} = 1. Furthermore, the distribution recurrence for the number of
random cuts necessary to isolate the [-th largest node, i. e., node n+ 1 —1, in a random recursive tree
of size n is given by:
I n—1
P{Xnni11=m} = > PuperP{Xbpr1r =m—1}, n>2, (7)
r=1k=r
with initial value P{X; ; = 0} = 1.
The splitting probabilities p(, 1), (x,») appearing in (6) are given by Lemma 1, which also determine
the splitting probabilities p(,, 1y, () appearing in (7) due to equation (5).

3.2. The splitting probabilities. We obtain the following explicit formulz for the splitting proba-
bilities p(,, 1), (k,r) appearing in (6).

Lemma 1. The splitting probabilities pin 1), (k) are, for 1 <1 <n, 1 <r <k, 1 <k<n-1and
n > 2, given as follows:

-1 —141\] (k=1){(n—k—1)! _
(=D + (o) | Yo, =1,
1-1\ (n—1 1-1y (n—1\] (k=D!n—k-1)!

(OGN + () (o | Yot r<t.

Proof. If we remove an edge e of a size-n recursive tree we split the tree into two subtrees: we denote
with T” the subtree containing the original root, i. e., label 1, and with 7" the other subtree, which is
rooted at the vertex adjacent to the edge e that was cut. After an order preserving relabelling with
labels {1,...,|T"|} and {1,...,|T”|} both subtrees can be considered as recursive trees. Furthermore

we denote with B the arising subtree, which contains the node labelled by [ in the original tree; we
assume that this subtree has size k, with 1 < k < n —1. We distinguish now the cases r =1 and r < [.

Py, (k,r) =

If r = [ then it follows that B = T’. We want to determine the number of possibilities of removing
an edge e of a recursive tree of size n leading (after an order preserving relabelling) to the pair (77,T")
of subtrees. To do this we count the number of different ways of distributing the labels {1,...,n}
order preserving to 77 and 7" and adjoining the root of 7" to a node of T” (by inserting edge e), such
that the resulting tree is a recursive tree. We consider now the node of T” incident with e: if the node
of T' incident with e has label j, with 1 < j < k, then it follows that the labels of 7" must all be
larger than j. For 1 < j <[ we can choose n — k of the labels [ + 1,1+ 2,...,n and distribute them
order preserving to T”, whereas the remaining labels are distributed order preserving to 7", leading
to (g__li) possibilities. For [ +1 < j < k we can choose n — k of the labels j + 1,5 +2,...,n and
distribute them order preserving to 7", whereas the remaining labels are distributed order preserving

to T, leading to (":j ) possibilities. Thus this quantity is independent of the actual choice of T” with
n—k
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|T'| = k and T with |T"| = n — k. Since there are T, = (k — 1)! and T}, = (n — k — 1)! different
recursive trees of size k and n — k, this leads together with the fact that there are n — 1 ways of
selecting an edge e for any of the T,, = (n — 1)! recursive trees of size n to the following formula:

()£ ()] 2
R

appealing to a well known identity.
If r < | we have to distinguish further between the two cases B=T' and B=T". If B =T’ and

Pn,b),(k,0)

we distribute the labels {1,...,n} order preserving to 7" and T" we have the restriction that exactly
! — r nodes of the nodes 2,...,1 — 1 have to be in T”. If B = T” then we have the restriction that
exactly 7 — 1 nodes of the nodes 2,...,l — 1 have to be in T"”. Proceeding the same way as before we

obtain eventually the following formula.

LR [ Ot ol G B Dol v e

= j=1
(o)) (OGN e

4. TSOLATING NODES WITH SMALL LABELS

4.1. Singular differentiation and integration. In order to treat the recurrences for the s-th mo-
ments of X, ; and X, ,+1-; that will be obtained in the sequel we use a generating functions approach,
which leads “in principle” to exact formulee for suitably introduced generating functions. To obtain
asymptotic information for the s-th moments we will basically use singularity analysis of generating
functions, i. e., the transfer lemmata of Flajolet and Odlyzko [2] to “translate” the asymptotic growth
behavior of a generating function in the neighborhood of its dominant singularity into the growth
behavior of its coefficients. For the functions studied in the present paper the unique dominant sin-
gularity is always located at z = 1, thus we will specialize the considerations given below to this case.
In order to apply singularity analysis it is necessary that the functions involved are analytic for a
domain larger than the circle of convergence, namely the functions have to be analytic for indented
discs A := A(¢,n) = {z: |2] <1+40n, |[Arg(z —1)| > ¢}, with n > 0, 0 < ¢ < §. Such functions
are called A-regular (see [1]). We want to point out that the functions considered in this paper are
always A-regular, since they are generated from A-regular functions via basic arithmetical functions
and the operations differentiation and integration.

We will require the following O-transfer lemma for a A-regular function with a certain growth
estimate in a neighborhood of z = 1:

1
f(z) = (9((1 i lod? (L

together with an asymptotic expansion of the coefficients of the following functions:

£2) = 1 T (1Y o), W)

(1 o Z)a logb <1iz) = [Z"]f(Z) = F(a) logbn( IOg’ﬂ 10g2n

where both formulee (8) and (9) hold (at least) for a > 0 and b > 0 (see [2]).

However, for a study of the functions appearing we require also lemmata, which describe the
asymptotic behavior of the derivative f’(z) and the antiderivative foz f(t)dt of a A-regular function
f(2) in the neighborhood of the dominant singularity z = 1, supposed that the asymptotic behavior
around z = 1 of the function f(z) itself is of a certain kind. Such theorems are known as theorems
for singular differentiation and integration and can be found, e. g., in [1]. But in the sequel we will

a—1

)>, for z—-1 = [z”]f(z)z@(n ) (8)

logb n
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require slightly more general theorems than given there, which are stated in Lemma 2. The proof
of this lemma is omitted, since one can essentially “repeat” the arguments used in the proof of the
corresponding theorems given in [1].

Lemma 2 (Singular differentiation and integration). Let f(z) be a A-regular function (see [1]), an
analytic function in the domain A := A(d,n),

A(p,n) ={z: |z[ <1+n, |Arg(z —1)| > ¢},
withn >0, 0 < ¢ < 3, satisfying, for z — 1, the expansion

10 =0( = riom =)

fora>1andb> 1. Then fo t)dt and f'(z) are also A-regular and they admit, for z — 1, the
eTrpansions

z 1 / 1
| $0i =0y ) TO =gy )

4.2. Expectations. The first step in our proof of Theorem 1 is to show the special case s = 1, i. e.,
asymptotic expansions of the expectations E(X,,;), for [ fixed and n — oo, given as Lemma 3.

Lemma 3. The expectations E(X,,;) of the number of random cuts necessary to isolate node l in a
random recursive tree of size n are, for 1 > 1 fized and n — oo, asymptotically given by

n 1, n n
E(Xnd) = logn - (4 ~Hi=- j)loan * O(log?’n).

The proof of this lemma will be carried out by a generating functions approach using induction on [.
The recurrences for the expectations E(X,, ;) are obtained easily from the distribution recurrence (6)

and are given by
I n—1

Xd) =14+ piny.(hir BE(Xkr), (10)
r=1 k=r
with splitting probabilities given by Lemma 1.
We introduce for [ > 1 the generating functions
M(z) =Y (n— )=E(X, )", (11)
n>l

which allow to translate recurrence (10) by multiplication with (n — 1)(n — 1)"=12"~! and summing
up over n > [ into the following first order linear differential equation for M;(z), where the functions
M, (z), with r < [, are appearing in the inhomogeneous part R;(z):

(1= 2)log (=) L hz) + (1~ 1)~ Hog () ) (=) = Ru(o) (12)

with inhomogeneous part

-1
(I-DWl-14+2) -1 =1\l (—=r—=1)!
= M (),
Ri(2) (1= z)H1 + ; r—2)| (1—z)-r (2)
and initial condition M;(0) = (I — 1)!E(X;,).

The homogeneous differential equation corresponding to (12) has the following general solution,
with C' an arbitrary constant:

5
(1—2)log' " ()

The method of variation of constants leads then to the following particular solution of (12):

h
Ml[ ](Z) =
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and it can be shown that this particular solution matches the initial condition and is thus the wanted
function, so M;(z) = M[P)(z).

It will suffice to show the following asymptotic expansion of M;(z) around the dominant singularity
z =1, since a direct application of the transfer lemmata (8) and (9) leads then to Lemma 3:

i (1 —1)(4l — 1 — 21H)) ( 1 )
(1- z)l-i—l log (ﬁ) (1- Z)l-i—l 10g2 (i) (1— Z)H‘l 10g3 (lflz) .

M(z) = (14)

The proof of the expansion (14) will be done by induction. The case | = 1 gives the following solution,
which already appeared in [10]:

1 z t
Mi(2) = - _z/o T log(ﬁ)dt. (15)

Integration by parts together with an application of Lemma 2 for singular integration leads then from
(15) to the expansion (14) for the instance [ = 1.

Now we assume that the functions M,.(z) satisfy for all r < [ and a given [ > 1 the asymptotic
expansion (14). Plugging these expansions into the formula for the remainder term R;(z) given above
easily leads to the expansion

& (=% +20—1-2lH,) 1
(1fz)l+1+ (I_Z)H_llog(i) +O((1_Z)l+1log2(11 ))a

—Zz

Rl(z) =

and furthermore to

NI | CMog' % (i) (- 1)N(4l—1—21H)) log'? (1)
/0(1 )" " log (—1_t)Rl(t)dt_ T + T
1ogl74(1iz)
+O( 1—2z )

Due to formula (13) for M;(z) = Ml[p] (z) expansion (14) is also shown for {. Thus (14) and as a
consequence Lemma 3 is shown for all [ > 1.

4.3. Higher moments. In order to show Theorem 1 for the asymptotic behavior of the moments
E(X fll) we will continue our generating functions approach, where we will now use double induction
on both parameters: the label [ considered and the order s of the moments. To obtain a recurrence
for the s-th moments of X,,; we multiply the distribution recurrence (6) with m* = 377_ (j) (m—1)7
and sum up for m > 1. This leads to the following recurrence valid for 1 <! < n and n > 2 (with
splitting probabilities given by Lemma 1).

I n—1
E) Zo(>zzp<nl><krﬂ@ Xi.,.)- (16)

r=1k=r
We proceed as before and introduce for [ > 1 and s > 1 the generating functions
M, o(2) =Y (n— D)=LE(X; )" (17)
n>l

Thus it holds M 1(z) = M;(z) for the functions M;(z) introduced in Subsection 4.2. Again we can
translate above recurrence (16) into the following first order differential equation for M; s(2), where
the functions M, ;(z), with r <[, j < s and (r,j) # (I, s), appear in the inhomogeneous part R; s(z):

(1—z)log(ilz)dizMz,s() ((1—1)—5109;(11 ))Mls() Ry s(2), (18)

with inhomogeneous part

Ry i(s) [(z— (1= 2108 (7)) o My (2) + og () Mi(= )}

11—z
j=1
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NS 5 (7)+ ()] e,

j=1 r=1

and initial condition M; ¢(0) = (I — 1)!E(lel). Since the homogeneous differential equations corre-
sponding to (18) and (12) coincide, we already know the shape of the general solution of (18):

C 1 = 1
R B v s R e sy D AU LG
with C' an arbitrary constant. It turns out that the particular solution obtained for C' = 0 matches
the initial condition and we get thus
1
(1—2)log ! (L

M, s(2) =
1,5(2) 1—¢

# 1
) / (1— 1) log' ™2 () Ry (t)dt. (19)
0
Again it suffices to show the following asymptotic expansion around the dominant singularity
z =1 for the generating functions M s(z), since basic singularity analysis immediately leads from this
expansion and (17) to Theorem 1.

(l ts— 1)' Qs 1
My (z) = + : +0( , (20
= T () e () ) @
with constants
1 1 S
aps=(+s—-1)! {(3 +1)Hy —sHyys 1 — 5(H12—1 - Hl(z)l) —HH_ + Z ;;rk - Z k2(5+k)}'
k=1 k=1 k

To show expansion (20) for all I, s > 1 we use induction on both parameters. The case s = 1 with
arbitrary [ > 1 was already treated in Subsection 4.2, where we computed the following expression,
which coincides with (20):

! n (I—DN4l —-1-2H)) ( 1 )
(1—=2)"tog () (1—2)"*1log® (15) (1—2)*tog (715) 7

1—=

Ml,l(z) = MI(Z) =

Now we assume that for all pairs (r,j) < (I, s), which means for r <[, j < s and (r,j) # (I, s), the
functions M, ;(z) have in a neighborhood of the dominant singularity z = 1 the asymptotic expansion
(20). We want to show that (20) also holds for the pair (I, s), where we may assume s > 1, since the
case s = 1 is already shown. Plugging the expansions of the functions M, ;(z) into the formula for
the inhomogeneous part R; s(z) we obtain the expansion

S(l + s — 1)' ﬁl,s 1
(1—2) s log® 1 () + (1—2)l*+slog® (1) T (’)((1 — 2)Fs log® T (2 ))’

1—z 1-2

Rl)s(z) =

with
Bis=sl+s—Doye1+(+s—1)l—2—(s+1)(Hs-1 — Hoy1)]
+ (= 1)(s— 1)!((l+§—1) - 1) —s(s—1)(I+s—2).

This further leads by an application of singular integration to the following expansion around z = 1:

/Oz(l — )" log'? (%)ths(t)dt = (Its—1) (+s—Ds—14+1)+Bus

(1-2)s logsfl+1 (i) s(1—z)s logsflJr2 (ﬁ)

+O<(lz)slog£_l+3( 1 ))

1—-z
Using equation (19) leads for M; s(z) to the expansion
(I+s—1)! (+s—Dls—=1+1)+0Gs (9( 1 )
(1—2)tslog® () 5(1 — z)l+slog*t? () (1 — z)+slog®*? ()7’

1—2 1—=z 1—=

MZ,S(Z) =
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and thus to the following recurrence for the coefficients oy s:

(I+s—Dls—1+1)+ 85
s

Qs =

(l + s — 1)'[8 —-1- (S + 1)(Hl+571 - H3+1)]

S

=(l+s—1ags-1+
I+s—1
N (=Ds=1((" ) =1)

s
with initial value a; 1 = (I —1)!(4l — 1 —20H;). It is not hard to check that the coefficients ¢ s defined
in equation (20) satisfy this recurrence. Thus expansion (20) and also Theorem 1 are shown for all
l,s > 1.

—(s—D(+s-2),

4.4. The centered moments. It remains to prove Corollary 1 for the centered moments of X,, ;. To
show (3) we use the corresponding expansion for the ordinary moments as given by Theorem 1. This
leads to

(1% 2T) = 3 (5 0 me )

°\ (s .\ nf 0.5 n° n
- 1) d 21
(§j<j)< ) )logsn+logs+1n+0(logs+2n), (21)

Jj=0

with constants
s s o ,
5l7s - Z ( ) (_1) Jfl,s(j)7
j:

J

where the functions f; 4(j) are given as follows:

-1 -1
. ) . 1 2 Hjk 1 .
fus(3) =G+ 1)H; —jv— §(H1271 ~ H\) — H;H,_ + > ]]: -> 20T + (s = -

k=1 k=1 7

Since it holds that >-°_ (‘;)(—1)3_j =0, for all s > 1, the first term of (21) vanishes. To show
Corollary 1 it only remains to simplify the expression for the constants ; ;. One can do this, for
instance, by using the calculus of higher order differences (see, e. g., [4]). Below we give two identities
that can be shown by this method, which are required to obtain a closed form expression for ¢ s.

-1

() S Bt = 0 )

=0 M k=1 -1
s -1

s . 1 (—1)®

. (_1)5 I : = (Hl—l - Hl+s—l + Hs)
() Emm

This eventually leads to Corollary 1.

5. ISOLATING NODES WITH LARGE LABELS

5.1. Isolating node n. Now we are studying the random variable X,, 41—, for [ > 1 fixed. First
we will consider the special case [ = 1, i. e., the instance of isolating the node with largest label n in
a size-n recursive tree. We show the following lemma and prove thus the case [ = 1 of Theorem 2.

Lemma 4. The s-th moments IE(XS ) of the number of cuts necessary to isolate node n in a random

n,n

recursive tree of size n are, for s > 1 and n — oo, asymptotically given by

n

R _ S nS
]E(X"") ~ (s+1)log®n * O<10g3+1 n>
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An asymptotic equivalent of the expectation E(X,, ,,) together with a O-bound for the variance of
Xn.n was already given in [8].

After simplifying the expressions for the splitting probabilities p(,,1),(x,1) as computed in Section 3
we can write the distribution recurrence (5) as follows:

n—1
P{Xpn=m} = Z Pn1), e, ) P{ Xk = m — 1}
- 1 (22)
1 /1 k—1
=7 T P{Xpr=m-—1 > 2

k=1
with P{X;; = 0} = 1. For computing the s-th moments of X, , we multiply (22) with m® =

Zj’:o (;) (m — 1)® and sum up for m > 1, which leads to the following recurrence:

E<XTS‘”) - ni 1 JZ;) (j) :Z_l (% * (n— k)k(n_—i 1— k))E(X’gk) (23)

We treat (23) by introducing the generating functions

Nio(2) =Y %E(Xfl)n)z”. (24)

n>1

In the sequel we will obtain the following asymptotic expansion of the generating function Ny s(2),
which leads, after applying basic singularity analysis, to Lemma 4.

(s—1)! 1
(s+1)(1—2)*log® (=) * O((l — 2)%log®t! (L)) (25)

z 1—=

Nl,s(z) =

To show (25) we will use induction on s. First we have to consider the case s = 1. Plugging s = 1

into the recurrence (23) leads after multiplying with (n — 1)2"~! and summing up for n > 2 to the

following second order linear differential equation for the generating function Ny 1(2):
1, d? 1 z

1—2)log (——) =NV - —N = —

(1-2) Og(l 7z)d22 11(2) = 5 1,1(2) e

(26)

with initial conditions N7 1(0) = 0 and (%Nl,l(z)) |:=0 = E(X1,1) = 0. The solution of the homoge-
neous differential equation corresponding to (26) is given as follows, with Cy, Cy arbitrary constants:

dt

1 )
(t5)
where we may choose any real 0 < o < 1. Since the Wronski determinant of the two homogeneous
solutions equals one,

h ha ho 1 1 ?
NM(z) = oy NP (z) + Co N ](z)zollog(:)+0210g(1_z)/ od? (27)

hi1 d hao ha d hi1
N () N2 () = N ) N ) = 1, (28)

a particular solution of (26) is given by

NP(2) = NM(2) / b NP (e + NP (2) / buy ()N (1)t

0 0
:log(1)</z A / ! dt—/z ! /t ! dudt), .
1-2"\Ja log® (1) Jo (1-1) o (113 Jy log® ()
with by 1(2) = m. Using integration by parts we can simplify the particular solution as
follows: . B 2
NP (2) = log (7= Z)/o 20 1) 1og? (%)dt. (30)

It turns out that the particular solution (30) satisfies also the initial conditions of (26) and is thus

the required solution, i. e., N11(z) = Nl[zq (2). An application of partial integration and singular

integration, Lemma 2, shows then the instance s = 1 of expansion (25).
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Now we assume that expansion (25) is valid for all values j < s, with an arbitrary s > 1. To
show the expansion also for s we again translate recurrence (23) by multiplying with (n —1)2"~! and
summing up for n > 2 into the following inhomogeneous second order linear differential equation:

(1 — Z) log ( ! )dc,lZQN (Z) ?Nl s( ) Rl,s(z)a (31)

with inhomogeneous part

R = T +Zl (5) (- 0= 2p08 () vt + 22

and initial conditions N7 ,(0) = 0 and (£ Ny 4(2)) |.=0 = E(X{,) = 0. Since we have already given
by (27) the general solution of the corresponding homogeneous differential equation we can proceed
as before and obtain by the method of variation of constants the following particular solution of (31):

N =g () ([ Bt o () (3)

It can be checked easily that (32) also satisfies the initial conditions and is thus the solution of (31),
i e, Nig(2) = NP (2).

Plugging the expansions (25) of Ny ;(z), for j < s, into the formula for Ry s(z) we obtain the
following expansion of the inhomogeneous part in a neighborhood of z = 1:

s!

1
Ry s(2) = (1= 2)st logs—l (1iz) +O((1 — z)s*+1 log® (112))

This gives by applying singular integration, Lemma 2,

Ry s(u) 1 B s! 1
(750 “)10g2 () s+ D - )+ log™ T (L) *O(u_t)smogw( L ))’

1-t 1-t

and eventually leads due to (32), after a further application of Lemma 2, that expansion (25) also
holds for s. Thus (25) and as a consequence Lemma 4 are shown for all s > 1.

5.2. Expectations for large nodes. Next we show the following asymptotic expansion of the ex-
pectation E(X,,+1-;), for [ fixed. Lemma 5 gives thus the special case s = 1 of Theorem 2.

Lemma 5. The expectations E(X,, n+1-1) of the number of random cuts necessary to isolate node
n+1—1 i a random recursive tree of size n are, for | > 1 fixed and n — oo, asymptotically given by

n n
E(Xpni1-1) = ).
( mtl l) 210gn+0<10g2n

To show this lemma we study the following recurrence for E(X,,11_;), which is obtained from the
distribution recurrence (7) after multiplying with m = (m — 1) + 1 and summing up for m > 1:

I n—1

E(Xnnt1-1) ZZ (n.0), (k) B( Xk k1) (33)
r=1 ker

After simplifying the expressions of the splitting probabilities p, ;) (x,») as given by (5) and Lemma 1
we obtain

Pt (o) = [k <n+r—1] (k=12 (n—k = 1)+ (k= 1)"(n — k — 1)=7=2]

(n— (n 1=t
+[[k:n+r—l]}< )

(l—r—=1)!
n—l

e TS
(34)

where we use the convention (j — 1)=2:= (47)!, p € N, see e. g. [4].
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To treat recurrence (33) we introduce for I > 1 the following generating functions:

Nl’l(z) = Z(n - l)ﬂE(Xn,nJrlfl)Zn—H_l‘ (35)
n>l
Note that this definition also holds for I = 1, where it matches the definition of N; 1(z) given by (24).
Again, due to an application of basic singularity analysis, it suffices to show that N;1(z) admits the
following expansion in a neighborhood of the dominant singularity z = 1, which proves Lemma 5.

(1—1) 1
)+O((1—z)llog2 (ﬁ))' (36)

2(1 - 2)'log (1=
We will show expansion (36) by induction on I. The case | = 1 was treated already in Subsection 5.1,
where it turned out that (36) holds.

Above recurrence (33) can be translated into the following second order linear differential equation
for Nj1(z), where the functions N, ;(z), with r < [, are all appearing in the inhomogeneous part
Ri1(2). Ry 1(2) is now a bit “unpleasant”, since one had to consider separately the four cases r = 1,
l1<r<l—-1,7r=1—1and r =1[. One obtains

1 d? d

) N2+ (= 1) N (2) — - Nia(2) = Rua(e), (37)

Nia(z) =

(1- z)log(

with inhomogeneous part

l— l— n—1
Rl 1( ) ( (11) H1~1+ : Z Z I:Z n — 1 n — 1)7p(n 1),(k,r) (Xk,k+1fr):| Zn_l
k=r

r=1n>l
I—DI(l—1+42) <=/ 1 d
- (1)_( z)l+1+ ) +; <r— 1) (l—r— 1)!51\/},1(2)
-1\ (-nr) 11 1 a2
+ (l — 1) log( 1 )52]\71_171(2’),

and initial conditions N;1(0) = 0, (d%NlJ)L:o = (I = 1)!E(X;,1). One gets that the homogeneous
differential equation corresponding to (37) has the following general solution, with Cy, Cy arbitrary
constants:

dt

SRR PO IRy S S—

where we may choose any real 0 < o < 1. Applying the method of variation of constants we obtain
the following particular solution of (37):

NP = (1= 1+ 1og (%)) x (38)

X/z</t log! ™2 (1%)([ 1+10g( ))RH( )du) 1 i@t
o U - o (L) (1~ 1+ g ()"
It turns out that (38) matches the initial conditions of (37) and is thus the required solution, i. e.,
Nia(2) = N (2).

Using the explicit description (38) of the generating function N;;(z) we can show the required
expansion (36). We assume that expansion (36) of N, 1(z) holds, for all » < [ with an arbitrary I > 1.
Plugging these expansions into the formula of the inhomogeneous part R; 1(z) given above we obtain,
after a heavy use of singular differentiation, the following expansion around z = 1:

I+ 1) 1

+o( ). 39
- T () w

Rl,1(2’) =
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Plugging (39) into (38) we obtain after an application of partial integration and singular integration
that expansion (36) also holds for I > 1. Thus expansion (36) and as a consequence Lemma 5 are
shown for all [ > 1.

5.3. Higher moments for large nodes. The method applied in Subsection 5.1-5.2 for a study
of the s-th moments of X, , and the expectations of X, ,,11—; can be extended naturally to show
Theorem 2, leading to an asymptotic expansion of the s-th moments of the number of random cuts
necessary to isolate the [-th largest node in a random size-n recursive tree.

Again we use the distribution recurrence (7) to give a recurrence for the s-th moments of X,, ,+1-;.
After multiplying with m® = Z;:O (9) (m — 1) and summing up for m > 1 we obtain:

E(erz,n—}—l 1) = Z ( > Z Z p(n ),(k, 7)E k k+1— 7‘) (40)

7=0 r=1k=r

It is now appropriate to introduce for [, s > 1 the generating functions

Nl,S(Z) = Z(n )l 2]E( n,n+1— l) n+lil7 (4]‘)

n>l

which are generalizations of Ny s5(z) and N;1(z) as used in Subsection 5.1-5.2. It is again sufficient
to show that N; () admits the following expansion in a neighborhood of the dominant singularity
2ol (I+s—2) 1
(s+1)(1—2)+s-1log® (L) <(1 — z)l+s—1]ogst! () )’
which will be done by induction on both parameters, [ and s. Basic singularity analysis leads then
directly to Theorem 2. The margin cases | = 1, s > 1 and [l > 1, s = 1 are already shown in
Subsection 5.1-5.2.

We proceed by translating the recurrence (40) into the following second order linear differential
equation for N; 4(z):

Nio(2) = +0 (42)

(1 - 2)log (71— L )dd2N () + (- 1)6%Nl,s(z)— %Nhs(z) — Riu(2), (43)

with inhomogeneous part

Rio(z) = (1 _(1)5l251i1+ z) n i <5> S (T i 1) (l—r— 1)!%]\07]-(2’)

7j=1 J r=1

5 R (o v o
oy ) IR SR P
+;<j>1i +Z<S)(z— (1 2)log (;— ! ))dd;N (2),

and initial conditions N; 4(0) = 0 and (£ Ny )|, = (I — D'E(X},).

Since the homogeneous solution corresponding to (42) was already computed in Subsection 5.2 we
obtain again a particular solution by applying the method of variation of constants. We get after
simplifications

NPI(z) = <Z—1+10g — )x (44)

X/OZ(/ot log™” (5 u)(l—1+10g(@))Rl,s(U>du> ! dt.

T~ log" ™ (14) (1 — 1 + log (1))’
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Now we assume that for all pairs (r,j) < (I, s), which means for r <[, j < s and (r,j) # (I, s), the
functions N, ;(z) admit the asymptotic expansion (42) in a neighborhood of the dominant singularity
z = 1. We want to show that (42) also holds for the pair (I, s), where we may assume s > 1 and [ > 1,
since the margin cases are already treated. Plugging the expansions of the functions N, ;(z) into the
formula for the inhomogeneous part R; () and using singular differentiation we obtain that the main

contributions in the expansion of R; (z) around z = 1 are stemming from the terms (Sfl) %Nl,s—l (2)
and (%)(1 —1)log (i)%]\h,l,s(z). This gives

(s =1)! (I—1)(I+s—1) 1
B = S g (1) T et () T T e )
(I+s)!

_ Lo L )). (45)

(s+1)(1—2)+slog® " (1) <(1 — z)tslog® (1

Plugging (45) into equation (44) we obtain after applying singular integration that expansion (42)
also holds for pairs (I, s), with [ > 1 and s > 1. Thus (42) is shown for all I > 1 and s > 1, which
completes the proof of Theorem 2.

5.4. The limiting distribution. From the asymptotic expansion of the s-th moments of X, ;1

as given by Theorem 2 we obtain for the s-th moments of the scaled random variable X,, 41— :=
lo

B2 Xnnt1-1, for 1> 1,5 >0 and n — oo:
1

s+1°

If we consider a random variable X, which has a standard uniform distribution U; with support [0, 1)

then the s-th moments of X are, for s > 0, given as follows:

1
s+1°
A direct application of the Theorem of Fréchet and Shohat (the second central limit theorem, see,
e. g, [6]) proves then Theorem 3.

E(Xz,n+1—l) -

E(X®) =

6. CONCLUSION

Using a generating functions approach in combination with singularity analysis and lemmata for
singular differentiation and integration we obtain distribution results for the number of random cuts
necessary to isolate large nodes and small nodes in random recursive trees via random cuttings.
Although the recurrences given in the present paper could be applied to treat the parameter studied
for arbitrary labels [ and tree sizes n, it turns out that for general growth rates of | compared to n
(e. g., when isolating nodes in the central region I/n ~ p, with 0 < p < 1) it seems considerably more
difficult to attack the problem.
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