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Abstract

A classification is obtained of Borel measurable, GL(n) covariant, sym-
metric matrix valued valuations on the space of n-dimensional convex
polytopes. The only ones turn out to be the moment matrix correspond-
ing to the classical Legendre ellipsoid and the matrix corresponding to the
ellipsoid recently discovered by Lutwak, Yang, and Zhang.

A classical concept from mechanics is the Legendre ellipsoid or ellipsoid of
inertia I's K associated with a convex body K C R™. It can be defined as the
unique ellipsoid centered at the center of mass of K such that the ellipsoid’s
moment of inertia about any axis passing through the center of mass is the
same as that of K. If we fix a scalar product x -y for z,y € R™, I's K can be
defined by the moment matriz Ma(K) of K. This is the n x n matrix with

coefficients
/ x; x; dx,
K

where we use coordinates © = (z1,...,2,) for z € R™. For a convex body K
with non-empty interior, M>(K) is a positive definite symmetric n X n matrix.
In general, such a matrix A generates an ellipsoid E 4 defined by

Ey={zeR":z Az <1}. (1)

Then
n+2

I3vK=,/——F _
2 V(K) My (K)=1s

where V(K) denotes the n-dimensional volume of K. An important property
of the operator I'y is that it is linear, i.e., for every convex body K

Iy (oK) =T K for ¢ € GL(n).
The corresponding transformation rule for Ms is
My(¢K) = | det ¢| $My(K)¢' for ¢ € GL(n),

where det ¢ denotes the determinant of ¢ and ¢* denotes the transpose of ¢. For
additional information on the Legendre ellipsoid and its important applications,
see [13], [14], [27].



Recently, Lutwak, Yang, and Zhang [22] defined a new ellipsoid I'_5 K for
K € K7, the space of convex bodies containing the origin in their interiors.
For a polytope P, this ellipsoid can be defined by the matrix M_s(P) with

coefficients
> i,
— h(u) "

where we sum over all unit normals u of facets of P and where a(u) is the
(n — 1)-dimensional volume of the facet with normal v and h(u) is the distance
from the origin of the hyperplane containing this facet. For general K € K7,
approximation shows that M_5(K) is defined by an integral involving the Lo-
surface area measure of K (see [22]). Using (1), the LYZ ellipsoid is given

by
P oK = /V(K) Eyn_y k)

This definition is natural in the framework of the L,-Brunn-Minkowski and
dual L,-Brunn-Minkowski theory (see [18], [19], [20], [21], [24]); there the ellip-
soids T's and T'_5 are dual notions. Lutwak, Yang, and Zhang [23] proved that
I' oK C I's K and noted that this is an geometrical analogue of the Cramer-Rao
inequality. An important property of the operator I'_5 is that is linear, i.e., for
every K € K

P_o(¢K)=¢T' oK for ¢ € GL(n).

The corresponding transformation rule for M_s is
M_5(¢K) = |det¢p| ¢ "M_o(K)p~! for ¢ € GL(n).

For more information on the LYZ ellipsoid, its applications, and its connection
to the Fisher information from information theory, see [7], [22], [23].

In addition to these two ellipsoids, there exist many well-known ellipsoids
that have been introduced and used for different purposes: the John ellipsoid,
the minimal surface ellipsoid (Petty ellipsoid), the f-ellipsoid, the M-ellipsoids
are important examples (see [6], [28], [29], [31], for definitions and applications).
However, (as we will show) only I'y and T'_5 are linear and have the following
important property. The matrix valued functions My and M_s corresponding
to these operators are valuations. In general, a function Z defined on K and
taking values in an Abelian semigroup is called a valuation, if

ZK, + ZKs = Z(K1 U K») + Z(K; N K>)

for K1, K>, K1 U Ky € K. Ever since Hadwiger [8] proved his now classical
characterization of the quermassintegrals (elementary mixed volumes), the clas-
sification of valuations on the space of convex bodies and related spaces has been
an important subject in geometry. For detailed information and an historical
account, see [26], [25], and [12]. See also [1]-[4], [9]-[11], [17] for some of the
more recent contributions.

To state our results, we fix some notation. Let P}’ denote the space of convex
polytopes containing the origin in their interiors and call a function defined on



P (Borel) measurable if the pre-image of every open set is a Borel set. For
P € P, let P* denote the polar body of P, i.e.,

P'={yeR"|z-y<1 forall z € P}.

Let M™ denote the set of real symmetric n x n matrices and for n = 2, let ¥ /5
denote the rotation by an angle /2.

Theorem 1. A function Z : P} — M™, n > 3, is a measurable valuation such
that

Z(¢P) = |det 9| ¢9Z(P)o' (2)
holds for every ¢ € GL(n) with ¢ € R if and only if there is a constant ¢ € R

such that
Z(P) =cMs(P) or Z(P)=cM_o(P")

for every P € P. A function Z : P? — M? is a measurable valuation such
that (2) holds for every ¢ € GL(2) with ¢ € R if and only if there is a constant
c € R such that

Z(P)=cMy(P) or Z(P)=cM_5(P*) or Z(P):Cw;/12M2(P*>'(/Jﬂ-/2

for every P € P2.

Theorem 2. A function Z : P} — M™, n > 3, is a measurable valuation such
that
Z(¢P) = |det o~ |1 ¢~ Z(P)¢~" (3)

holds for every ¢ € GL(n) with ¢ € R if and only if there is a constant ¢ € R
such that

Z(P) =cMs(P*) or Z(P)=cM_5(P)
for every P € P*. A function Z : P? — M? is a measurable valuation such

that (8) holds for every ¢ € GL(2) with ¢ € R if and only if there is a constant
¢ € R such that

Z(P)=cMy(P*) or Z(P)=cM_o(P) or Z(P)= cw;/lQ M5(P)Yr /2

for every P € P2.

These theorems imply that every continuous covariant valuation on K7,
n > 3, i.e., every continuous valuation that transforms according to (2), is a
multiple of Ms(K) or M_o(K*). However, these are not all possible examples
of measurable covariant valuations on K. Define the matrices A,(K), p > 0,
by their coefficients

/ ZT; .’I?j de(K,m),
bd K

where bd K is the boundary of K and dQ,(K,x) is the Ly-affine surface area
measure (see [19]). Then A, is a covariant valuation on K, which (like L,-affine
surface area) depends upper semicontinuously on K.



1 Background and Notation

We work in n-dimensional Euclidean space R™ with origin o and use coordinates
x = (x1,...,2,) for x € R™. We denote the standard scalar product of z,y € R™
by z -y. We identify the subspace with equation x,, = 0 with R*~!. The n-
dimensional volume in R™ is denoted by V. The (n — 1)-dimensional volume
in R"~! is denoted by V’. In general, we denote objects in R"~! by the same
symbol as objects in R™ with an additional ’. So, for example, m(P) is the
moment vector of a polytope P € P, i.e.,

m(P):/dex,

and m/(P’) is the moment vector of P’ € P"~1. We denote the convex hull
of Py,...,P; by [Pi,..., Pg], and we denote the group of special linear trans-
formations, i.e., of linear transformations ¢ with det¢ = 1, by SL(n) and the
group of general linear transformations, i.e., of linear transformations ¢ with
det ¢ # 0, by GL(n). For a general reference on convex geometry, see the books
by Schneider [30] or Gardner [5].

We use the following results on valuations on P! and on Cauchy’s functional
equation. Let v : P! — R be a measurable valuation that is homogeneous of
degree p, i.e. v(tI) = tPv(I) fort > 0 and I € Pl. If p = 0, then there are
constants a,b € R such that

t
v([=s,¢]) =alog(_)+b (4)
for every s,t > 0, and if p # 0, then there are constants a,b € R such that
v([—s,t]) =as? +bt? (5)

for every s,t > 0 (cf. [15], equations (3) and (4)). These results follow from the
fact that every measurable solution f of Cauchy’s functional equation

fl@+y) = f)+ fy) (6)
is linear. If f : R¥ — R, then every measurable solution of (6) is of the form
fl@)=a-x (7)

with a € R¥.

The proofs of Theorems 1 and 2 use induction on the dimension and the
following subsets of PJ. Let Q,(x,) be the set of polytopes @ = [P’, I] where
P’ € P?~! lies in the hyperplane x, = 0 and I € P} lies on the x,-axis, and
let Ro(z,,) be the set of polytopes R = [P’ ,u,v] where P’ € P71 lies in the
hyperplane x,, = 0, v € R" has u,, < 0, and v € R" has v,, > 0. We always write
polytopes from R,(z,) in such a way that [P’,u] U[P’,v] is convex. Let Q7 be
the set of SL(n)-images of @ € Q,(x,) and let RY be the set of SL(n)-images
of R € Ro(x,). The following lemma shows that we have only to prove that
a matrix valued valuation vanishes on R} to prove the corresponding result on
P



Lemma 1 ([15]). Let p: P2 — R be a valuation. If u vanishes on RY, then
w(P) =0 for every P € PI.

The following results on real valued and vector valued valuations on P} are
used in the proofs of Theorems 1 and 2.

Theorem 3 ([15]). A functional i : P} — R, n > 2, is a measurable valuation
such that

u(oP) = |det ¢|* u(P)
holds for every ¢ € GL(n) with ¢ € R if and only if there is a constant ¢ € R
such that

w(P)=c or pu(P)=cV(P) or w(P)=cV(P")
for every P € PP.

Theorem 4 ([16]). A function z : P} — R", n > 3, is a measurable valuation
such that

2(¢P) = [det ¢|? pz(P) (8)
holds for every ¢ € GL(n) with ¢ € R if and only if there is a constant ¢ € R
such that

z2(P) = cm(P)
for every P € P*. A function z : P2 — R? is a measurable valuation such that
(8) holds for every ¢ € GL(2) with g € R if and only if there is a constant ¢ € R
such that
z(P)=cm(P) or z(P)= Cd);/l2m(P*)

for every P € P2.

Theorem 5 ([16]). A function z : P} — R"™, n > 3, is a measurable valuation
such that

2(¢P) = [det ¢9~"|7 ¢~ "2(P) 9)
holds for every ¢ € GL(n) with g € R if and only if n > 3 and there is a constant
c € R such that

z(P) = e¢m(P")
for every P € P*. A function z : P2 — R? is a measurable valuation such that
(9) holds for every ¢ € GL(2) with g € R if and only if there is a constant ¢ € R
such that
z(P) = cm(P*) or z(P)= cw;/lz m(P)

for every P € P2.

We say that vectors and matrices that transform according to (8) and (2),
respectively, are covariant. If they transform according to (9) and (3), we say
that they are contravariant. Note that for n = 2 we have

m(6P) = |det 6| gm(P) and m(¢P) = |det ¢| > gri(P)

for ¢ € GL(2), where m(P) = 1/’;/12 m(P*). Thus for n = 2 there are non-trivial
covariant vector valued valuations only for ¢ = 1 and ¢ = —2. For n = 3 there
are such valuations only for ¢ = 1.



2 Proofs

Let Z : P — M™ be a measurable valuation that transforms according to (2)
for a fixed ¢ € R. The function Z*, defined by Z*(P) = Z(P*) for P € PV, is
again measurable. For P,Q,PUQ € P}, we have

(PUQ)"=P"NQ" and (PNQ)" =P UQ".
Therefore

Z(P)+27(Q) = Z(P*)+ 2(Q")
= Z(PruQ*)+Z(P'NQ")
= Z(PNQ)")+2((PUQ)") = Z*(PNQ)+ 2" (PUQ),

i.e., Z* is a valuation on P?. For ¢ € GL(n) and P € P, we have (¢ P)* =

¢~t P*. Therefore Z*(¢pP) = Z((pP)*) = Z(¢~tP*) and by (2)
Z*(¢P) = |det o719 ' Z(P*)p~! = |det ¢~ |99t Z* (P)p 1,

ie., Z* : P» — R™ is a measurable valuation that transforms according to (3).
Thus Theorems 1 and 2 are equivalent for fixed ¢ € R. This enables us to prove
both theorems by first proving Theorem 1 for ¢ > —1 and then Theorem 2 for
q< -1

2.1 Proof of Theorem 1 for ¢ > —1
1. We begin by proving Theorem 1 for n = 2. For r # 0, let

(12)

Let I; € P} be an interval on the z;-axis. Then [I, I5] € Q,(x2) and it follows
from (2) that

Z(¢lli, L)) = Z([r~ ' I, r L)) = ¢Z([11, 12])".
Setting zg = 211,21 = 212 = 221, 22 = 222, We have for Kk =0,1,2
2e([rt I, 1) = p2H2k 2k (11, I2)). (10)

By (2) now applied with the matrices
r 0
(67) = (57)

sl Ir b)) = 7202 2 (1,7 I))

O3I=
3= O

we obtain

and
zk([rfl 11,7‘12]) = 7"2q+2 Zk([’/’72 11712]).



Combined with (10) these equations show that
2 ([L, 12 L)) = r2 00 2([1, 1))

and
2e([r 2 I, L)) = 20270 5 (1, I)).

Thus 2z ([I1, -]) is homogeneous of degree ¢ + k and zx([-, I2]) is homogeneous of
degree ¢ + 2 — k.

1.1. We consider the case ¢ > —1, ¢ # 0. Since z([[1,]) is homogeneous of
degree g + k, we obtain from (5) that

zn([, Io)) = ap(f) s3TF + b(1y) t47F

with Iy = [—sg,ta]. The functionals ag, by, : 79(} — R are measurable valuations.
Since zx ([, I2]) is homogeneous of degree ¢ + 2 — k, they are homogeneous of
degree g + 2 — k. By (5) there are constants ag, by, ¢k, di, € R such that

21, o)) = (ar s 4 b t17279) s34 (0 7270 4 a) 197275 24P (1)
for every s1,t1, 82,2 > 0 with I} = [—s1,1].
For
1 0 0 -1
o=(o ) mav=(7 7).

it follows from (2) that

2 (011, L)) = zi([I, —12]) = (=1)* 2 ([[1, I2]) (12)
and
2 (P, Ia]) = 2k (=12, 1h]) = (=1)* 22 & ([11, I2)). (13)
We use (11), compare coefficients in (12) and (13) and obtain that
20(, L) = ag (s +197%)(s4 + 1),
(L) = ay (57 —5)(sM — 14, (14)
o(, L) = ao(si+t])(s372 +1572)

for every s1,t1, s2,t2 > 0.
We need the following results. Lemma 2 will also be used for the case ¢ = 0.

Lemma 2. Let Z : P2 — M? be a measurable covariant valuation for which
(14) holds. Let R = [I,su,tv] where Iy = [—s1,t1] lies on the xi-azxis, u =
(z,-1), v=(y,1) with x,y € R, s1,t1,5,t>0. If ¢ > —1, then

A(R) = ap (s — ) (s ) g (9 4 18 (2 572 -y 494),
a(R) = ao (st +80)(s742 +19+2),

(15)
and if ¢ = 0, then in addition

20(R) = 2a0(s? +13 + 22> +y*t?) — 2ay (51 — t1)(z s+ yt). (16)



Proof. First, we show that for k=1,2, ¢ > —1, and k=0, ¢ =0,

lim 2z ([11, su,tv)) (17)

s,t—0

exists. Since zj is a valuation and since u and v lie in complementary halfplanes,
we have for s,t > 0 suitably small, 0 < ¢’ < ¢, and ¢ > 0 suitably large

2k ([T, su, t o))+ 2z ([T, —t" v, t' v]) = 2 ([T1, su, t' v]) + 2, ([I1, —t" v, tv]). (18)

Since [I1, —t" v, tv] = ¢[I1, I2] with

=(o 1)

and I, = [—t"”,t], we obtain from (2) that

an((h—t"v,t0]) = z(o[0. Ta]) = 3 (f‘ Z)yl-kzm,b]). (19)

Thus, setting as = ag, we obtain from (14), (18), and (19) that

2z ([I1, su, tv]) — zi([I1, su, t' v])

2
2—k _ _ 20
D R L e (AL o H
=k

Similarly, we have for s,t > 0 suitably small, 0 < s’ < s, and s” > 0 suitably
large

2k ([T, su, t' v]) — zi([I1, 8" u, t' v])

2
2—-k 21
— Z <l k>al (_l,)l—k:(s?+27l + (_1)ltl{+271)(8q+l o S/q-i—l). ( )
=k >
Since ¢ + k > 0, this implies that the limit (17) exists.
Next, we show that for k = 1,2
lim zk([I1, su,tv]) =0 (22)
s,t—
and that for ¢ =0
lim zo([I1,su,tv]) = 2ag (s7 +13). (23)

s,t—

We start by proving (22) for k = 2. If k = 1, we use that (22) holds for k = 2,
and if & = 0, we use that (22) holds for k = 1,2. For I fixed, u = (z, —1) and
v=(y,1), set

fk(l',y) = %Tozk<[ll>5u7tv])'

S



These limits exist by (17). Since zj, is a valuation, we have for r > 0 suitably
small and e = (1,0)

zi([I1, su, tv]) + 2z ([I1, —sre,tre]) = zx([I1, su, tre]) + zx([I1, —sre, tv]).
Taking the limit as s,t — 0 gives

fe(z,y) + f:(0,0) = fr(z,0) + fx(0,y). (24)

1 =z
¢=(0 1>7

we have ¢[I1,s(x,—1),t(y,1)] = [I1,s(0,-1),t(z +y,1)] and by (2)

For

2k (P11, su, tv]) = Z (?_If)a:l_kzl([ll,swtv]).

=k

Combined with (22) this implies

Setting gx(z) = fx(0,2) — f%(0,0), it follows from (24) and (25) that

gk (x +y) = gr() + gr(y).

This is Cauchy’s functional equation (6). Since zj is measurable, so is g and
by (7) there is a constant wg(I1) € R such that

gr(z) = fr(0,2) — fr(0,0) = wy (1) =.

Thus
lim zi([I1,su,tv]) = wi(l)(z + y) + fx(0,0). (26)

s,t—

Using this we obtain the following. By (2) zi is homogeneous of degree 2q + 2.
Therefore (26) implies that for r > 0

wy(r ) = r27 2w (). (27)

r 0

we have z;(¢R) = 729727k 2 (R) and by (26), wy(r I) = r27H1=F wy (I;). Com-
bined with (27) this shows that wg([1) = 0. Since (14) implies that f(0,0) =0
for k = 1,2, and fo(0,0) = 2ag (s7 + t3) for ¢ = 0, (22) and (23) follow from
(26).

Equations (20) and (21) combined with (22) and (23) imply that (15) and
(16) hold for s,t > 0 suitably small. Since every [I1,su,tv] is the union of
Q1,Q2 € Q2 with Q1 N Qe = [I1,—t'v,—s"u] and s',¢' > 0 suitably small
and since Z is a valuation, (14) implies that (15) and (16) hold for general
s,t > 0. ]

On the other hand, for



Lemma 3. Let Z : P> — M? be a covariant valuation for which (15) holds. If
q=1, thenag =2ay. If g > —1 and q # 0,1, then Z(Q) = 0 for every Q € Q3.

Proof. Let T, 4 be the triangle with vertices (1,0), (0,1), (—¢, —d), ¢,d > 0.
Then T, 4 = [I1,du,v] where Iy = [—s1, 1] lies on the z;j-axis, s1 = ¢/(1 + d),
u=(z,—-1), z = —c/d, v=(y,1), y = 0. By (15) we have

c c
T — a+1 _ 1y(gatl —1q 94 1) edit?
Al = o ()™ D@ =) g e,
T, = T4 1) (et 4 1).
22(Te,q) ao((1+d) +1)(c?T2 + 1)
To determine zo(7¢,q4), note that T, g = ¢Ty . with
0 1
(V)
By (2) this implies that
20(Te,a) = z2(Tu,e) = ao (( )T+ (e +1). (29)

1+c¢

For s >0and 0 <z < 1/2 < y < 1, define the triangle 7% (z,y) € P? as the
convex hull of (y,1 —y), (z,1 — ), (—s,—s). Then we have T°(z,y) = ¢TI q
withe=s(1—-2z)/(y—z),d=5s2y—1)/(y — z), and

— Yy x
¢ = ( 11—y 1—-=2 ) ’
By (2) this implies that

Z(T*(2,y)) = (y — 2)? 6Z(Te,a)¢". (30)

Since T%(0,1) = T°(0,1 —2)UT?(x,1) and T°(z,1 —z) = T%(0,1 —2)NT"(z, 1)
and since z, is a valuation, we have

20(T%(0,1 — ) + 22(T°(x,1)) = 22(T°(0,1)) + 22(T°(x,1 — x)). (31)

We compare coefficients in this equation.
First, let ¢ > 0. Then taking the limit as  — 1/2 in (31) and using (28),
(29), and (30) gives

S

2a0s77? — 20157 4 ags? + 27D (6ag +4ay) = ao((1 -
s

Y+ 1) (572 1),

Letting s — 0 shows that
2a; = (27 — 3)ay. (32)
This implies that for ¢ = 1 we have ag = 2a; and that

ap(s + 1) (s> = (297" = 3)s +1) = ap(s77* + 1).

10



If ¢ > 0 and g # 1, setting s = 1 shows that this only holds for ay = 0.
Combined with (32) and (14) this completes the proof of the lemma for ¢ > 0.

Now, let —1 < ¢ < 0. Then multiplying (31) by (1 — 2z)~? and taking the
limit as  — 1/2 and using (28), (29), and (30) gives

s
1+2s

)7+1) (25q+2+1)+a1((L)q-ﬁ-l_l)(sq-ﬁ—l_l).

)9((25)7F2+1) :ao((1+s s

ao(
Setting s = 1 in this equation shows that ap = 0 and this implies that also
a; = 0. Combined with (14) this completes the proof of the lemma for —1 <
q <0. O

If ¢ > —1 and ¢ # 0,1, then because of (14) and Lemma 2 we can apply
Lemma 3 and obtain that Z(Q) = 0 for every Q € Q2. Therefore we can apply
Lemma 5 (stated and proved below) and Lemma 1 and obtain that Z(P) = 0
for every P € P2. This proves Theorem 1 for n = 2 in this case.

If ¢ =1, then by Lemma 3 we have ag = 2a;. For the coefficients m;; of the
moment matrix My, we obtain by an elementary calculation that

(B Bl) = g5t 8)(s2 + 1),
m(h D) = (s~ B3~ 1) ()
maa ([, I2]) = T12(81 +11)(s3 + 3).
Thus there is a constant ¢ € R such that
Z(Q) = cM2(Q) (34)

for Q € Q,(x2). Set W = Z — ¢ M. Then W vanishes on Q2 and we can apply
Lemma 5 and Lemma 1 and obtain that W(P) = 0 for every P € P2. Thus
Z(P) = ¢Ms(P) for every P € P2 and Theorem 1 is proved for n = 2 and
q=1.

1.2. We consider the case ¢ = 0. By (4) we have

z0([I1, I2]) = ao(I1) log(%) +bo(11)
and by (5)
2e([I1, o)) = ar(I,) s§ + bp(I1) t5 for k=1,2

with Iy = [—s2,t2]. The functionals ay, by, : Pl — R are measurable valuations
and homogeneous of degree 2 — k. Thus, by (4) and (5) there are constants
ay, b, ¢, d). € R such that

t
20([h, b)) = (agst +byt7) 10g(£)+(068f+d6t%)
Zl([ll,lg]) = (a/181—|—b/1t1) 82—|—(C’181+d/1t1)t2
t t
A(hn]) = (e log() +) 53 + (¢ log(L) + )
1 1

11



for every si,t1,82,t2 > 0 with I; = [—s1,t1]. Using this and comparing coeffi-
cients in (12) and (13) shows that

2(lL, L) = 2ao(st+11),
Zl([ll, [2]) = a (51 - tl)(SQ - tg), (35)
z(L, L) = 2ao(s3+13)

for every si1,t1,s92,ta > 0 with ag,a; € R. This corresponds to (14) for ¢ = 0.
Therefore we can apply Lemma 2. The following lemma combined with Lemma
1 shows that Theorem 1 holds for n =2 and ¢ = 0.

Lemma 4. Let Z : P2 — M? be a covariant valuation for which (15) and (16)
hold. If ¢ =0, then Z(R) = 0 for every R € R2.

Proof. Let T, 4 be the triangle with vertices (1,0), (0,1), (—¢, —d), ¢, d > 0.
Then T, 4 = [I1,du,v] where I; = [—s1,1] lies on the x;-axis, s; = ¢/(1 + d),
u=(z,—-1),z=—c/d, v=(y,1), y = 0. By (15) and (16) we have

Cc C

_ 2 2 _
Z(](Tcyd) = 2@0 ((1—|—d) +1+c¢ )—|—2a1 (71—|—d ].)C,
C
21(Te,a) = a1(1+d—1)(d—1)+2aocd,
29(Tea) = 2ao(d*+1).

We can determine z(T¢ q) also in the following way. Since T, 4 = ¢Ty . with
0 1
=(10)

20 (Tc,d) = 22 (Td,c)

for ¢,d > 0. Comparing coefficients in this equation shows that ag = a; = 0.
This completes the proof of the lemma. O

we have by (2),

2. Let n > 3. We use induction on the dimension n. Suppose that Theorem 1
is true for ¢ > —1 in dimension (n — 1).

Let Q = [P',I] € Q,(xy,) where P/ € P* ! and I = [-s,t], s,t > 0,
is an interval on the z,-axis. For I fixed, define Z' : P! — M"~! by
zi;(P') = z([P'1]) for i,j = 1,...,n — 1, define 2’ : P2~! — R*"! by
2I(P) = zi([P',1]) for i = 1,...,n — 1, and define g : P71 — R by
w(P') = zyn([P',I]). Then Z’, 2/, and u are measurable valuations on P71,
For every ¢/ € GL(n — 1) we have

Z'(§'P) = |det¢/|?¢'Z'(P')¢",
d(P'P) = |det|" 2 (P), (36)
p(@'P') = |det¢'|? u(P").
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This can be seen in the following way. Define ¢ € GL(n) such that ¢;; = ¢},
fori,j=1,....n—1, ¢p; = ¢pjy =0fori=1,... n—1, and ¢,, = 1. Then
det ¢ = det ¢, and (2) shows that equations (36) hold.

First, let ¢ > —1, ¢ # 1. Theorem 1 for ¢ > —1 in dimension (n — 1)
implies that Z’(P’) = 0’. Theorem 4 implies that z'(P’) = o’ and Theorem 3
implies that u(P’) = 0 for ¢ # 0 and that u(P’) = a with a € R for ¢ = 0.
Therefore 2z, ([P',I]) = a(I) for every P’ € P71, To determine a(I), let
Q = [I1,...,1,], where I; € P! lies on the z;-axis, and let ¢ € SL(n) be the
linear transformation that interchanges the first and last coordinates and leaves
the other coordinates unchanged. From (2) we obtain that z11(¢Q) = z,n(Q)
and consequently, a(f) = 0. Thus for ¢ > —1, ¢ # 1,

Z2(Q)=0 (37)
for Q € Q,(zp).

Now, let ¢ = 1. Then Theorem 1 in dimension (n — 1) implies that there
is a constant ¢; € R such that Z'(P’) = ¢; Mj(P’). Theorem 4 implies that
Z'(P) = cam/(P’) and Theorem 3 implies that p(P’) = c3 V/(P’') with co,c3 €
R. Therefore there are measurable valuations ¢y, co, c3 : P; — R such that

zii([P', 1)) = a(I)mi(P") for i,j=1,...,n—1,
Zin([P/vI]) = CQ(I)m;(P/) for t=1,....n—1,
zan([P 1)) = es(D)V'(P).

Here ¢, is homogeneous of degree 1, ¢o is homogeneous of degree 2, and c3 is
homogeneous of degree 3. Therefore by (5) there are constants a;,b; € R for
1 =1,2,3 such that

zij([P',1]) = (a1s+bit)mj;(P) for i,j=1,...,n—1,
zin([P 1)) = (ags* +bat*)mi(P) for i=1,....,n—1,
2on([P, 1)) = (azs® +b3t®) V/(P).

Let ¢ € GL(n) be the linear transformation that multiplies the last coordinate
with —1 and leaves the other coordinates unchanged. Then ¢[P’, I] = [P’,—1I]
and by (2) we get

zii([P 1)) = a1 (t+s)mi;(P") for i,j=1,...,n—1,
zin([P', 1)) = ag(t* —s*)mi(P") for i=1,...,n—1,
Zan([P', 1)) = a3 (t®+s*)V'(P).

To determine ai,az,as, let Q = [I1,...,I,] where I; € P} lies on the x;-axis,

I, = I, = I, and let ¢ be the linear transformation that interchanges the first
and last coordinates and leaves the other coordinates unchanged. Then ¢Q = @
and by (2)

1(Q) = Z0n(Q) and 212(Q) = 220(Q): (38)
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We compare coefficients in these equations. Elementary calculations show that

mi;([P',I]) = B(n+2,1)(t+s)mj;(P") for i,j=1,...,n—-1,
min([P',I]) = Bn+1,2)(t* —s)mi(P) for i=1,....,n—1,
man ([P 1)) = B(n,3)(t* + %) V'(P),

where m;; are the coefficients of the moment matrix M, and B(:,-) is the Beta
function, and that

1

m;([ll, .. ;In—l}) = E(tn_l +Sn—1) e (tl +81)(tl — Si) fOI‘ 1= 1,. Lo, — 2,

where m/ are the coefficients of the moment vector m/. Using this and (33), we
obtain from (38) that 2a; = (n+ 1)nas and a1 = (n + 1) az. Thus there is a
constant ¢ € R such that a; = B(n+2,1) ¢, ag = B(n+1,2) ¢, and azg = B(n, 3) ¢
and this shows that

2(Q) = e My(Q) (39)

for Q € Qo(zy).
We need the following result.

Lemma 5. Let Z : P} — M"™ be a measurable covariant valuation. If Z
vanishes on Q) and ¢ > —1, then Z =0 for every R € R].

Proof. Let R = [P';su,tv] € Ro(x,) where P' € P*~! v = (u,—1) and
v = (v/,1) with v/,»" € R*"! and s,t > 0. Since Z is a valuation, we have for
0 <t <t and t” > 0 suitably small
Z([P',su,tv]) + Z([P',—t" v,t'v]) = Z([P', su,t' v]) + Z([P', —t" v, tv]).

Since [P’, —t" v,t'v],[P’, —t" v,tv] € QF and since Z vanishes on Q7, this im-
plies that Z([P’,su,tv]) does not depend on ¢ > 0. A similar argument shows
that it does not depend on s > 0. Thus

Z([P',su,tv]) = Z([P',u,v]) (40)

for s,t > 0.
For P’ fixed, set F'(v',v") = Z([P’,u,v]). Since Z is a valuation, we have for
r > 0 suitably small and e = (0, 1)

Z([P' u,v)) + Z([P',—re,re]) = Z([P,u,re]) + Z([P', —re,v]). (41)
Since [P, —re,re] € Q7 and since Z vanishes on QF, we have
F(d,0)=Z([P',—re,re]) =0.
Combined with (40) and (41) this implies that

F(u/',v')=F@', o)+ F(o,v). (42)
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Let

1 ... 0 U1
d): . . . :

0 ... 1 Up—1

0 ... 0 1

Then ¢(v', —1) = (o', —1), p(v', 1) = (v/+v',1) = w, and ¢[P’, u,v] = [P, —e, w].
By (2) this implies that for the coefficients f;; of F' we have
fnn(olvu, +vl) = fnn(u/avl>7 (43)
that
fin(ol;u/—’_v/) = fin(ulvv/) + u; fnn(ulvvl) (44)
fori=1,...,n—1, and that

fij (o, u +0") = fij(u' s 0") 4 fin (0, 0") wj 4 ui fin(u',0") + frun(u',0") wiuy (45)

fori,j=1,...,n—1. Set gnn(v') = frn(o’,u'). Then we get by (42) and (43)
that
gnn(ul + UI) = gnn(ul) + gnn(vl)-

This is Cauchy’s functional equation (6). Since Z is measurable, by (7) there is
a vector w'(P’) € R"~! such that

Grn (' + V') = zpn ([P, 0, 0]) = w'(P') - (u' +0) (46)

for every u/,v’ € R"~1,

Using this we obtain the following. By (2), fun is homogeneous of degree
nq+ 2. Since we know by (40) that Z([r P',ru,rv]) = Z([r P',u,v]) for r > 0,
this and (46) imply that

w'(r P') = r" 2y (P'). (47)

On the other hand, let ¢ € GL(n) be the map that multiplies the first (n—1) co-
ordinates with r and the last coordinate with 1. Then z,, (YR) = r(»~14 2, (R)
and by (46) this implies that

w'(r P') = p(n—Da-1 w'(P").
Since ¢ > —1, this combined with (47) shows that w'(P’) = o’. Thus by (46),
Znn(R) = 0.

Using this and (44), we obtain by the same arguments as for ¢ = n that
there are wy;,  (P') € R"~! such that

Zin([Plvu’U]) = wzin)(P/) (u +)
fori=1,...,n—1. Asin (47) we have

wEln) (T Pl) = rnq+2wzin) (P/)
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and using v implies that
Wiy (r P') = r D0l (P).

Since ¢ > —1, this shows that w(, (P') = o’. Thus by (46), zin(R) = 0 for
i=1,...,n—1

Using this and (45), we obtain by the same arguments as for j = n that
there are wzij)(P’) € R"~! such that

zij ([P, u,v]) = wiy;) (P') - (u' + ')

ij
fori,j=1,...,n—1. As in (47) we have

wzij)(r P') = an+2wzij)(P/)
and using ¢ shows that

wzij)(r P’y = p(n=Datt wEZ—j) (P).

Since ¢ > —1, this shows that w(,; (P') = o. Thus by (46), z;(R) = 0 for
ii=1,...,n—1. O

If ¢ > -1, ¢ # 1, then by (37) and (2) we have Z(Q) = 0 for every @ € Q7.
Lemma 5 and Lemma 1 therefore imply that Z(P) = 0 for every P € P2. Thus
Theorem 1 holds in this case.

If ¢ = 1, then by (39) and (2) we have Z(Q)—c M2(Q) = 0 for every Q € Q7.
Lemma 5 and Lemma 1 therefore imply that Z(P) = ¢ My(P) for every P € PJ.
Thus Theorem 1 holds in this case.

2.2 Proof of Theorem 2 for ¢ < —1

1.1. We begin by proving Theorem 2 for ¢ < —1 and n = 2. The rotation by
an angle 7/2 is described by the matrix

0 -1
wﬂ'/Q - ( 1 O )
Set W(P) = 12 Z(P) w;/lz. Since Z is contravariant, we obtain that

= | det(b‘_q %/2 ¢_t¢;/12 W(P)(wﬂ'/Q ¢_t1/);/12 )t

= |detg| "2 oW (P)g'
for every ¢ € GL(2). Therefore W is a measurable covariant valuation with
p=—q— 2. Since ¢ < —1, we have p > —1 and we can apply Theorem 1.

If ¢ < —1, ¢ # —3, Theorem 1 shows that W (P) = 0 for every P € P2. This
proves Theorem 2 for n = 2 in this case.
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If ¢ = —3, Theorem 1 shows that there is a constant ¢ € R such that
W (P) = ¢ My(P) for every P € P2. Therefore Z(P) = cz/);/12 M5(P)%r/2 and
this proves Theorem 2 for n = 2 in this case.

1.2. We consider the case ¢ = —1 and n = 2. We use notation and results from
Section 2.1. For
10
o=(3 7).
it follows from (3) that
2e([r I, r L) = 2e([I, 72 L)) = 2(r 2 1, L)) = 72728 241, 1)

for k = 0,1,2. Thus z;([{1,]) is homogeneous of degree (1 — k) and zx([, I2])
is homogeneous of degree (k — 1). By (4) we have

([T 1)) = an (D) log(“2) + by (1)

2
and by (5)
zk([, L)) = ap (1) sy % + be (L)t ™" for k=0,2
with Iy = [—s2,t2]. The functionals ay, by, : P! — R are measurable valuations

and homogeneous of degree (1 — k). Thus, by (4) and (5) there are constants
ak, by, ci,di € R such that

20([, ) = (aosy +boty ) sa+ (cosy +dotyt)ty

t t t
z1([11, I2]) (a1 log(—) + by) log(é) + (c1 log(;l) +d1)
2([, L)) = (azsy1+bat1) sy 4 (ca 81 +datr)ty!

S1 1

for every s1,t1, 89,2 > 0 with I} = [—s1,%;]. For
1 0 0 -1
o=(o 1) mav=(1 %)
(3) implies that

21(0l1, I2]) = zi ({1, —I2]) = (=1)*2x([11, I2]) (48)
and
(V[ L)) = 2([=12, 1)) = (1) 221 ([[1, 2]). (49)
Comparing coefficients in (48) and (49) shows that
20([I1, L) = ao(sy' +17")(s2 +1t2),

t t
21([I1, 1)) = o logilogi, (50)

52
zo([11, I]) ag (s1+t1)(sy " +15")
for every s1,t1,82,t2 > 0.

We need the following result.
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Lemma 6. Let Z : P2 — M? be a measurable contravariant valuation for which
(50) holds. If ag = 0, then Z(Q) = 0 for every Q € Q2.

Proof. Let R = [I, su, sv], where I} = [—s1,t1] lies on the x;-axis, u = (z, —1),
v=(y,1) with z,y € R, s1,¢1,s > 0. First, we show that for I; fixed, s,s’ > 0
suitably small, and k = 0,1, we have

2k ([, su, sv]) = 2k ([I1, 5" u, s v]). (51)

Since zj is a valuation, we have for s > 0 suitably small, 0 < s’ < s, and
s” > 0 suitably large

2k ([, su, sv)) + 2i([I1, —s" v, 8" v]) = 21 ([I1, su, 8" v]) + 21 ([I1, =" v, s0]).

Since ag = 0 and [I1, —s" v, sv] = ¢[I1, I3] with 2
o= (o V)
and I = [—s", s], we obtain from (3) and (50) that
20([I1,—s"v,sv]) =0 and 2z ([1,—s"v,sv]) = 21 ([[1, [2]). (53)
Thus we get by (50), (52), and (53) that
21([I, su, s0]) — 21 ([I1, 5u, 8" v]) = a1 log%log 5 (54)

Similarly, we have for s > 0 suitably small, 0 < s’ < s, and s” > 0 suitably

large
/

t
21([I, su, 8" v]) — 21([11, 8" w, s v]) = a; log s—l log s; (55)
1

This implies that (51) holds.
Next, we show that for every s > 0 and £ = 0,1, we have

zk([I1, su, sv]) = 0. (56)

We start by proving (56) for £k = 0. If kK = 1, we use that (56) holds for k = 0.
Set e = (1,0) and fx(z,y) = zx([{1, su, sv]) for s > 0 suitably small. Since zj
is a valuation, we have for s,r > 0 suitably small,

zik([I1, su,sre]) + zx([[1, —sre,se]) = zx([[1,su, se]) + zi([I1,—sre,sre]).
This combined with (50) implies that

Zo([Il,SU,S'I’e}) = fO(l.vo)a

t
z21([I1,su,sre]) = fi(z,0)+a; logs—llogr.
1
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Similarly, we get for s, > 0 suitably small, zo([l1,su,s7e]) = fo(0,y) and
t
Zl([Il,—S’)"G,S’UD = fl(ovy) —ax IOgsillogT'
1

Since we have for s,r > 0 suitably small,
zk([I1, su, s0]) + zx([[1,—sre,sre]) = zi([[1,su,sre]) + zi([I1, —sre, sv]),
these equations shows that

fr(@,y) = fr(2,0) + fr(0,9). (58)

1 =z

we have ¢[I1>S(xa _1)78(y7 1)} = [Il’s(oa _1)75(55 + Y, 1)]7 and by (3)

For

2k(P11, su, sv]) = zx([I1, su, sv]).

This implies that
fr(0,z +y) = filz,y). (59)
Setting gi(z) = fx(0, x), it follows from (58) and (59) that
gr(z +y) = gr(x) + gr(y)-

This is Cauchy’s functional equation (6). Since Z is measurable, so is g and by
(7) there is a constant wy(I;) € R such that

gr(@) = fr(0,2) = wy (1) 2.

Thus
zk([I1, su, sv]) = wg(I1)(z + y). (60)

Using this we obtain the following. By (3) zx is homogeneous of degree 0.
Therefore (60) implies that for r > 0

wi(rly) = wi(l). (61)

=(5 )

we have z;,(¢R) = 771 2x(R) and by (60),

On the other hand, for

wi(r 1) = 2w (1),

Combined with (61) this shows that wg(l;) = 0. This proves (56) for s >
0 suitably small. Since every [I1,su,sv] is the union of Q1,Q2 € Q2 with
Q1NQ2 =[I,—s v,—s"u] and s’ > 0 suitably small and since zy, is a valuation,
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this and (50) imply that (56) hold for general s > 0. Note that it follows from
(56), (57), and (50) that s,r >0

zo([I1,su,sre]) = 0,
(62)

t
(L, su,sre]) = ap log—logr.
51

Let T¢ q be the triangle with vertices (1,0), (0,1), (—¢, —d), ¢,d > 0. Then
Teq = [Ih,du,v] where I; = [—s1,1] lies on the zq-axis, s1 = ¢/(1 +d), u =
(x,-1), x = —¢/d, v = (y,1), y = 0. By (62) we have

20 (Tc7d) =0
14+d 1 63
z21(Te,q) = ay log i log 7 (63)
To determine z9(T; q), note that T, g = ¢Ty . with
0 1
(Vo)
By (3) this implies that
ZQ(Tc,d) = ZO(Td,c) =0. (64)
Define the triangle T (z, y) as the convex hull of (y, 1— y) (z,1— ) (—s,—s).
Then we have T*(x,y) = ¢TI q withc = s (1—2x)/(y—x),d =s(2y—1)/(y —J:),

and

— Yy z
¢ = ( 11—y 1—=2 ) ’
By (3) this implies that

Z2(T*(x,y) = (y —2) 6~ Z(Tea) (65)
Since T%(0,1) =T7°(0,1 —2)UT?*(x,1) and T°(z,1 —z) = T%(0,1 —2)NT*(z, 1)
and since z, is a valuation, we have

2(T7(0,y)) + 22(T°(, 1)) = 22(T°(0,1)) + 22(T" (2, ). (66)

A simple calculation using (50), (63), (64), and (65) gives that zo(T%(0,y)) =
22(T%(0,1)) = 0 and
1—x+s 1—x Ty y—x+s2y—1) y—x

1 = 1 .
s(1 —2x) R “ y—x 8 s(1 —2x) °8 s(2y—1)

x
ay log
x

1—

Setting s = 1 — x shows that this implies that a; = 0. This completes the proof
of the lemma. O
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For the coefficients [;; of the matrix M_,, an elementary calculation shows
that

([, L)) = (sp! 467" (s2 +t2),
112([11712}) = 0, (67)
122([_[1,]2}) = (81 +t1)(851+t51).

We apply Lemma 6 to W(P) = Z(P) — ag M_2(P*) and obtain that

Z(Q) = cM_»(Q")

for Q € Q,(x,,). By Lemma 7 and Lemma 1 we obtain that Z(P) = ¢ M_o(P*)
for every P € P2. This proves Theorem 1 for n =2 and ¢ = —1.

2. Let n > 3. We use induction on the dimension n. Suppose that Theorem 2
is true for ¢ < —1 in dimension (n — 1).

Let Q = [P',I] € Q,(xy,) where P' € P* ! and I = [-s,t], s,t > 0,
is an interval on the z,-axis. For I fixed, define Z’' : P! — M"~! by
Z;(P') = z([P'1]) for i,j = 1,...,n — 1, define 2’ : P2~! — R*"! by
2(P) = zi([P',1]) for i = 1,...,n — 1, and define g : P?~1 — R by
w(P') = zyn([P',I]). Then Z’, ', and u are measurable valuations on P71,
For every ¢’ € GL(n — 1) we have

Z/((b/P/) — |det (bl—t‘q ¢7/_tZ/(P/)¢I_1,
Z/(d)/P,) _ |det d)/—t‘q ¢/_tZ/(P/), (68)
(@' P) = [det |7 u(P).

This can be seen in the following way. Define ¢ € GL(n) such that ¢;; = ¢;;
fori,j=1,...,n—1, ¢p; = pip =0fori=1,...,n— 1, and ¢, = 1. Then
det ¢ = det ¢’, and (3) shows that equations (68) hold.

First, let ¢ < —1, ¢ # —2,—3. Then Theorem 2 for ¢ < —1 in dimension
(n — 1) implies that Z’(P’) = 0’. Theorem 5 implies that 2/(P’) = o' and
Theorem 3 implies that u(P’) = 0. Thus we have for ¢ < —1, ¢ # —2,-3

Z(@)=0 (69)

for Q € Qo(zy).

Let g = —2. It n = 3, then Z'(P') = 0/, 2/(P’) = ¢, m(P’) and p(P’) =
0. To determine ¢, we take Q = [I1, I2, I3], where I; € P} lies on the z;-axis, and
transformations ¢, € SL(3) that interchange the first and last coordinates and
the second and third coordinates, respectively. From (3) we obtain that ¢ = 0.
The same argument as for ¢ # —2, —3 now implies that (69) holds for ¢ = —2,
n > 3.

Let ¢ = =3. If n = 3, then Z'(P') = ¢y ), Ma(P) /s, 2/(P') = o and
w(P’) = 0. To determine ¢, let Q, ¢, and ¥ be as in the case ¢ = —2. From (3)
we obtain that ¢ = 0. The same argument as for ¢ # —2, —3 now implies that
(69) holds for ¢ = =3, n > 3.
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Now, let ¢ = —1. Then Theorem 2 in dimension (n — 1) implies that there
is a constant ¢; € R such that Z'(P’) = ¢; M’ 5(P’). Theorem 5 implies that
Z'(P) = o and Theorem 3 implies that pu(P’) = co V/(P’) with ¢o € R. Therefore
there are measurable valuations ¢y, ¢y : 7701 — R such that

zi; ([P, 1)) = cl(I)lgj(P') for 4,5=1,...,n—1,
zin([P',1]) = 0 for i=1,....,n—1,
2on ([P 1)) = (1) V'(P).

Here ¢y is homogeneous of degree 1 and ¢y is homogeneous of degree —1. By
(5) there are constants a;,b; € R for i = 1,2 such that
zii([P', 1)) = (a1s+bit)lj;(P) for i,j=1,...,n—1,
zan([P 1)) = (azs ' +bat ) V'(P').
Let ¢ € GL(n) be the linear transformation that multiplies the last coordinate

with —1 and leaves the other coordinates unchanged. Then ¢[P’, I] = [P’, 1|
and by (3) we get

zii ([P, 1)) = a1 (t+s) lgj(P') for i,7=1,...,n—1,
Zan([P' 1)) = az(t™' 457 V/(P).
To determine ay,az, let Q@ = [I1,...,1I,] where I; € P} lies on the xj-axis,

I, = I, = I, and let ¢ be the linear transformation that interchanges the first
and last coordinates and leaves the other coordinates unchanged. Then ¢Q = @
and by (3)

211(Q) = znn(Q). (70)
We compare coefficients in this equation. An elementary calculation shows that
1
L ([P 1)) = m(“‘s) Li;(P") for 4,j=1,...,n—1,
lin([P,1I]) = 0 for i=1,...,n—1,
Lin([P',1]) = (t_l + 5_1)V/(P/)a

where [;; are the coefficients of the matrix M_,. Therefore it follows from (70)
that a; = 1/(n — 1) a2, and this shows that

Z(Q) = cM_5(Q) (71)

for Q € Q,(xy).
We need the following result.

Lemma 7. Let Z : P}} — M"™ be a measurable contravariant valuation. If Z
vanishes on QY and g < —1, then Z =0 for every R € R
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Proof. Let R = [P',su,tv] € Ry(x,) where P/ € P* 1 u = (u/,—1) and
v = (v,1) with «/,0" € R*! and s,t > 0. Since Z is a valuation, we have for
0 <t <t and t” > 0 suitably small

Z([P',su,tv]) + Z([P',—t" v,t'v]) = Z([P', su,t' v]) + Z([P', —t" v, tv]).
Since [P, —t" v,t'v],[P’, —t" v,tv] € Q7 and since Z vanishes on QF, this im-
plies that Z([P’, su,tv]) does not depend on ¢t > 0. A similar argument shows
that it does not depend on s > 0. Thus

Z([P', su,tv]) = Z([P', u,v]) (72)

for s,t > 0.
For P’ fixed, set F(u',v") = Z([P’,u,v]). Since Z is a valuation, we have for
r > 0 suitably small and e = (0, 1)

Z([P'u,v)) + Z([P',—re,re]) = Z([P' u,re]) + Z([P', —re,v]). (73)
Since [P’,—re,re] € QF and since Z vanishes on Q, we have
F(d,0)=Z([P',—re,re]) =0.

This combined with (72) and (73) gives

F@',v')=F@, o)+ F(d,v). (74)
Let
1 ... 0 Ul
b= : :
0o ... 1 Unp—1
0 ... 0 1

Then ¢(Ul7 _1) = (0/7 _1)7 ¢(U/7 1) = (ul+vla 1) =w, and ¢[P/7 U, U] = [P/a -6, ’U}]
Since (3) holds, this implies that for the coefficients f;; of F' we have

fig(o,u' + ') = fij(u’,0") (75)
fori,j=1,...,n—1, that
fin(d v +0") = —F'(u',v")u' + fin(u',0) (76)

fori=1,...,n—1, and that

fan(d u/ +0") =o' - F'(u/, 0" ) =2 f'(u/,0") - frn (0, 0"), (77)
where F” is the (n — 1) x (n — 1) matrix with coefficient f;; for¢,5 =1,...,n—
and f’ is the vector with coefficients f;, for ¢ = 1,...,n — 1. Set g;;(v/) =

fij(0',u’). Then we get by (74) and (75) that
gij(u" +v") = gij(u') + gij (V')
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These are functional equations of Cauchy’s type. Since Z is measurable, by (7)

there are vectors wzij)(P’) € R"~! such that

gi5 (u' + ") = 25 ([P, u, 0]) = wi; (P) - (u' +0') (78)

for every u/,v’ € R" 1,

Using this we obtain the following. By (3), z; is homogeneous of degree
—(nq+ 2). Since we know by (72) that Z([r P',ru,rv]) = Z([r P, u,v]) for
r > 0, this and (78) imply that

wzij)(r Py=pr"(n q+2)w2ij)(P’). (79)
On the other hand, let ¢ € GL(n) be the map that multiplies the first (n — 1)
coordinates with r and the last coordinate with 1. Then we have z;;(Y)R) =
p~((n=1Da+2) 5. (R) and by (78) this implies that

w(;jy (r P = r= (=088 gy (P,

ij)
Since g < —1, this combined with (79) shows that w{,;,(P’) = o’. Thus by (78),
zij(R)y=0fori,j=1,...,n—1.

Using this and (76), we obtain by the same arguments as fori,7 = 1,...,n—1
that there are wy;, (P') € R™~! such that

zin ([P, u,v]) = Wiz (P') - (u' +0')
fori=1,...,n—1. Asin (79) we have
Wiy (r P) = r_("q+2)w2- y(P)

wm

and using ¢ shows that
Wi, (r P') = p((n=1a+2) Wiy (P).

Since ¢ < —1, this shows that wzm)(P’) = o/. Thus by (78), zin(R) = 0 for
i=1,...,n—1

Using this and (77), we obtain by the same arguments as for j = n that
there is a w(,,,, (') € R"~! such that

Zn ([P’ 4, v]) = Wiy (P1) - (0 + V).

The functional w(,,, : Pg~' — R""! is a measurable valuation. For ¢' €
GL(n — 1), define ¢ € GL(n) such that ¢;; = ¢;; for i,j =1,...,n — 1, ¢p; =
¢in=0"fori=1,...,n—1, and ¢,, = 1. By (3),

Zun([¢'P', du, ¢v]) = | det ¢~ "znn ([P, u, v]).-

Thus

Wiy (@' P') = | det ¢/~ |79 w(,,,,) (P)
and for ¢ < —1 we obtain from Theorem 5 that wzm) (P") = 0. Thus z,,,(R) =0
and the lemma is proved. O
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If ¢ < —1, then by (69) and (3) we have Z(Q) = 0 for every Q € QF.
Lemma 7 and Lemma 1 therefore imply that Z(P) = 0 for every P € P2. Thus
Theorem 2 holds in this case.

If ¢ = —1, then by (71) and (3) we have Z(Q) — ¢ M_5(Q) = 0 for every
Q@ € Q. Lemma 7 and Lemma 1 therefore imply that Z(P) = ¢ M_o(P) for
every P € P'. Thus Theorem 2 holds in this case.
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