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Symmetric polynomials of degree k in d variables

Theorem (Bivariate Spitzer/Sparre Andersen’s identities)

o Step set: S ={s1,5,...,5,} CZ

e |argest left and right steps: —c :=min S and d ;= max &

e n-step lattice path: sequence of steps (vi,...,v,) € S”
~» can be seen as a directed lattice path in N X Z

Complete hom. sym. pol. hi(x1, ..., Xd) = D 1ciccicd X" X

ek(X].7 * 7Xd) — Z]dgjl<...<ik§dxi1 T Xik
pk(Xla I 7Xd) — Zi:1 Xik

The GF W*(z,u) = > w'(u)z" of walks ending at a positive altitude

n n

and the GF M(z,u) = > m,(u)z" of meanders (where u encodes the
final altitude and z encodes the length) are related by the formula

M(z. u) = exp ( /O Wit u) 1 dt> — exp

t

Elementary sym. pol.

Power sum sym. pol.
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=t from O to k

Symmetric polynomials and new types of lattice paths

New tool for lattice path surgery: prime walks

from k to O

e Set A, of arches = walks starting at 0, ending at altitude k, and ! : " |
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staying always strictly above altitude k except for its first and final roof (Spitzer/Sparre Andersen-like decomposition) p05|t3/e Y AR N k
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position. | | | | A non-empty walk W™ (z, u) consists of a maximal meander M(z, u)

e The set P of prime walks is defined as the following sets of arches starting at the first minimum and a pointed prime walk ¢t o
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avoiding (0, k)

Theorem (Universal context-free grammar)
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Meanders and excursions are generated by the following grammar: N 1 1
g y 2g 7 (M) e (g atg) e (), u(2)
M — e+PM (meanders), »
E — e+ A (excursions), o M (z,u) 0 positive
) > " > - meander

i.e., "'meanders are sequences of prime walks”: M = Seq (Zkzo Ak) Wz u) >~ marked below [Tt
and “excursions are sequences of arches”: £ = Seq(.Ay), the minimum
where the arches A, from 0 to k are generated by M*(z)

d
A — k+ ZAngk—j

j=k+1

(arches for k > 0),

The GFs W, 4(z, u) and W_p(z, u) of walks (u marks the positive and
negative height; not the altitude!) are related to the GFs M™(z, u) of

(arches for k < 0),

7), s.t. 7 > 0 given by S'(7) = 0.

k—1
A = k+ Y A EA

N

positive and M~ (z, u) of negative meanders (u marks the final altitude): The radius of convergence is p :=1/S

j=—c C d S(T)n 1 8/7
. . . . —1 1 1 n _ _ YTk
with the convention that the part Ay — k is omitted whenever k € S. Wo(z,u) = M~ (2)E(z2)MT(z, u) = oz H 1= 0 (2) H 0 w(z) E ]MZO(Z) — O‘bm (1 +0 (;))7 A1 = Oxi (7, w2(p), - - ue(p)).
j= r=1
. . . C S(T)n ]. 86/(
Prime walk decomposition - —1 1 d 1 z"IM=(2) = a (1 + O (_>> ay = —(7, (p uc(p)).
Woilz,u) = M (2 u)E(2)M (2) = sez 11— yi(2)/u [l 1 — vz) e 2/ ’ (‘9x1( " )
— e - j=1 J /=1
. L - S5(7)" 1 Opxk
T A T "M, — 1+0 | - = — (p)).
- M) a2 (140(5)) an= 2l o)
:: o\ -/ - a : >
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A, ‘( c EOSI 1ve elg or f, u )
A ¢ Ao =ty —> N ﬁna.d altlt.Ude or Mz | A\ /\ N /\ . [1] Banderier, C.; Flajolet, P.: Basic analytic combinatorics of directed
< Ap >l A — A ¢ Ad| € Mgl A=A I;e%alic;\lfeal}élegigg ffg]i, I;\Z(_Z(’Zu)u) j vV \/ \J/ \/ W v lattice paths. Theoretical Computer Science, 2002.
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