ON A RECIPROCITY LAW FOR FINITE MULTIPLE ZETA VALUES
MARKUS KUBA AND HELMUT PRODINGER

ABSTRACT. It was shown in [11, 13] that harmonic numbers satisfy certain reciprocity relations,
which are in particular useful for the analysis of the quickselect algorithm. The aim of this work
is to show that a reciprocity relation from [11, 13] can be generalized to finite variants of multiple
zeta values, involving a finite variant of the shuffle identity for multiple zeta values. We present
the generalized reciprocity relation and furthermore a combinatorial proof of the shuffle identity
based on partial fraction decomposition. We also present an extension of the reciprocity relation
to weighted sums.

1. INTRODUCTION

Let H, = >}, 1/k denote the n-th harmonic number and HY = Y p_; 1/k*® the n-th

harmonic number of order s, with n,s € N and H,, = H,(LU. Kirschenhofer and Prodinger [11]
analyzed the variance of the number of comparisons of the famous QUICKSELECT algorithm,
also known as FIND [10], and derived a reciprocity relation for (first order) harmonic numbers.
Subsequently, the reciprocity relation of [11] was generalized [13], where the following identity
was derived.

d H](\?) k gl Hz(\?) k 1 (b) gy(a) b
— — = — H H R - 1

@
where R(a ?) Z b1 ch , which can be evaluated into a finite analogue of the so-called Euler

identity for ¢(a)((b) stated below,

+ b —2
R@Y — ! b—1a+1— a—1,041—i
(@ ; ) CN(H— a+ z+z (n(i4+a—1,b41—14),
(2)
where the multiple zeta values [2, 3, 4, 5, 6, 17], and its finite counterpart are defined as follows:

((a) =((a,...,a,) = > 71(11%7

ny>ng>-->ne>1

(@) =Cnlana) = Y

N>ni1>ng>-->n.>1
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Note that (y(a) = H ](\',1). Finite multiple zeta values are also called truncated multiple zeta values.
They are also of great importance in particle physics, see for example the works [1, 16, 14], and
closely related to so-called harmonics sums. Let w = >_._, a; denote the weight and d = r the
depth of (finite) multiple zeta values. The aim of this note is to derive a generalization of the
reciprocity relation (1), stated below in Theorem 1, by considering the more general sums

j N+1-
’ qu(bQ,--wbs)Cka(al,---7 . JCk 1 a27"-7ar)<ka(b17'-'7bs)
2 L+ 2
kb kau ’
k=1
COHO b)
instead of the previously considered sums ) 7_, —%=* and ZNH J HN . The generalization

involves a finite variant of the shuffle identity for multlple zeta values, see e.g. Hoffman [9] for a
general algebraic framework for shuffle products. We will give an elementary proof of the shuffle
identity using only partial fraction decomposition and the combinatorial properties of the shuffle
product in Subsections 3.1 and 3.2. Moreover, we discuss the close relation between this finite
variant of the shuffle identity and the shuffle identity for generalized polylogarithm functions; it
will turn out that the finite variant of the shuffle identity is equivalent to the shuffle identity for
generalized polylogarithm functions.

To simplify the presentation of this work we will frequently use the shorthand notations a =
(ay,...,a,),as = (ag,...,a,)and b = (by,...,bs), by = (b, ..., bs), respectively, with r, s €
Nanda;, by € Nfor1 <i<rand1 <k <s.

2. RESULTS

We will state the main theorem and two corollaries below, and subsequently discuss their
proofs and the precise definition of the shuffle relation for multiple zeta values.

Theorem 1. The finite multiple zeta values (x(a) = (y(ai,...,a,), (n(b) = (n(b1,...,0bs)
satisfy the following reciprocity relation.

Zj:gk1(b2,...,bs)gNk(a1,..., Z ' CGoi(as, ... ar) i (br, ..., b)
kbl kal

Cj_1(b2)CN_j(a2)
Jor (N +1—j)n

= (nt1-4(a)¢(b) —

The quantity Ry(a;b) = ff:l CN"“(b)C’;;f(@ """ ) — Ry (b:a) can be written as a sum of finite

multiple zeta values, all of them having weight w =% . _, a, + > , b; and depth d = r + s.

Remark 1. The quantity Ry (a;b) satisfies a shuffle identity resembling the ordinary shuffle
identity for multiple zeta values ((a)((b) = ((awb); see Subsection 3.1, 3.2 and Proposition 1
for details.
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Corollary 1. We obtain the complementary identity

Z Cu(b CN k 1(az) Z Ck )Cn—k—1(b2) Cj—l(b)CN—j(az) 4 CN—j(a)Cj—l(bQ)

(N = k)» (N+1—j)m Iz

ijl(bz)Cnfj(aﬁ
PN 41— j)m

— (n41—j(a)G(b) + + Rn(a; b).

Next we state an immediate asymptotic implication of the previous result.

Corollary 2. For N = 2n+1, j = n+ 1, with ay,by € N\ {1} and n — oo we obtain the
following result.

N41—j

ILm (Z = bj{;ng - Z e aliN k(b )) =2((a)((b).

3. THE PROOF OF THE RECIPROCITY RELATION

In order to prove Theorem 1 we proceed as follows (using the beforehand introduced shorthand
notations).

ZCk1b2b€Nk ZCkkbl (CNJ Z Ce132>

l=N+1—j
N—k
Cr—1(b2) Cz 1 az

= Cv-i(@)G (b +Z DD -

{=N+1—j
After changing summations we obtain

N—¢

Cr—1(b2)(n—x(a) Ce1(ag) Cr—1(b2)

Z kb - CN ] Z fa1 Z kb1
{=N+1—j k=1
— (n(a Z CzlazCN()

{=N+1—j
Using

(v—j(az)(-1(b)
(N+1—j)m

(n—j(az) Cj-1(b2)
= GG ) + o (G) — )

_ () _ (v—j(az)¢-1(ba)
= Cvny(@)G (b) = T TR

(n—j(a)¢(b) +

and the fact that (y(b) = 0 gives the intermediate result

(bs) (by)
ZCk 1 2]€b€;N rk(a) — (v s(a)Gs (b) — E%iaf Gj— 1@1;1 Z Co—1 a2 CN (b )

{=N+2—j
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We add the sum ZN“ 7 % to both sides of the equation above. This proves the first
part of Theorem 1 and

N
RN(a; b) = Z CNk(b)<kaS&27 e >ar) ‘
k=1

For the evaluation of Ry (a;b) we note that Ry(a; b) = 0, and further

N

Ry(a;b) =) (Ri(a;b) — Ry_1(a;b)). (3)
k=1

Since (y(b) = 0 we have
Cvor(b)Gia @z, - ar) = Svoii(D)Gei(az, - ar)
Ry(a;b) — Ry_1(a;b) = kZN’“ kk;? _;Nl’“ ’;{;2
N—

B (CN k() — Cnvo1-k(D) G (as, - -, ay)

. g CN_l_k(bQ, N ,bs)Ck_l(aQ, ce ,CLT)

B o (N — k)brga '

Now we use the following partial fraction decomposition1 which appears already in [15],

1 a (H—b 2) (H—a 2)
ka(N_k)b — Nz—l—b 1fa+1—i +Z Nita—1 N k.)b—l—l i’ (4)

and obtain
— ’L i+b1— 2

Ck’ 1 CLQ,.. ar)CN 1— k(bz,..., 4 bl 1 Ck 1 a27"'7ar)<Nflfk(b27-"7bs>
Z k)b1 kal Z Z N’L-i—bl—lkal-i-l—i

=1 k=1
b1N11+a12

Ckla%--- )CN1k<b27'--7bS>

ar1—1

+Zlkz NH—al I(N k>b1+1 7 :
% 1

Consequently, by summing up according to (3) we get the following recurrence relation for
Ry(a;b).

7,+b1 2)
b1 1 . )

E E i1 Ry, 1(ar+1—id,a9,...,a,;b9,...,b)

i=1 n1=1 (5)
z+a1 2)
Nai—1/ . .

+ E E z+a11 n1 1(&2,...,ar,b1—|—1—Z,bg,...,b5).
i=1 n1=1

This recurrence relation suggests that there exists an evaluation of Ry (a;b) into sums of finite
multiple zeta values, all of them having weight w =>""_, a, + > ;_; b; anddepthd = r + s. In

=1

IThis identity has been rediscovered many times. For a fascinating historic account, see [12].
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order to specify this evaluation we need to introduce the shuffle product for words over a non-
commutative alphabet, and to study the arising shuffle algebra, and its relation to (finite) multiple
zeta values and Ry (a; b). For a general algebraic framework for the shuffle product we refer the
reader to the work of Hoffman [9]. We remark that the recurrence relation above for Ry (a;b)
was already derived in the context of particle physics [16, 14]. Furthermore, weighted extensions
including alternating sign versions have been treated there. An important algorithmic treatment
of such sums is implemented in the package Summer for the computer algebra system Form.

3.1. The shuffle algebra. Let A denote a finite non-commutative alphabet consisting of a set of
letters. A word w on the alphabet A consists of a sequence of letters from A. Let A* denote the
set of all words on the alphabet A. A polynomial on A over Q is a rational linear combination
of words on A. The set of all such polynomials is denoted by Q(.A). Let the shuffle product of
two words w,v € A*, withw = 21 ...2,, V=Tpi1...Tpom, L; € Aforl <i < n+m,be
defined as follows.

WV = Z To(1)To(2) - - - La(ntm) (6)

where the sum runs over all ("*™) permutations o € &,,,,, which satisfy 0= (j) < o~ (k) for
alll < j <k <nandn+ 1 < 7 < k < n + m. Note that the sum runs over all words of

length n + m, counting multiplicities, in which the relative orders of the letters z1, ..., z, and
Tpil,-- - Tnim are preserved. Equivalently, the shuffle product of two words w, v € A* can be
defined in a recursive way:

Yw e A", ELLUW = WLLE = W,

Ve,ye A, w,ve A", rwwyv = z(wWwyv) + y(zwwv). (7)

The shuffle product extends to Q(.A) by linearity. Note that the set Q(.A), provided with the
shuffle product w, becomes a commutative and associative algebra. We remark that the term
“shuffle” is used because such permutations arise in riffle shuffling a deck of n 4+ m cards cut
into one pile of n cards and a second pile of m cards [5].

In the following we will restrict ourselves to the non-commutative alphabet A = {wy, w; } and
the arising shuffle algebra (QQ(.A), ). Hoang and Petitot [7] derived a shuffle identity for words
A = wi Wi, B = wf'w, which is stated below.

Lemma 1. For a,b € N let A = Wi 'w; and B = w{ 'w, be words on the non-commutative
alphabet A = {wo, wi }

bi—1 :
b—1+1 i a1 a—1+0\ .14 1
AwB = E < b1 ) Wi M ws T oy + E ( W1 )wo W .

We will use a slight extension of this identity, which easily follows from the recursive defini-
tion of the shuffle product.

Lemma 2. Forr,s > land a;,b; e N, 1 <i<r, 1 <j<slet A:=uwy'" AT Lwy" Y, and

B :=wh wy .. Wl wy be words on the non-commutative alphabet A = {wq, w: }.

“ o\ b, N
na =3 (0 Y+ 3 (0t )
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with A, = w3 wwswr . wd Ty, B = wl T w2y L Wl wy and further Ay =
wy?wy . Wy Yoy, By = wa 1w ...wg‘g_lwl.
Note that the partial fraction decomposition (4) of m somewhat mimics the shuffle iden-

tity for words A = wy™ Yo, B = Wo Ly, derived by Hoang and Petitot [7].

3.2. The shuffle algebra and finite multiple zeta values. Let a denote an arbitrary r-tuple

of positive integers a = (ay,...,a,) witha; € Nfor 1 < ¢ < randr > 1. To any a we
will associate a unique word A = A(a) over the non-commutative alphabet A = {wy,w;} as
follows: A = A(a) such that A = wi' 'wiwi> 'w; .. .wi 'w;. Let A* denote the set of

all words over the alphabet A. Let (Zy)y>1 denote a family of linear maps from the algebra
Q(A) to the rational numbers, Zy : Q(A) — Q, mapping words over the non-commutative
alphabet A = {wy,w;} to finite multiple zeta values in the following way. For words A :=
wy'~ 1w1w82_1w LWy lwy € A*, with r, N > 1, we define

Zn(A) = ZN< - 1w1w82 lwl...wg”'_lwl) =(n(ay,...,a,) =(y(a). (8)

Moreover, we additionally define Zy(A) = (o(a) = 0 for all A € A*, and Zy(e) = 1 for all
N > 1. The family of maps (Zy)n>1 linearly extend to Q(A). By the recursive definition of
the finite multiple zeta values we can express the images of the maps Z in a recursive way. Let

A=wi” Ly 1wo? ™ Yol .. .wgr_lwl e A, withr > land aq,...,a, > 1.
Yo Yo
1 -1
ZN(A) = CN(a) = n§11 n_(flCm—l(CLQv s 7a7“) = 7;11: n(ln Zm 1((,032 Wi - wg wl)'

We need the following result.

Lemma 3. Forr,s > land a;,b; e N, 1 <i<r, 1 <j<slet A:=uwj" A Sowy Y1 and

B =Wl .. wl T wy be words on the non-commutative alphabet A = {wy, wl}. Then,

Z+b1 2 l+a1 2)

v (AwB) ZZ f’iblll -1 (Al By) +ZZ ffiafl -1 (AzwBY).

i=1 n1=1 i=1 n1=1

The depths d = r + s and the weights w = >, a; + >, _, by of the arising finite multiple zeta
values are all the same.

Proof. By linearity of the maps Z and Lemma 2 we get first

N (4 b — 2 :
Zn(AwB) = (Z o )ZN (2 (AlB))

=1

b1 .
-+ Z (l + @ 2) ZN (wé+“1_2w1(A2uJB£)),

a; — 1
i=1 1

using the notations of Lemma 2 for A, B!, Ay, Bs. By definition of the shuffle product A}..B, €
Q(A) and AswB;, € Q(A) are ratlonal linear combinations of words over A. Let {A\w.Bs} and
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{AswB;} denote the sets of different words generated by the shuffles A}..B, and AswB;. Using
the set notation we write

AwBy= Y quw,  AwBl= > gew,

we{AjwBs} we{AxuB]}

with ¢, € Q and w € A*, which helps to obtain a simple presentation of the subsequent
calculations. We have

ai b —9 .
Zn(AwB) = Z <Z Z il )ZN (withr =2, Z GwW)

=1 we{ALBy}
b1 .

+Z( a; — 1 )ZN(WO+1 Wi Z GwW).
=1 we{Az2wLB]}

Using the linearity of the maps Z and the fact that we can recursively describe their images we
get further

Zn(AwB) =

by — 2
Z‘ib‘lil ) Z qwz z+b1 1 n1 1( )

( we{AjLBy} n1= 1M
1+ ay — 2
Z(a—l) Z qwz z+a11"1 1(w).
=1 ! we{AwiB]} ni= 1
Interchanging the latter summations gives the stated result.

Ui b =2\ e 1
ZN(ALUB):Z<Z—;i1 >ZT11 Z qunlfl(W)

LT

=1 1=1 WE{A;LI_IBQ}
" fitay —2 ZN 1 3
1 —
" ( a; — 1 > piter—l Qw1 (W)
i=1 ni=1""1 WE{AQLUB/'}
ay N (i+b1—2) N z+a1 2)
_ b1—1 / a;—1 /
o Z i+b1— Ly~ 1 A ""'B2 + Z Z z+a1 1 Ziny—1 (AQ‘-“Bz‘)'
i=1 n1=1 i=1 n1=1

It can easily be checked that the finite multiple zeta values all have the same depth and weight.
0

Now we are ready to provide the evaluation of Ry (a;b).

Proposition 1. For arbitrary r,s > 1 let a and b be given by a = (ay,...,a,) and b =
(by,...,bs), witha;,b; € Nfor1 <i<r, 1 <j<s. Let A= A(a) and B = A(b) denote the
words associated to a and b by A == wi' 'wy ... Wy wy and B = wl T lwy .. Wl wr. Then,

for arbitrary N > 1,
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Proof. We use induction with respect to d = r + s, corresponding to the depths of the arising
finite multiple zeta values. The result clearly holds for depth d = 2, see identity (2), as shown
in [13]. Now assume that d > 3. Using the recurrence relation (5) for Ry (a; b) we get

N ’H—b1 2)
b1 1 . .
E E Z+b1 1 'ﬂl 1(a1—|—1—z,ag,...,ar,bQ,...,bs)
i=1 n1=1
N z+a1 2)

—l—Z Z ;j:all —R, _1(ag, ... a0 +1—14,by,...,b,).
i=1 n1=1
The induction hypothesis states that Ry(a;b) = Zy(AwB) for arbitrary r, s > 1 such that
r+ s < d and arbitrary N > 1. By the recurrence relation for Ry (a;b) we can reduce Ry (a;b)
to values of the types R,,, _1(a; + 1 —i,as,...,a,;bs,...,bs) and Ry, 1(ag,...,am; 01 + 1 —
i,ba,...,bs), which are of depth smaller than d = r + s. Hence, we get by the induction
hypothesis

’L+b1 2 l+a1 2)

ZZ Zbiblll ni= 1 A/u"Bz +ZZ ;ﬁml 1 “nm— 1(‘42""'3)

zln11 i=1 n1=1

By Lemma 3, using the notations for A}, B!, Ay, By of Lemma 2, we get

N z+b1 2) H—al 2)
Z > ,”;bll £ Zpy -1 (Al By) +Z Z ;f;all 2 Z—1(AywiB)) = Zy(AwB).
i=1 ni=1 i=1 ny=1
Consequently,
This proves the stated result for Ry (a;b) and the corresponding statement of Theorem 1. U

Corollary 1 can easily be deduced by noting that the sum of the left hand sides of Corollary 1
and Theorem 1 adds up to Ry(a; b) plus the additional two extra terms. The proof of Corollary 2
will be given in the next section, which consists of several remarks.

4. REMARKS ON POLYLOGARITHMS AND THE FINITE SHUFFLE IDENTITY

For given a = (ay,...,a,) and b = (by, ..., bs) one may define the shuffle product {(awb)
in terms of the images of the maps Zy using the words A = A(a) and B = A(b) associated to
aand bby A := wy'™ Yor .. .wgr_lwl and B = wgl Yol .. .wgs_lwl,

CN(au_lb) = ZN(AI_I_IB)
It turns out that this definition coincides with the usual definition of the shuffle product for multi-

ple zeta values; for an excellent overview concerning the shuffle product for multiple zeta values
we refer the reader to [3, 7, 8].

Let Li,(2) denote the (multiple) polylogarithm function with parameters ay, .. ., a,, defined
by
: . Z™M
Lla(Z) = Lla1 ..... ar (Z) = Z m. (11)

ny>ng>-->n,p>1
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The value Ry (a;b) can be obtained by coefficient extraction in the following way.

Ry(a;b) = ZN: Ce1(az, - - 7ark)§1N—k:(b1, b)) [ZN]%I?(Z).
k=1

On the other hand, by the finite shuffle identity (9) for Ry (a;b) one can show the following
representation.
Lia,_,_,b(z)

1—2
Here the shuffle product for polylogarithm functions Liay, 1,(2) is defined in the usual way. We do
not want to go into the proof details concerning the equation above since we would have to state
and use the precise definition of the shuffle product for multiple zeta values and polylogarithm
functions; avoiding repetition we skip the details and only refer the interested reader to [8], and
Theorem 2. We want to remark that the result of Proposition 1 for Ry (a;b) implies that the
shuffle identity for polylogarithm functions, and consequently also for multiple zeta values, can
be developed entirely from finite sums using only basic partial fraction decomposition and the
combinatorics behind the shuffle product and the shuffle algebra; see Hoffman [9] for an impor-
tant discussion of the shuffle product. Note that by evaluating at z = 1 the shuffle identity for
polylogarithm functions implies the shuffle identity for multiple zeta values. The identity above
is well known, see for example the article [3]. The shuffle identity for polylogarithm functions is
due to the iterated Drinfeld integral representation of polylogarithm functions and multiple zeta
values due to Kontsevich [17]. As remarked in [3] the shuffle identity for polylogarithm func-
tions can be deduced from the fact that the product of two simplex integrals consists of a sum of
simplex integrals over all possible interlacings of the respective variables of integration.

Finally, we turn to the proof of Corollary 2. For N =2n + 1and j = n + 1 and n — oo we
have

Ry(a;b) = [z"]

lim ¢;(a)¢n+1-;(b) = Jim Cnr1(a)Cura(b) = ((a)¢(b),

n—oo
. Cn(bg,...,bs)(n(ag,...,ar) .
T (nt Dmth -0
lim Ry(a;b) = lim Guii(awb) = C(a)¢(b),

and the stated result follows.

5. THE RECIPROCITY RELATION FOR WEIGHTED MULTIPLE ZETA VALUES

Results similar to Theorem 1 and Corollary 2 can be obtained for products of weighted finite
multiple zeta values, (x(ay,as,...,a:;01,...,0.), 0 € R\ {0} for 1 < i < r, defined as
follows:

1
gN(a7o'):CN(alacLQa"'7a7‘;0-1a"'70-7"): Z ﬁ

n; *
. n.to;
N>ni>ng>-->n.>1 H1=1 v

Of particular interest are the cases 0; € {41} corresponding to a mixture of alternating and non-
alternating signs, which are of particular importance in particle physics. We only state the result
generalizing Theorem 1, with respect to the notations a; = (as, ..., a,), o2 = (09,...,0,) and



10 M. KUBA AND H. PRODINGER

the corresponding notations for b, and 75, and leave the generalizations of Corollaries 1,2 to the
reader.

Theorem 2. The multiple zeta values (x(a, o) and (y(b, T) with weights o and T satisfy the
following reciprocity relation.
N+1
ZCkle,"b (v—k(a,0) iJCklaQaUZ)CN k(b,T)

kbrrk kargh

Cj 1(b2,T2)CN j(32,0'2)
7] ]b10N+1 ](N—i- 1 _j)a1

= (vy1-4(a,0)¢(b,T) - + Ry(a,o;b, T).

Here Ry(a,o;b,T) = ,]::1 CN"“(b’;,)ci’“a‘ll(aZ’”) = Ry(b, T;a, o) satisfies an analogue of the

shuffle identity with respect to the weights o and T.

The proof of Theorem 1 can easily be adapted to the weighted case. Hence, we only elaborate
on the main new difficulty, namely the evaluation of the quantity

N
Ry(a,o;b,7) = Z G-k (b, ;iika:1<ag, 02).
= 1

Proceeding as before, i.e., taking differences and using partial fraction decomposition, we obtain
the recurrence relation

l+b1 2)
R b ) 1 —i a0, L, 09;b
N(aao-7 aT ’L+b1 1 nl nlfl(al—i_ —2,32,0_—70'2, 277-2)

=1 n1= 1 1
Z+a1 2
) o

Na—1J 1 . . 1
+ E E Z+a1 — e T o n171(3‘270-2ab1+1_7/>b277__77-2)-

zlnll 1

Consequently, the value Ry (a, o;b, T) can be evaluated into sums of weighted finite multiple
zeta values according to a shuffle identity with respect to the weights o and 7. We omit the
precise definition of this generalization and leave the details to the interested reader.

CONCLUSION

We presented a reciprocity relation for finite multiple zeta values, extending the previous re-
sults of [11, 13]. The reciprocity relation involves a shuffle product identity for (finite) multiple
zeta values, for which we gave a proof using only partial fraction decomposition and the com-
binatorial properties of the shuffle product. Moreover, we also presented the reciprocity relation
for weighted finite multiple zeta values.
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