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Abstract

In this paper we investigate multivariate integration in reproducing kernel Sobolev
spaces for which the second partial derivatives are square integrable. As quadra-
ture points for our quasi-Monte Carlo algorithm we use digital (¢,m, s)-nets over
Zo which are randomly digitally shifted and then folded using the tent transforma-
tion. For this QMC algorithm we show that the root mean square worst-case error
converges with order 2™(=2+€) for any £ > 0, where 2™ is the number of points. A
similar result for lattice rules has previously been shown by Hickernell.
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1 Introduction

In order to approximate integrals of the form [(h) = f[o s h(x) dx one often employs

a quasi-Monte Carlo (QMC) algorithm Qy (k) = N~! ZnNz_ol h(zx,), where the points
Xg,...,xy_1 € [0,1]* are carefully chosen quadrature points. Especially in higher dimen-
sions one either chooses the quadrature points randomly (in which case Qs is called
Monte Carlo algorithm) or deterministically. The two most prominent QMC rules are
lattice rules (see [10, 16]) and QMC rules using digital (¢,m, s)-nets as point sets (see
[10]). Here we will focus on the latter one.

The advantage of using deterministic point sets lies in the fact that if the function
satisfies some smoothness conditions one can obtain a better convergence rate of the
integration error. It is known that Monte Carlo algorithms typically achieve a convergence
rate of the integration error of order N~/2 (see [10] for example). In this case one only
needs to assume that the function has finite variance. But by considering smoother
function classes and using deterministic point sets one can obtain better convergence
rates. For example if we consider periodic functions for which all the partial derivatives
up to order «v in each variable exist and are square integrable we can obtain a convergence
order of N~2*¢ for any € > 0, see [16]. This convergence rate is known to be best possible.
The quadrature rules used in this case are lattice rules and the analysis is based on the
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Fourier series of the functions. (A lattice rule is a QMC rule which uses the point set
{ng/N} forn=0,...,N —1, where g € {1,..., N — 1}* is the generating vector and for
a real number x we define {z} =z — |z] = z (mod 1).)

For function spaces which do not carry the assumption that the functions must be
periodic the problem is much more difficult. If we assume that all partial derivatives of
order up to one in each variable exist and are square integrable then one can use randomly
shifted lattice rules to do the job, that is, to obtain a convergence rate of order N !¢ for
any € > 0, see [18]. (If &,, n=0,..., N — 1, is the point set used in a lattice rule, then a
shifted lattice rule uses the point set {x + A} where A € [0,1)°. We speak of a randomly
shifted lattice rule if the shift A is chosen randomly.)

If we assume that all mixed partial derivatives of order up to 2 in each variable exist and
are square integrable then randomly shifted lattice rules do not achieve a convergence order
N—2%¢_instead one obtains only a convergence order of N~!*¢ see [6]. For such function
classes one can of course use some transformation to make the functions periodic and then
apply the theorems for periodic functions which then yields the better convergence rate of
N—2%¢ but as described in [6], this can increase the norm of the function. Hickernell [6]
suggested to look at this problem differently. Namely, instead of periodizing the function
one can transform the point set, that is, change the algorithm, and analyse the discrepancy
of the new point set. This way, Hickernell showed that lattice rules achieve the best
convergence order of N~2%¢. The point set he used can be obtained in the following way:
first one applies a random shift modulo 1 to the lattice rules and then uses the so-called
tent transformation. This transformation is given by the function ¢(z) = 1 — |22 — 1|
(in [6] Hickernell called this transformation “baker’s transformation”). So in effect the
point set employed in his QMC algorithm is given by ¢({x, + A}) forn=0,..., N —1,
where x,, = {ng/N} and A € [0,1)® is chosen i.i.d. and the function ¢ is applied to each
coordinate, see [6].

In the lattice rule case the shift-and-fold-invariant kernel [6] can be related to a re-
producing kernel for a space of twice differentiable periodic functions. This then permits
to obtain the improved convergence rate. When one uses digital nets on the other hand,
no such relationship can be expected and hence the results in the following come as a
surprise. The secret lies in the behavior of the Walsh coefficients of the digitally shifted-
and-folded kernel, which is different from the one for the Fourier coefficients in the lattice
rule case, but it still allows us to obtain the higher convergence rate. More precisely, we
will show that similar results (compared to the one for lattice rules) hold for digital nets
and polynomial lattice rules over Z,. If the functions have partial derivatives up to order
2 which are square integrable then we can obtain a convergence rate of order 2"(=2+¢) for
any € > 0. As for lattice rules, our result is obtained by averaging over all generating
matrices of digital nets or generating vectors of polynomial lattice rules. As opposed to
lattice rules, for digital nets a priori constructions with good distribution properties are
known, for example digital nets stemming from Sobol sequences, Niederreiter sequences or
Niederreiter-Xing sequences. If such point sets satisfy similar upper bounds is not known
and remains an interesting open problem.

We conclude the introduction with a brief outline of the paper. In the next section we
introduce digital nets, polynomial lattice rules, digital shifts and Walsh functions. These
definitions and some basic results provide us with the main tools to analyze and prove
upper bounds for the integration error in certain reproducing kernel Sobolev spaces. In
Section 3 we analyse the worst-case error for multivariate integration in reproducing kernel



Hilbert spaces using randomly digitally shifted and then folded point sets. We prove a
formula for the mean square worst-case error in such spaces using the Walsh-coefficients
of a certain related reproducing kernel. In Section 4 we use those results for the specific
case of certain Sobolev spaces and we obtain an upper bound on the average of the mean
square worst-case error over all digital nets and all polynomial lattice rules. In Section 5
we present numerical experiments. Appendix A contains the calculation of the shifted
and folded kernel, whereas in Appendix B we show a closed form of the shift invariant
kernel, which is related to the shifted and folded kernel. Appendix C contains several
useful lemmas and finally Appendix D contains several pictures of digitally shifted and
then folded digital nets.

2 Preliminary definitions and results

2.1 Digital nets

The construction method considered here builds on the concept of (¢, m, s)-nets. A de-
tailed theory on this topic was developed in Niederreiter [9] (see also [10, Chapter 4],
for a recent survey see [13]). Those (¢, m, s)-nets in base b provide sets of b™ points in
the half open s-dimensional unit-cube, which are extremely well distributed if the quality
parameter ¢ is “small”. The details are given in the following definition.

Definition 1 Let b > 2, s > 1 and 0 < t < m be integers. Then a point set P
consisting of b™ points in [0,1)* forms a (t,m,s)-net in base b, if every subinterval
J = Il b=%, (a; + 1)b~%) of [0,1)* with integers d; > 0 and 0 < a; < b% for
1 < j <'s and of volume b'™™ contains exactly b* points of P.

Note that any point set consisting of o™ points in [0,1)* is at least a (m,m, s)-net in
base b. Of course, we wish to have a small value of the quality parameter ¢t. Unfortunately
the optimal value ¢ = 0 is not possible for all parameters s > 1 and b > 2. Niederreiter [9]
proved that if a (0, m, s)-net in base b exists, then we have s —1 < b. Faure [5] provided a
construction of (0, m, s)-nets in prime base p > s—1 and Niederreiter [9] extended Faure’s
construction to prime power bases p” > s — 1. So for example a (0,m, s)-net in base 2
only exists if s =1, s =2 or s = 3.

In practice all concrete constructions of (¢, m, s)-nets in a base b are based on a general
construction scheme which is the concept of digital point sets. Here in this paper we only
deal with the case b = 2, i.e., we only consider (¢, m,s)-nets in base 2 and hence we
introduce the digital construction only for this special case. For a general definition see
for example [10]. (It has been observed that a small base b and higher ¢-value yields
better point sets than choosing a high base b such that we can achieve ¢t = 0. It appears
therefore that the case b = 2 might actually be the most important one.) In the following
let Z5 denote the finite field with two elements.

Definition 2 Let s,m > 1 be integers and choose s m x m matrices Cy,...,Cys over
Zo. Consider the following construction principle for point sets consisting of 2™ points in
[0,1)%: represent n, 0 < n < 2™, in base 2, n =ng + 12 + -+ + Np_12™" 1, and multiply
the matriz C;, 1 < j < s, with the vector it = (ng,...,nm_1)" of digits of n in Zs,

Cjﬁ = ('Tj,n,lu Ce ,.I‘jm’m)—r.



Now we set

and

Ly = (:L‘l,na s 7x8,n)~

If for some integer t with 0 < t < m the point set {xq,...,Xam_1} is a (t,m,s)-net in
base 2, then it is called a digital (t,m,s)-net over Zy (or briefly a digital net) and the
matrices C1, ..., Cs are called the generating matrices of the digital net.

Concerning the determination of the quality parameter t of digital nets we refer to Nieder-
reiter [10, Theorem 4.28]. Tt is well known that any d-dimensional projection of a digital
(t,m, s)-net over Zy is a digital (¢, m, d)-net over Z,.

In the following we show that digital nets also have a group structure. Let {x, ..., xom 1}
be a digital net over Zs generated by the m x m matrices Cy,...,C, over Zy. For
Ty, = (1, Tsn) and @, = X127 o T2 1 < j < 5,0 < n<2m
we identify x,, with

(T1mds s Tlpms -« s Tsls -« s Tsnm) € Ly
and we define
Tp BTy = (Ting + Tip, - Tsnm + Tshm) € L7, (1)
The subsequent lemma follows easily from the construction of digital nets.

Lemma 1 Any digital net {xo, ..., xom_1} over Zs is homomorph to a subgroup of (25, ®).

2.2 Polynomial lattice rules

In [11] (see also [10]) Niederreiter introduced a special construction of digital nets. This
construction is based on rational functions over finite fields. Again we restrict ourselves
to digital nets over Zs.

Let Zo((z7')) be the field of formal Laurent series over Zy. Thus elements of Zy((z7'))

are of the form .
L= Z f}ll’il,
l=w

where w is an arbitrary integer and all ¢; € Z,. Note that Zy((z~')) contains the field of
rational functions over Z, as a subfield. Further let Zs[x] be the set of all polynomials
over Zy and let m > 1 be an integer. For a given dimension s > 2, choose f € Zs[z], with
deg(f) =m, and let gy,. .., gs € Zs[z]. Let @,, be the map from Zy((z~1)) to the interval

[0,1) defined by
©m (Z tlSL’l) = Z 27"
l=w

l=max(1,w)

For 0 <m<2mletn=ng+m2+--+n,-12""! be the base 2 expansion of n. With
each such n we associate the polynomial

n(z) = inrxr € Zsz].
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Then P(g, f) is the point set consisting of the 2™ points

for 0 < n < 2™ — 1. Due to the construction principle, a QMC rule using the point set
P(g, f) is often called a polynomial lattice rule. The vector g is called the generating
vector of P(g, f) or the generating vector of the polynomial lattice rule, depending on the
context. For 1 < 7 < s consider the expansion

g;() _ - uW 21
f(SC) - Z 1 EZ?(( ))7

l=wj

where w; < 1. Then it can be shown (see [12]) that the point set P(g, f) is a digital net

with generating matrices C1, ..., Cs where the elements cgjr) of the matrix C; are given by

()

9 — Uy € Lo

i,T

for1<j<s,1<i<mand0<r<m-—1

2.3 Digital shift

For practical applications it is often useful to have a random element in the point set
used (see [8]). On the other hand we wish to preserve the structure which a point set
already has. That is, in this case we wish to randomize a (¢,m, s)-net such that the
resulting point set is again a (¢,m, s)-net with the same quality parameter ¢. Several
randomization methods for (¢,m, s)-nets have been introduced (see [8], [14], [20]).

In this paper we consider point sets which are digitally shifted. First we introduce
some notation which we will use frequently throughout the paper. By @ we denote the

digit-wise addition modulo 2 , i.e., for x = " Ztand y = > % we have

[e.9]

ZA
TDy iEwQZ, where z; := z; + y; (mod 2)
For vectors « = (z1,...,xs) and y = (y1, ..., ys) we define the digit-wise addition modulo

2 coordinate-wise, i.e. x®y = (v1 D y1,...,Ts D Ys).

Let o € [0,1)° and let @y, ..., xy_1 € [0,1)°. The digitally shifted point set y,, ..., yn_; €

[0,1)® is then given by y,, = @, ® o for n =0,..., N — 1. This randomization method is
the digital analogue of the shift used for lattice rules.

The point set which we consider in this paper are digital nets over Zs, which are
randomly shifted by a digital shift, with the shift o i.i.d. in [0,1)%, and then folded using
the tent transformation. More precisely, let xq,...,xom_1 be a digital net over Z, and
o € [0,1)® be an ii.d. random number then the randomly digitally shifted and then
folded point set is given by

Y, =6(x,do) forn=0,...,2"—1,
where ¢(x, @ o) = (¢p(z1, D 01),...,0(Ts, P 05)).

bt



2.4 Walsh functions

In this section we introduce Walsh functions, which will be the main tool in our analysis.
Again we confine ourselves to base 2 (for more information see [1], [19]). In the following
let Ny denote the set of non-negative integers.

Definition 3 For a non-negative integer k with base 2 representation
k=Ko 12" 4+ 4 K12 + Ko,

with k; € {0,1}, we define the Walsh function waly, : [0,1) — {—1,1} by
walg (1) 1= (—1)%rrottraka—1

x1 Z2

for € [0,1) with base 2 representation r = % + %3 + --- (unique in the sense that
infinitely many of the x; must be zero).

Definition 4 For dimension s > 2, xq,...,z5 € [0,1) and ky,..., ks € Ny we define
Walkl ..... ks - [O, 1)5 Ea— {—1, 1} by
walg, g (21, ..., %) 1= Hwalkj(:pj).
j=1
For vectors k = (ki,...,ks) € Nj and © = (xq,...,x,) € [0,1)° we write

walg(x) = waly, g (21,...,2).

We call z € [0,1) a dyadic rational if 2 can be represented by a finite base 2 expansion.
In the following proposition we summarize some basic properties of Walsh functions.

Proposition 1 1. Forallk,l € Ny and all x,y € [0, 1), with the restriction that if x,y
are not dyadic rationals then x @ y is not allowed to be a dyadic rational, we have

walg(x) - waly(x) = walgg (), walg(x) - walg(y) = walg(z @ y).

2. We have . )
/ walp(z)dz =1 and / walg(z)dx =0 if k > 0.
0 0

3. For all k,1 € N we have the following orthogonality properties:

(1 ifk=1,
/[07”5 waly(@)waly(@) da = { 0  otherwise.

4. For any h € L5([0,1)%) and any o € [0,1)* we have

/ h(z)dx = / h(x ® o) d.
[0,1)* [0,1)

5. For any integer s > 1 the system {walg, _x. : ki,...,ks > 0} is a complete or-
thonormal system in Lo([0,1)*).



Proof. The proofs of 1.-3. are straightforward. For item 4. see [1, Lemma 1] and for item
5. see [1]. O

The following lemma will be very useful for our investigation. A proof of this result
can be found in [3, 4, 15].

Lemma 2 Let {x,...,xom_1} be a digital (t,m, s)-net over Zy generated by the m X m
matrices C1,...,Cs over Zs. Then for all integers 0 < ky,..., ks < 2™ we have
— 2 if Oy 4+ CT ke =
1 n) = :
; walks, ., (®n) { 0 otherwzse,

where for 0 < k < 2™ with k = ko + K12+ -+ -+ Km_12™"1 we write k= (Kgy -y Km_1) €
75" and O denotes the zero vector in Z5'.

3 Worst-case error in reproducing kernel Hilbert spaces
using randomly shifted and then folded point sets

In general we are interested in approximating the integrals of functions A from a repro-
ducing kernel Hilbert space H,

Is(h):/[oush(a:)daz.

We approximate the integral I;(h) by QMC algorithms, which are equal weight quadrature
rules of the form

| V-l
QN,S( ) = N - h<wn)7 (2)
with a deterministically chosen point set Py = {xo,...,zy_1} C [0, 1]%.

The worst-case error of a QMC rule @)y s for integration in the space H with repro-
ducing kernel K and norm || - || is defined by

e(Py,K):= sup |I(h) - Qns(h)l,
heH,||h|<1
and the initial error is
eps = sup |Is(h)|
heH,|[h||<1

It is known that (see for example [17]) the worst-case error for multivariate integration
in a reproducing kernel Hilbert space with reproducing kernel K using a point set Py is
given by

A(Py,K) = K(xz,y) d:cdy—— Z K(x y)derNL Z K(z,y). (3)

2
[0,1)2 mEPN [0,1]® x,yc PN

Let Py be a point set consisting of N points in [0, 1]* and let ]3N7,7¢ denote the point
set Py which is first randomized by a digital shift o and then folded component wise by
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¢. Define the mean square worst-case error for integration in a reproducing kernel Hilbert
space with reproducing kernel K by

& 4(Py, K) := E[¢*(Px o4, K)], (4)

where the expectation value is with respect to the random digital shift . Further, for
a reproducing kernel K € L£,([0,1]%*) let the digitally shifted and folded kernel Ky, 4 be
given by

Kao(x,y) = K(p(x @ o),6(y ®o))do,

[0,1]°
where for vectors & € R the tent transformation ¢(x) is defined component wise.
As done by Hickernell in [6] we can apply the random digital shift and the tent trans-
formation to the reproducing kernel and then use (3) to obtain the mean square worst-case
error as shown in the following theorem.

Theorem 1 Let K € L5([0,1]*) be a reproducing kernel, let Py C [0,1]° be a point set

consisting of N points and let Py o 4 be the point set Py first randomized by a digital shift
and then transformed by ¢. Then we have

€§h,¢(PNa K)= 62(PN, Ksh,qb)-

Proof. In order to calculate €3, ,(Py, K) we use (3) and

Ele?(Py.o)] = / ¢?(Py o, K) do.

[0,1]°
Note that for any h € L£5([0, 1]) we have

/0 1 h(¢(z)) dx = /0 1 h(z) dz.

Hence together with Proposition 1 it follows that

/ Kla.y)dwdyds — [ Koz ® o), 6y © 0)) dzdy do
[0,1]¢ J[0,1]2¢ [0,1]¢ J[0,1]2

= / Ksh7¢($, y) dx d’y
[071]23

In the same way, we obtain

2 2
< 2 K(z,y)dydo = / = . K(p(x ®o),y)dydo
[071]3 EGISN o [071]5 [07115 xePn [0,1]3
2
= ¥ Ko o(2,y) dy.
xE Py [0’115
For the right-hand sum in (3) we obtain
1 1
(0.1 *,YePy o o z,ye PN [0.1]
1
= m Z Ksh,(b(w? y)
w,yEPN
The result now follows from (3) and (4). O



The above theorem shows that the mean square worst-case error can be obtained via
(3) and the digitally shifted and folded kernel. We will show a theorem how this kernel
can be calculated using Walsh functions. Before we state this result we introduce the

following function: for k = g + K12 + K222 + - - - denote the sum-of-digits function as
o(k) = Ko+ K1+ Ko+ - --. Further, the following lemma will be required for the promised
result.

Lemma 3 Letk = kg+ K12+ -+ Kkq 1297 with ka1 # 0. Let the base 2 representation
of x € [0,1) be given by x = 5+ 35 +- - - where we assume that z; = 0 for infinitely many
t € N. Further let x. = 1 for some e > a+ 1. Then we have

waly(1 — ) = (=1)"®wal,(z).

Proof. We have
1-— T 1-— Tq

5 5

l—a=
and therefore

walg(l —x) = <_1)Ho(l—m1)+---+na71(1_xa)
(_1)RO+--.+HQ_1<_1>H0‘Tl+"'+l€a—11’a

= (—1>U(k)Walk<SL’)

|

The following theorem is useful for the calculation of the digitally shifted and folded

kernel.

Theorem 2 Let K € L£5([0,1]%%) be a reproducing kernel. Then the digitally shifted and

then folded kernel Kg, 4 is given by

Kano(@,y) =Y Kano(k, k)waly(z)walk(y),

ke&

where &€ = {k = (k1,...,ks) € Nj : o(kj) =0(mod?2) forallj=1,...,s} and

IA(Sh#s(k, k) = / K(z,y)wal |2 (x)wal /2| (y) dz dy
[0,1]* J[0,1]*

with |k/2| = (|k1/2],..., ks/2]) and for k; = Kkjo + 2Kj1 + -

/{j,l +2lij’1 + e

we have |k;/2)|

Remark 1 Note that |k;/2] is independent of &, but the condition o(k;) = 0 (mod 2)

implies that for given k;i,kjo,... there is only one choice for x;o such that o(k;)
0 (mod 2). Further it is obvious that for any choice of x;1, k2, ..

ko € {0,1} such that o(k;) = 0 (mod 2).

Remark 2 Let the digital shift invariant kernel, as defined in [3], be given by

Ksh<w7y) = K(IEEBO’,yEBO') dO',

[0,1]*

. there is exactly one



then we can write

Ka(z,y) = Ka(k, k)waly(z)waly(y),

keN;

where

Ko (k. k) = / K (x, y)waly(z)waly(y) de dy.
[0,1]* J[0,1]*

Let now v(k) = (v(k1),...,v(ks)) € {0,1}* be defined by v(k;) = Kkjo+k;j1+--- (mod 2)
for j = 1,...,s. It then follows from the above theorem that Ky, (k,k) = K.o(2k +
v(k),2k + v(k)) and hence we can write

Ka(z,y) = Y Kas(2k + v(k), 2k + v(k))wali(z)wal,(y).

keN

We can of course also do the opposite and write

Kao@y) = Y Kk k)Walsw e () Walsery ) (y)
keN;

= Y Ka(lk/2], [k/2])walg(z)walk(y).

ke&

Proof. Let Ky(x,y) = K(¢(x),¢(y)). Then as K € L5([0,1]*) it follows that K, €
L5([0,1]?*) and hence by Proposition 1 we can write

Koz, y) = > Y Kok, K)waly(x)waly (y), (5)
keN§ k'eNg
with
Ky(k, k') = / Ky(x, y)walg(z)waly (y) de dy.

[0,1]* J[0,1]*
Note that

/ walg(x @ o)waly (y @ o)doe = walg(x)waly (y) / walg(o)waly (o) do
[071]8 [0,1]5

0 itk £ K, ©
walg(z)waly (y) if k=K.
As Ky, 4(x,y) = f[o,1]s Ky(x®o,ydo)do it follows from Proposition 1, (5) and (6) that
Kool y) = Y Ko(k, k)walk(x)waly(y).

keNg

Hence it remains to show that K,(k, k) = Ky, 4(k, k) for all k € £ and K,(k, k) = 0 for
all k € N3\ €. As

~

R = [ [ K@), o) mal@valu(y) de dy

10



1/2

we can divide each integral from 0 to 1 into + f1/2 Note that ¢(z) = 2z for z € [0,1/2]

and ¢(z) = 2 — 2z for x € [1/2,1] and hence by a transformation of variables we obtain
two integrals from 0 to 1. Doing this we get

/ K(z,y) [ [ Ak, (z;,;) dz dy,
[071]5 [071]5 j:l

where
1 T j Ly ]
Ay, (z,y;) = 1 [W&lkj <5J) walg; <%> + waly; <1 - 5]) waly, <%)

T, T i
vl (2w, (1) 4wl (1 - 2 ) wal, (1 2) ]

To simplify the above expression we use Lemma 3 and obtain for almost all z,y € [0, 1)
that

Ap(z,y)
= i [walk (g) waly (%) (1+ (=1)°®) + waly, (1 - g) walg (1 - Q) (1+ (—l)o(k))]

2
- O (2) wale (2).

As Ap(z,y) = 0if o(k) = 1 (mod?2), Ay(z,y) = waly (%) waly, (%) if o(k) = 0(mod2)

and waly, () = wal|j/2/(2) the result follows. O

In order to obtain a formula for the worst-case error we can now use (3), Theorem 1
and Theorem 2.

Theorem 3 Let K € L5([0,1]**) be a reproducing kernel and let Ky, 4 be the associated
shifted and folded kernel.

1. Let Py C[0,1]° be a point set consisting of N points and let ]5N7,,¢ be the randomly
digitally shifted and then folded version of Py. The mean square worst-case error
in a reproducing kernel Hilbert space with kernel K € L5([0,1]%%) using the point set
ﬁN,o,qb s given by

shqb(PNvK):_ shquO Z Ksh¢$y

z,yePn

2. For the case when Poym is a digital (t,m, s)-net over Zs we obtain

~ A 1
Cang(Pon, K) = =K 6(0,0) + om > Kau(x,0).

iBGPQm

Proof. From Proposition 1 and Theorem 2 follows that f[o s Ksng (2, y) dy = Ka.6(0,0).
Hence the first part follows now from (3). Further, it follows from Proposition 1 and

11



Theorem 2 that for @,y € [0,1)%, where all coordinates of & and y are dyadic rationals,
K o(x,y) = Kgo(x ©y,0). Hence Lemma 1 implies that

Z Ksh¢wy Z Ksh¢ w@y, ): Z Ksh@(ac,O).

x,ycPom x,ycPom € Pom

The second part now follows. O

In the following we will show how the mean square worst-case error in a reproducing
kernel Hilbert space with kernel K using randomly digitally shifted and then folded digital
nets or polynomial lattice rules can be written as a certain sum over Ksh,¢(k, k).

Before we state the result, we have to introduce some notation: for a non-negative
integer k with base 2 representation k = "2 ;2" (note that the sum is in fact finite) we
write

trn (k) = ko + K124 -+ K127
and

trp (k) := (Ko, . .., Km_1) € ZI".

Further we often associate k with the polynomial k(z) = > 7%, k2" and vice versa. In
this case we also write

tr, (k) == ko + K1x + -+ + K™,

Depending on the context it should always be clear which meaning tr,,(k) has. For a
vector k € N§ or k € Zy[z)®, try,(k) is defined component-wise.
For vectors g = (g1, ...,9s) € Zs[x]® and k = (ky, ..., ks) € Zs[x]® we define the “inner

product”
k-g= Z kigi
i=1
and we write ¢ = 0 (mod f) if f divides g in Zy[x].

Theorem 4 Let the set £ be defined as in Theorem 2.

1. Let Py C [0,1]* be a point set consisting of N points and let ﬁNﬂ,qb be the randomly
digitally shifted and then folded version of Py. The mean square worst-case error
in a reproducing kernel Hilbert space with kernel K € L5([0,1]*) using the point set
ZSN,G#, is given by

~ S 1
ezh,¢(PN>K): Z Ksh,qb(k,k)m Z walg(x)walg(y).

kce\{o} z,ycPy

2. For the case when Pom is a digital (t,m,s)-net over Zs with generating matrices
Ci,...,C5 we obtain

So(Pom, K) = Y Kag(k, k),

keDnE

—.

where D = {k € Nj \ {0} : C’thrm(El) +-+ C;rtl"m(lgs) = 0}.

12



3. For the case when Pom is the digital net P(g, f), with f € Zs|x] irreducible and
deg(f) = m and generating vector g, then

(P K) = > Kaylk k),

kEDg fne
where Dg y = {k € Nj \ {0} : tr,,,(k) - g = 0 (mod f)}.

Proof. The first part follows from Theorem 2 and Theorem 3.
For the second part observe that we obtain from Proposition 1 that

22% Z walg(x)walg(y) = 22% Z ( Z Walk(w@y)> .

z,y€Pym yePom x€Pom

Due to the group structure of a digital net, see Lemma 1, each summand in the outermost
sum has the same value and therefore we obtain

1 1 1 ifkeD,
22m Z wali(@)wali(y) = om Z wal(x) :{ 0 otherwise,

z,y€Pym € Pym

where the last equality follows from Lemma 2. Hence the second part of the theorem
follows.

The third part of the theorem follows from the second part together with the fact
that if C4,...,Cs are generating matrices for the point set P(g, f), then for any k =
(k1,...,ks) € N§\ {0} we have

Cltrm(ky) 4+ -+ Cltry (k) =0 iff  tr,(k) - g = 0 (mod f).

This was first proved in [10, Lemma 4.40]. Hence also the third part follows. a

4 'The mean square worst-case error in weighted Sobolev
spaces

Before we consider the Sobolev spaces we introduce some notation. Let S = {1,...,s}
be the set of coordinate indices. For u C S, let |u| denote the cardinality of u and let
x,, denote the vector of elements of * whose coordinate indices are contained in u. For a
sequence v = (71,79, - . .) of non-negative integers (the so-called weights) let v, = [ |
(see [17] for more information on the weights).

First let us consider the reproducing kernel Sobolev space which contains functions
where the first partial derivatives of order up to one are square integrable. The norm in
this space is given by

JjEuU Vi

alulp, 2
Ihlf? = / [ / Qx| dn.
uCs ”Yu 0,1]1ul [0,1]5—ul awu

This space has previously been considered in [2] and [3]. Therein it was shown that
randomly digitally shifted digital nets achieve a convergence order of N ~'*¢ for any € > 0.

13



Further it is known that this convergence rate is best possible. Hence it cannot be expected
that using the tent transformation can significantly improve the result. On the other hand
it is also important to know if using the tent transformation yields a slower convergence.
That this is not the case can be checked using Theorem 2, Theorem 4 and Remark 2.
Indeed, if one uses randomly digitally shifted and then folded point sets instead of just
randomly digitally shifted point sets one can obtain almost the same results as shown in
[2] and [3]. A similar result holds also for lattice rules as shown in [6].

Hence in the following we turn our attention to the Sobolev space Hj ., for which
we require a stronger smoothness assumption. More precisely, we now assume that the
partial derivatives up to order two have to be square integrable. This space is now defined
by (see also [6])

Hs,’)’ = {h : ”hH < 00}7

where )

plul+el,
I = / U o das,| da.,
ucsucu7%7v 1] LJjo,1:- 11 0202,

The reproducing kernel of this Sobolev space is given by

Ky(z,y) H (25, 5),

where

K 2,) = 1+ 9B2(2)Bu(y) + L Ba(w)Baly) — L Balle — ). )

Here By, denotes the k-th Bernoulli polynomial, i.e., By(z) = x — 3, By(x) = 2> — 2z + ¢
and By(z) = a* — 22° + 27 — 5.

For this reproducing kernel it is shown in Appendix A that the digitally shifted and
then folded kernel is given by

Kineno(@,y) = > r(k,v)waly(x)walg(y), (8)

keNg

where for k = (ki,..., k) € N§, v(k,v) = [[;_, r(kj,v;) and r(k,v) = 0 if o(k) =
1 (mod 2) and for o(k) = 0 (mod 2) we define

1 if k=0,
r(k,y) = “%jmgw if b =27+ 1 witha > 1, |
if k=2"+2 41, where 1 <j<aand 0 <[ <2
with o(l) = 0 (mod 2).

o
12-22(a+7) + 20- 24a

Note that r(k,~y) is zero for k € N§ \ &, hence in (8) we can also sum over all k in N§
rather than £.

Using this result and Theorem 4 we can obtain a formula for the mean square worst-
case error in Hy  for randomly digitally shifted and then folded point sets. One just has
to set Ky o(k, k) = [[;-, 7(kj,7;) in Theorem 4 to obtain the mean square worst-case
error in the space H,~. In the following we will prove some existence results for digital
nets and polynomial lattice rules.

14



4.1 An existence result for digital nets

Let M,, be the set of all m x m matrices with entries in {0, 1} and let C := {(C4,...,Cs) :
C; € M, for j=1,...,s}, (note that |C| = 2"°%). Then we define

A2m,s,)\ = 277]1_28 Z Z r (9)

C1yeey CS)EC keD

In the following lemma we obtain a bound on Agm g ».

Lemma 4 Fori < A <1 we have

9 s
AQm .5, )\ _m H 1 + ’}/]2'>\7')\ + ’Y‘;\C)\),

where
1

G = 22X(222 — 1)

and

3*+20A+80A+ 3 + 5% + 20°
9607 (16* — 1) ' 60*(2 — 3 - 16* + 256*)°

™ =

Proof. As in [3, Proof of Lemma 4] we find that

1 1
Agm gy = —1+ (1 — 2—m> Z 2™ ) + om Z (1, 7)

leNg IEN;
Afom A
< LD @A) gy D)
leNg IENS
- T (S - 1T (S )
j=1 \i=0 j=1 \\i=0

s 00 s 72)\ 72)\
-1+]] (ZTA(T”Z,%‘)) < -1+]] (1 + 24§mn> = > ]I St T

Jj=1

S 2mH1+7J 7—)‘

Therefore, with Lemma 8 from Appendix C and since 7, < 7, we obtain

s

Apran < oo H L9770 + o [T 4975 +970)

j=1

< 2—m H(1 +97 7 +770)
=1
and hence the result follows. O
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Remark 3 The restriction A > 1/4 in the lemma above is needed as otherwise Y _,° 7*(,7)
is not finite anymore.

Remark 4 In Appendix A we also calculated the Walsh coefficients of the shift invariant
kernel K . It can be shown that if one replaces r(k,~) in (9), (10), (11), Lemma 4,

Lemma 5 and Lemma 6 with K~ (k, k) we can obtain a similar result to Lemma 4,

Lemma 5 and Lemma 6 only for % < A < 1. Hence in the existence results above we

would only obtain a convergence rate of @(2"™(~1%9)) for any ¢ > 0.

From the average result obtained above we can now obtain an existence result for
digital nets. We will make use of Jensen’s inequality, which states that for any sequence
of non-negative real numbers (ay)r>; and any 0 < A < 1 we have

A
(Z ak> < Z ag.
k k
We have the following theorem.

Theorem 5 There exists a digital (t,m, s)-net Pom over Zo such that for any i <A<1
the mean square worst-case error is bounded by

~9 —m/\
€2 (Pamy K y) < € qn27",
where

Csy\ 1= 21/2 H(l + VJZATA + ?’?Q)U’\-
7j=1

Here 1\ and () are defined as in Lemma 4.

Proof. Let eg, 4(C1, ..., Cs) = €snp(Pom, K ), where Pom is the digital net generated by
the matrices C,...,Cs. Then for any 0 < A < 1 there exists a choice of C1, ..., C’ such
that

. 1 .
e b C) < o Y @0 ).

(Ch,...Cs)EC

From Jensen’s inequality it now follows that

1 I 1
D IR FCRRARILE S SR R
(C1,..,Cs)eC (C1,...,Cs)eC keD
The result now follows from Lemma 4. O

Theorem 5 shows that there exists a randomly digitally shifted digital net which is then
folded using the tent transformation which achieves a convergence order of O(2m(~%+9))
for any e > 0. A comparable result holds for lattice rules, see [6]. For digital nets explicit
constructions do exist [10, 12, 13] (in contrast to lattice rules), but at present it is not
clear if those constructions in conjunction with the tent transformation can yield such a
convergence.

Further, Remark 4 implies that the arguments used above would not yield a conver-
gence order of O(2™(=2+9) for any & > 0 if one uses only a random digital shift but not

the tent transformation. Instead the argument would only yield a convergence order of
O(2m=1+9) for any £ > 0.
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4.2 An existence result for polynomial lattice rules

On the other hand we can show that a similar result as for the average over all digital nets
holds for the average over all digital nets P(g, f), where f is an irreducible polynomial.
Note that the number of digital nets of the form P(g, f) is (2™ —1)®, whereas the number
of all digital nets is 2m*s which is of course much larger.

By G,, we denote the set consisting of all nonzero polynomials from Z,[z] with degree
smaller than m, i.e.,

G = {h € Zy[x] \ {0} : deg(h) < m}.
For a polynomial f € Zs[x] we define

Mor = gy o 2 P(k) (10

geGm keDg,,f

Lemma 5 Let [ € Zy[z] be irreducible with deg(f) = m. For * < X\ <1 we have

s

n 3 2 A
Apsr < oo H1(1 + 9T+ 7500,
]:

where Ty and \ are defined as in Lemma 4.

Proof. We have

~ 1
Apor = 7(27% BEE Z ™k, ) Z 1.

g€GHy
k#0 trm (k)-g=0 ( mod f)

Now we consider two cases:

1. If k = 2™l with | € Zy[x]*, Il # 0, then we have tr,,(k) = 0 and therefore

> 1=(2"—1)°

geGy,
trm (k)-g=0 ( mod f)

2. If k = 2™ + k™ with 1 € Zy[z]® and k™ = (kf,...,kY) € Zy[z]°, k* # 0 and
deg(ky) < m. Then we have tr,,(k) = k™ and hence

> 1= ) 1

geGS, 9EGT,
trm (k)-g=0 ( mod f) k*-g=0( mod f)

If k*=(0,...,0,k5,0,...,0) with &F # 0 then there is no polynomial g; € G,, such
that k* - g = kfg; = 0 (mod f), since f is irreducible. Otherwise we have

o= m-1)

geGH,
k*.-g=0( mod f)

17



Together we obtain

A\LS,)\ S Z (2ml,’)’

=D Y TEMAELY)

1€2y[a]® zezg [z]5 k*€Zy[e]®\{0}
1#0 deg(k*)<m Vi
2
Afom A
< L) @A) g Y (k).
leNg keNg
Now the result follows as in the proof of Lemma 4. O

Theorem 6 Let f € Zs[x] be irreducible with deg(f) = m > 1. Then there exists a vector
g € G, such that for any i < A <1 the mean square worst-case error is bounded by

Eo(P(g. ), Ksmy) < Coqn2 ™,

where

Comp = 312 H(l + P+ 00T
j=1
Here 7\ and () are defined as in Lemma 4.

Proof. The result is proved in the same way as Theorem 5 with Lemma 4 replaced by
Lemma 5. O

4.3 A component-by-component construction of polynomial lat-
tice rules

In this subsection we show, how digital nets of the form P(g, f) for which we obtain a
bound for the mean square worst-case error as in Theorem 6 can be found by computer
search.

Algorithm 1 Given a dimension s, an integer m > 1 and weights v = (7;)j>1-
1. Choose an irreducible polynomial f € Zo[x] with deg(p) = m.
2. Set g7 = 1.

3. Ford=2,3,...,s, find g; € G, by minimizing the square worst-case error
/e\gh,q&(P((giku s 7g2717 gd>7 f)a Ks,'y)
as a function in gq.

Theorem 7 Let f € Zs[z] be irreducible, with deg(f) = m € N. Suppose that (g7, ..., ) €
G2 is constructed according to Algorithm 1. Then for alld =1,2,...,s we have

/e\sh,¢>(P((gik7 s 792)7 f)7 Kd,'y) S /C\d7—77)\2_m/)\’
where )
Comgpr 1= 2172 H(l T+ O,
j=1

and where i < A< 1. Here 1y and ( are defined as in Lemma 4.

Proof. The proof of this result follows exactly the lines of the proof of [2, Theorem 4.4].
O
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4.4 An existence result for Korobov polynomial lattice rules

Let now

A\ﬁ&)\ = 5 (11)

9€Gm kEDy (g, f

where for g € G,,, we use the notation v,(g) = (1,9, 9% ...,¢°') (mod f). Note that this
corresponds to averaging over all polynomial lattice rules of Korobov form, see [2] where
similar calculations have been carried out.

Lemma 6 Let [ € Zy|x| be irreducible with deg(f) =m > 1. For + <X <1 we have

s

— [+ + 90,

j=1

2s —1

Af,s )\ =

where T\ and () are defined as in Lemma 4.

Proof. As in the proof of Lemma 5 we obtain

I DR AC LR D DD DN EY 0 B SRS

leZy[x]® lE€Zs[x]® k*€ly[z]*\{0} geGs,
1#0 deg(k*)<m Vi vs(g)-k*=0( mod f)

Now we recall that for an irreducible polynomial f € Zj|x], with deg(f) =m > 1, and a
nonzero (hi, ..., hs) € Zs[x]® with deg(h;) <m, i =1,...,s, the congruence

hi+4 hog+ -+ heg® ' =0 (mod f)

has at most s — 1 solutions g € GG,,. Therefore

I A(om s—1 A
Afs)\ < _1+ZT (2 l77)+2m_1 ZT(k,’Y)
leNg keNg
Now the result follows as in the proof of Lemma 4. O

Again we can obtain an existence result from the above lemma.

Theorem 8 Let [ € Zs[z] be irreducible with deg(f) = m > 1. Then there exists a
polynomial g € G,, such that for any i < A < 1 the mean square worst-case error is

bounded by R
E(P(vs(9): f), Kom) S Cyn2™™,

where \
Comr = (25 = P T[A 4477 + 700
Here 7\ and () are defined as in Lemma 4.

Proof. The result is proved in the same way as Theorem 5 with Lemma 4 replaced by
Lemma 6. O
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A polynomial ¢g* for which we obtain a bound for the mean square worst-case error as
in Theorem 8 can be found by the following Algorithm 2.

Algorithm 2 Given a dimension s > 2, an integer m > 1 and weights v = (7;);j>1-
1. Choose an irreducible polynomial f € Zs[x] with deg(f) = m.

2. Find g* € G, by minimizing the square worst-case error

53h,¢(P(Us(9)> f)> Ks,'y)

as a function in g.

5 Numerical experiments

In Lemma 7 in Appendix B we gave a closed form of the digitally shifted and folded kernel
K sh¢. This result can be used in conjunction with Theorem 3 to obtain a closed form
of the mean square worst-case error, which can be used as a quality measure for choosing
good polynomial lattice rules. As noted in Remark 5 ey, 4(Pom, K ) can be computed in
O(s2™m) operations for digital nets or polynomial lattice rules. Hence this formula can
be used in a component-by-component (Algorithm 1) or Korobov construction algorithm
(Algorithm 2). A similar approach has previously been used in [2].

In the following we present the results for a component-by-component construction of
polynomial lattice rules, more precisely we compute the mean square worst case errors for
different values of m (2™ integration nodes) and s. The choice of irreducible polynomials
fm needed in Algorithm 1 for each m is shown in the following table:

m|1 2 3 4 5 6 7 8 9 10 11 12 13
fm |3 7 11 25 47 103 203 487 865 1933 2881 (923 15847

Here, 3 denotes the polynomial 1 + x, 7 the polynomial 1 + z + 2% and so on.
For our computation we fix weights 71,72, ... and compute

/e\(Pm,sa fma Ks,w)a

where P, ; is the point set corresponding to the polynomial lattice rule we obtain from
the component-by-component construction. On the z-axis we plotted m while the y-axis
shows the logarithm to the base 10 of €(P,, s, fm, Ks~). As a benchmark we also include
a solid line which corresponds to convergence at the speed of N=2 = 272m,

Figure 1 shows the results for 7; = j72. We see that for moderate dimensions the
error sticks to quadratic convergence. For higher dimensions it takes higher values of
m to actually see near quadratic convergence behaviour, but it still can be observed for
practical values of m. Notice that due to the fast decreasing weights the difference in the
error between s = 16 and s = 32 is quite small.

The same observations can be made for the weights v; = 0.5, Figure 2. Here even
the difference in the error between s = 5 and s = 16 is almost negligible for practical
purposes.

On the other hand it is not surprising that in the case where v; = 1 for all 7, i.e.,
when all coordinates are equally important, the curse of dimensionality takes over and
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Error for square weights
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Figure 1: Root mean square worst case errors for ; = G)

so the quadratic convergence for higher dimensions will be seen for very large values of
m only. But still for dimension s = 5 we obtain a practically useful integration method.
The results are shown in Figure 3.

It is instructive to compare the results for the folded points with the classical case. In
Figure 4 we see that — in accordance with theory — the error of the non-folded point-set
decreases like N=!. We see that the method is less sensitive to increasing dimensionality
and the graphs for s = 5 and s = 16 can hardly be distinguished in that case. But still
the folded points for s = 32 do much better than the non-folded points.

Appendix A: Calculation of the shift invariant ker-
nel K,.q and the digitally shifted and folded kernel

K87’77Sh7¢

Here we compute the shift invariant kernel K~ ¢ (2, y) for the reproducing kernel

K5z, y) H ,(@5,95),

where K (z,y) is given by (7). We have

Ksya(z,y) = / Ki(x®o,ydo)do
[0,1]¢

s ol
= H/o K, (r; ®o,y; ®o)do.
j=1
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Error for power weights, alpha = 0.5
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Figure 2: Root mean square worst case errors for v; = (O.5)j

Hence it suffices to deal only with the one dimensional kernels. We only need to calculate
the Walsh coefficients

1,1
K., sn(k, k) :/ / K, (2, y)wal,(z)wal,(y) dr dy. (12)
o Jo

First note that it is stated in Proposition 1 that

1 1 i
1 ifk=0,
/0 /0 waly (z)walg(y) dz dy = { 0 otherwise.

It was shown in [3] that
ERR Z Lol (13)

and as By(x) = x — 3 we have

A if k=201

/01 /01 By () By (y)wal, (x)waly(y) de dy = { 5 Othe;Wise. ’ (14)

We have By(z) =a? —x 4 + = (2 — %)2 — & and thus

[c S Ne o]

1
By(z) = ——+ZZZ a+]wa12a 1(z)walyi—1 (2)

a=1 j=1

12
1 11 1
Y Y )
a=1

j=1 a=j+1

[e.9]

Z Z 2a+jwa12a 1495— 1(.T)

a=j+1

l\DI»—t
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Error for weights equal to 1
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Figure 3: Root mean square worst case errors for v; =1

which yields

1 opl 1 - a1 | 9j—1 .
o HE=274 2 for 1< <a—1,

/0 /0 By () By (y)walg (z)waly(y) de dy = { 0 otherwise.
(15)

It remains to deal with By(|z — y|). For j € {0,2,3,4} define

11
I;(k) := / / |z — y[!waly(x)waly,(y) dz dy.
o Jo

Then we have

/0 / Bl — ylywal(y)wali(y) o dy = LK) — 205() + B(k) — - To(k). (16)

It now follows from Proposition 1 that

1 itk=o0,
fo(k) = { 0 otherwise.

Note that for 5 even we do not need the to take the absolute value in the definition of
I;(k) and hence we can use equation (13). First note that fol fol (x —y)?dedy = 5. We
have

@9 = 3 (Z%[walza-w:c) —Walza—l(y)]>

Z Z 2a1+j [walga—1 () — walga—1(y)][walyi-1(x) — walg;-1(y)].

a=1 j=1

e~ =

Observe that for £ € N we have that
1
/ / [walga—1(z) — walga—1(y)][walyi-1(x) — walg;—1 (y)]waly (z)walg(y) dz dy
o Jo
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Error for square weights, folded and non-folded
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Figure 4: Root mean square worst case errors for ; = (%)2, folded and non-folded

is zero if a # j. If on the other hand a = j and k = 297! the above integral yields —2 and
for k # 297! the above integral is zero. Hence we obtain

% if k=0,
Lk)y=¢ —5&% ifk=2""1
0 otherwise.

For j = 4 we can use the same method. Note that fol fol(x —y)tdedy = 1—15 Further
we have

-y = o (Z elwalaens () - Walza—l(y)]>

=1
4

- Z Z Z Z 2a1+a2+a3+a4 H[WaIZ“i*(w) - Wal2“r1(?/)]- (17)

a1 1lazs=1a3=1a4=1 i=1

For &k € N we need to consider

/ / wa12a —1(z) — walye;—1 (y)walg (z)walg (y) de dy. (18)

It follows from the orthogonality properties of the Walsh function system (see Proposi-
tion 1) that only if k is of the form k = 2% or k = 271 + 2971 1 < j < a, the above
integral is not zero. In order to obtain a non-zero value of (18) for k = 297! for some
a > 1 we must have a;, = a;, = a for some 1 < iy < iy <4 and for i3 € {1,2,3,4}\ {i1,i2}
and iy € {1,2,3,4} \ {i1, 42,43} we must have a;, = a;, such that (18) becomes

1 1
— / / walgay -1 (1) Walgay—1 (V) Walyas—1 (2) walges—1 (2)waly (x)waly (v) dz dy,
o Jo

where z stands either for x or for y and we either have u = x and v = y or u = y and
v = z. Note that walye-1(2)Walye-1(2) = 1 as a3 = ay4. Further there are (3) ways to
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choose the values of i1,75. An exception is the case where a;, = a;, = a;; = a;, = a. In
this case we have only (é) ways to choose walga—1 (u)walya—1(v)walga—1 (v)walga—1(v). Hence
the value of I4(k) for k = 2°7! is given by

1 1 4\ < 1 8 1 (24 X 1 16
(2N =—-— ] _-—92.2 L -
4( ) 16 a+a (2) SZ_I 92a3 + 9a+a+tata 16 (22a Zl 92a3 24a>
ag= az=
agz#a

and hence we have ] ]

240~ .44
If k =271 +2/7! for 1 < j < a we have must have a;, = a;, = a and a;; = a;, = j for
some i1, 9,13, 14 such that {iq,4s,143,74} = {1,2, 3,4} and (18) must become

I <2a 1)

1l
/ / walya; —1 (u)wWalyas—1 (V) Walgag—1 (w)walye,—1 (2) waly (z)walg (y) dz dy,
o Jo

where now either u = x and v = y or v = y and v = z and further w = x and z = y or
w =y and z = x. Hence the value of I,(k) for k = 2°71 + 2971 1 < j < qa, is then given

by
1 1 4 3
———2.2 = -
16 2a1+az+as+as 2 2. 4a+]

](2a 1+2] 1)

Hence we have

i if k =0,

P e

! a 24++] ifk}:2a71+2j*1 Wlth1§]<a’
0 otherwise.

It remains to calculate I3(k). It can easily be checked that I3(0) = .
+ ko with k,_1 = 1. We have

11
/ / lz — y|3waly(x)waly(y) dz dy

k= ﬁa_12“’1 —+ lia_22a72 + -

I(k) =

20-12%—1

5 For k£ > 1 let

(u+1)/2%  p(v+1)/2¢
_ Z Z )0 (tta—1+va1) 4 a1 (uo-+vo) / / |z — y|*dz dy,

u=0 v=0

where u = u, 12471 4 ---

/2% /2%

+ up and v analogously.

For 0 < wu,v < 2% it can be shown that

(ut1)/2%  p(v+1)/2% _1_
/ / S
/20 /20 %a [‘“

Thus we have

if u=w,
—v\?’—l—@} if u # v.

10-25a

20 -1 20 _1
I (k) = Ho(ua—1+va—1)+---+lia_1(uo+v0) |u — U|
(k) Z 10 - 25a - ZO 5 9%
uFv
20 -1 |u _ U|3
+ Z (_l)ﬁo(ua71+va71)+"'+ﬁa71(u0+vo) S (19)
u,v=0
uF v
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For the first sum we have Ziaz_ol 10.125(1 = 10.%. A sum very similar to the second sum
was calculated in [3, Appendix A], we have

201
Z (_1)"@0(uafl+'Ua71)+"'+"§a71(u0+7)0) |u — U| - 1 )
—= 2. 95a 9 . 24a
uFv
Now we simplify the third sum. We have
2¢—1 3
Z (_l)ﬁo(uafl‘f'vafl)‘f""+Ha71(UO+UO) ‘u — U‘
w,u=0 200
v
9 20-2 291
_ ﬁ Z Z (U . u)g(_1)’@0(Ua71+va71)+"'+ﬁa71(u0+UO)'
u=0 v=u+1

Let now u = u' + uy and v = v’ + vy with ug, vy € {0, 1} and «', v’ even. Further let

O(u,v) = (v — u)3(_1)HO(Ua—l‘f’Ua—l)‘i’""i’/’va—l(UO+UO).

Let v > «/, then we have

1 1

up=0 vg=0
For v/ = ' we have vy = 1 and uy = 0 as v > u and (—1)r0(ta—1Fva—1)FFra—1(uotvo) —
as Kg—1 = land u; =v; fori =1,...,a — 1. Hence
209 201
Z Z (v — 1)3(—1)Fo(ta1vam1)++Rai (uo-+v0)
u=0 v=u-+1
204 202

_ _2071 —6 Z Z (Ul . u/)(_1)“0(“(1—14”051—1)+"'+Ha—2(u1+vl).

uw'=0 v/'=u'+2
2|u’ 2|v!

We have to distinguish two cases now, namely where kg = -+ = k4,2 = 0, i.e.
k = 2°"' and where this is not the case. If £ = 2! we have

202 201 ga—1_9 ga—1_1

Z Z (U _ u)g(_1)HO(Ua71+Ua71)+"'+Ha—1(uo+’l}0) — _9a1_ 19 Z Z (U, . u/)

u=0 v=u-+1 u'=0 v'=u'+1
_ 2&—1 _ 23a—2'
Thus we have
1 1 1 1 3 1
1527 = — - — = - :
2 =g 2l Tl 3igm 5w 2.am
Let now 0 < j < a — 1 be the largest number such that x;,_1 = 1, i.e., k = 201 4

27—l 4 /-fj_22j*2 + --++ Kg. Then we have

2¢-2 29—1

ST D (o (e b )

u=0 v=u+1

2¢—4 29-2

— _20,71 _ 6 Z Z (’U/ _ ul)(_1)Ro(ua_1+va_1)+---+lij71(Ua7j+va,j)' (20)

u'=0 v/'=u'+2
2|u! 2|0/
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The last double sum can be written as

20—4 20-2

Z Z (,U/_u/>(_1)HO(Ua—l‘H)a—l)‘i’“"Hfjfl(Uafj‘i’vafj)

20,71_2 20,71_1

— 9 Z Z (m_n)(_1)’@0(na72+ma72)+"'+ﬁj—1(na—j—l"l‘ma—j—l)’ (21)

n=0 m=n+1

where m = m,_22°72 4+ - +mg and n analogously. Let m’ = m, 22972+ 4+m,_;2°7J,
m’ =mg_; 92" 2 4 mg, 0 =102 4 - 427 and 0" = n,_j 029772 +
-+ ngp.

First consider the case where m’ > n’. We have

1 1

1 1
— 9ga—j-1 E E (mafjfl _ na7j71>(_1)Ho(na—2+ma—2)+“'+/€j—1(nafjfl‘f’mafjfl)

I
e

Thus we are left with the case where m’ = n’. Note that in this case

(_1)“0(na—2+ma—2)+“'+/€j—1(nafjfl‘f’mafjfl) — (_1)na7j71+ma7j71

as w;_1 = 1. Thus the double sum (21) is independent of m’ = n' and is equal to

2e—j—l_120—3-1_1

1 1
2270 3T YT YT Y (27 T (g1 ) (1) e e

Ng—j—1=0mg_;_1=0 n”"=0 m/'=0
(22)
where we have the additional assumption that m,_; 127~ +m” > n,_; ,2°7971 4+ n".
First consider the case where m,_;_1 = 1 and n,_;_1 = 0, then this part of (22) is

20-j-l_120-j-1

2 3 @ e ) = e,

n/'=0 m/'=0

Now consider the case where m,_;_; = n,—;_;. In this case we have the assumption that
m” > n" and hence this part of (22) is

ga—j—1l_g9ga—j—1_1 1 1
9. 2]‘ "m0y 2j+1 _23(a—j) o _2a—j )

Thus (21) is given by

a—j 3(a—j
—igdla=i=1) 4 git1 <i23(aj) _ izaj) _ o <2 il J>) |

48 12 6 12
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Using (19), (20), (21) and the above sum we obtain that for k = 2971 + 2071 4k, 52972 4
-+ + Ko we have

1 1 2 - /20-3  23(am)) 3 1
L(k) = — 2071 _ 6.2 = .
oh) = g m ~ 3o gm %a( ( 6 12 )) 5.0 | 92t

Thus we have

= if k=0,
Lik) =% =% — 59= if k=201,

St gy Hh=2"14 20 4k PP Ry with1 < j<a—1.

From (16) it now follows that

/01 /01 By(|x — yl)waly(y)waly(y) dz dy

0 it k=0,
— o= if k=2"witha>1,
= — e — b if k=291 42" where 1 < j < a,

5.24a 2.22(a+j) ) )
6 2 ifk;:2“_1+2J_1+/<;j,22j_2+~-~+/-€0Where1§j<a

and k; = 1 for some 0 <17 < j — 2.

T 5.29a T 2(aty)

Using the above result together with (7), (12), (14) and (15) we obtain

1 if k =0,
S v 2
K., (k. k) = ﬁ%jqﬁﬁz if k =201 with a > 1,

12.23{,”]) + 55 24a if k=201 4207 4 k; 92972 4. 4 ko where 1 < j < a.

Note that the case k = 2971 + 2071 4+ k; 52772 4 ... + kg in the equation for K2 «n also

includes the case where k = 201 4 271,
Thus we have

K77Sh(w, y) = H Kfyj,sh(xj7 y])7
j=1

where
o0

K, sn(z,y) = Z n(k, k)waly(x)walg(y).

k=0

We are now ready to calculate KVj,sh,qb using Remark 2. First note that f(yj,shy(b(k, k)=
0 if o(k) = 1(mod2). From Remark 2 we have that K’yj7sh’¢(2k + v(k), 2k + v(k)) =
[A(%.,Sh(k, k) and hence we have

1 if k=0,
ZLVQ_J'QGJFWQ if k=2%+1witha>1,

K, ok, k) = 27, _ , ,
K ooty + g k=242 4k 127 4k where 1 < j <a
and kj_1 + - - + ko = 0 (mod 2).

(23)
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Thus we have

Ky ons(2, y) H ssho (T, Y5), (24)

where -
'yJ shqb x ?/ ZT k: 7] Walk )Walk(y)7 (25)

k=0

where, for simplicity, we define 7(k,7) = K- s.(k, k).

Appendix B: Simplification of the digitally shifted and
folded kernel K, g, ,

In this section we prove a closed form of the digitally shifted and folded kernel K, 4, 4. As
can be seen from (24) it is enough to consider the one dimensional case, indeed we only
need to find a closed form of (25). We split up the sum in (25) into three parts according
0 (23), namely, k = 0, k of the form 2%+ 1 and k of the form 2%+ 27 + x; 12771 4+ - - 4 K,
where kg + -+ + K£j—1 = 0(mod2). For k = 0 we have waly(x)waly(y) = 1, hence this
part gives 1.

Now we consider k = 2 + 1 where we sum over all @ > 1. Let v = 3 + 33 +--- and
y analogously. Then we have walsa(x)walsaq(y) = (— 1)”Cl+yl+”“1+1+ya+1 and hence

Z o (27 41,27 + 1)walgey () walga 4 (y) (26)

00 2
= /'}/ ’y Ta Y
= (-1) 141 Z (4.;% + 120.]2%) (—1) +14Yat1

a=1
1 =1 1 4 1
_ (—1 ity | 2 . 2 -1 ity | - % i
%=1 12 Z_; e | T 1800 15 z_; Dia
Ta#Ya Ta#Ya

We consider the third part where k = 2%+ 27 + k; 12771 + .- 4 Ky with 1 < j < a
and ko + -+ + k;—1 = 0 (mod 2). We have

oo a—1 271
230 3 Roanel@ P k24D Rwaliessa{)walanssa(y)
a=2 j=1 =

o(k)= O( mod 2)

oo a—1 27 1 9 5
Y5 Y; - . _
= Z Z <12 . 2;(a+]’) —+ 20 '324(1) (—1) a+1tYa+1+ J+1+y1+1walk(x)walk(y)

o(k)=0( mod 2)

S a—1 2 2 271
. o . Y; Y
— Z(_l) at+1H+Ya+1 Z(_1> 1Y+ (12 ‘ 2;((1“) + 50 'J24a) Z waly, (z)walg(y).

a=2 7j=1 k=0
o(k)=0( mod 2)

(27)
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First observe that

271 1
Z waly (z)wal,(y) = Z (—1)ro@ityn) L (1)1 @ty)
k=0 KQyeney Iij71:0

o (k)=0(mod 2) N0+"'+H]’,1£0(mod 2)

27=1 if either 2; = y; foralli = 1,..., 7,
= orx; #y; foralli=1,... 7,
0 otherwise.

If 1 = 1 then let iy be the smallest integer such that z;, # y;, and if 21 # y; then let
ip be the smallest integer such that z;, = y;,. Hence iy > 2. Then we can write (27) as

9] min(a—1,i0—1)
1 1 ,
2 _1\%a+11Ya _1\%j+11Y; j—1
Vj ZQ( 1)%a+1tva+1 Zl (—1)%+1 v (12 2@ + 20.2%) 2
a= j=
2 o0 Za . min(a—1,ig—1)
_ ’Y_] (—1) +1+tYa+1 Z 2j(_1)1‘j+1+yj+1
40 g 24a o

(_l)ma+1+ya+1 min(a—1,50—1) (_1):vj+1+yj+1

+2—ZT > g (28)

a=2 J=1

We have for a < iy that me(a Lio—1) 27 (—=1)%+1H0i41 = (—1)=1tw Z;:i 2 = (=1)=1tvi(20—

2) and for a > iy we have me a=Lio—1) 27 (—1)%+1tuiet = (—1)5’31”1(2;‘);12 27 — 1) =
—(—=1)**¥12. Hence we have

min(a—1,ig—1)

OO $a+1+ya+1
I D (S
a=2 j=1
io—1 e’
. ( 1):va+1+ya+1 _ 2 ma+1+ya+1
= (-1 ( i )y E
a=2 a=1ig
1 992 120 =1 > 1
= — - _ _9(—1)"1ty — —9 —
05 152w 7. 27U — 2ia Z 2%
a0 Ia+1¢@?a+1
1 992 120 32 =1
- _ — — (=1)xtwm — — 64 — 29
105+15-24m 7 - 23i0 (=1) 15 - 2%o _Zoﬂ 24a | (29)
Ia?fya

where for x = y the last sum is defined as 0.

Further, if a < iy we have Emm(“ Lio—1) (1)];# = (=1)ntn Z] ! 2] = (—1)m+m(1—

s+=) and if a > iy we have Emm(“ Lio—1) (1“;# — (_1)“”1(2?’:12 = = zaeT) =
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(D=1 -

6
5 )- Hence we have

min(a—1,i0—1)

a ll?a+1+ya+1 (_1)1’j+1+yj+1
ey I
a=2 j=1
i0—1 [e'e)
_1)xa+1+ya+1 2 6 (_1)xa+1+ya+1
_ _1\r1ty <— _ = o
= ()" < 7 (1 Qa)+(1 2i0)2—22a
a=2 a=10
1 240 28 6 =1 - 1
= — — — - —1)nt (1 — — — =2 —
21 + 7 - 2300 3 - 220 +( ) < 2’0) GZ;QQG GZ; 220
- xa+17£3(/)a+1
1 240 28 4 8 48\ = 1
= — — — . —1)*tu — — — — |8 — — — 1 (30
21 + 7. 93io 3. 920 + ( ) 3. 92i0 93io ( 220) a_ZZOH 92a ( )
TaFYa

where again the last sum is defined as 0 if x = y.
Thus we obtain from (28), (29) and (30) that (27) is equal to

(L 7 1 124
Ti\450 ~ 18- 2% | 28 ' 75 . 240

1 1 4 1 2 >
2(_q)rtnn I - =42
—|—’}/‘7( ) 18- 2220 3. 2320 75 . 2420 3 10 et 22(1 Z 24a

a=ip+1
Ta#Ya Ta#Ya

Hence the following result follows from (26) and (27).

Lemma 7 Letx =3 + 53 + -+ andy =% + % +--- be the base 2 representation of x
and y such that for mﬁmtely many ¢ € N we have x; = 0 and analogously for y. If there

is an integer i > 1 such that x1 + z; + y1 +y; = 1 (mod 2) then let iy be the smallest such
integer, otherwise set ig = oco. Then we have

K'yj,sh,¢><x7 y)

1 7 1 124
_ (_1\x1+0n - -
= 1D : Z 22a it/ (450 18220 2w 75 2420)

ﬂca#ya

1 1 1 4 L_2) g
2 —1)¥1ty — — — — i\ a2 9 92a
+7; ( ) 1800 + 18 - 22io 3 - 230 75 - 2% 3 2% a=ig+1 220

TaFYa

8 o= 1 4 X1
+3 2——1—522—>

a=ig+1

Ta#Ya Ta#Ya
1
where if x, =y, for alla > c or if c = oo we define Y 5 = 0.
a=c
Ta#Ya
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Remark 5 In practice we want to compute the value of the kernel at the quadrature

points xg, ..., xn_1 € [0,1)%, especially where the quadrature points stem from a digital
net. Let @, = (Z1,,...,Tsp) With z;,, = 22 4222 ... For digital nets, as can readily

be seen, we have z;,; = 0 for all i > m. Hence, if we want to evaluate K~ sho(Zn,Tn)
for some 0 < n,h < 2™ — 1 (in case the point set is a digital net over Zs) the sum

o m
> s = >. 4, that is, the sum is finite and can be evaluated in O(m)
a=c a=c

Tjn,a? %, ha jn.a? % h,a

operations.

By the way, similar arguments as above can be used to find the following simplified
version of the shift invariant kernel: for z # y we have

Kyj,sh<x7y)
1 1 X 1
=1 — —= 5
ARA ST Z 22
TaF#Ya
1 4 1 20\ < 1 1 2 =1
2
7 360 225.2310+<12 20) Z 24a+12( +2’°) Z 220
Ta#Ya TaZYa

where g is defined as the smallest integer such that xz;, # y;, and for x = y we have

2

v, 49172
K, g(rz) =1+ .
wen(T,7) = 14 754 =0

Appendix C: Some useful lemmas

In the following two lemmas we prove upper bounds on the sum of all Walsh coefficients

r(k, 7).

Lemma 8 For all i < A <1 we have

Z TA(ka 7) S ,YAC)\ + 72)\%3\7
k=1
where
0= s
AT 227(22X — 1)
and
N 3 + 5* 4+ 207 1
T -

T 5023160 1 256)) | 120020 — 1)’
Further we have equality if A =1, i.e.,

v v
Zr(k:,y) = E+%

o0 2
k=1
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Proof. We have

co a—1 27 -1

Y k) = Z R L7 +Y > Z (2 + 27 +1,7)
k=1 a=1 a=2 j=1 ()= 0(mod2)
oo a—1
= Zr 27+ 1,9) + D > (2 + 2, y)27
a=2 j=1

= 21 —|— 22.

By Jensen’s inequality for any 0 < A < 1 we have

,y)\ 72)\

4)\22)\(1 + 120)\24)\(1

(204 1,7) <

and therefore

A 2

g v 2
Y < — = .
L =" ; 92Xa + 120X ; 28a T 92\(220 _ 1) + 1200 (242 — 1)

Again by Jensen’s inequality for any 0 < A < 1 we have

,}/QA ,YQA

= 19X92X(a+j) - 20724 a

(2% +27,7) <

and therefore we have for i <A<land \# % that

co a—1

1
2>\ 1
< P Y22 (e * )

a=2 j=1

_ 72)\ 1 2 N 72)\ 22 2
Toae» -2\ 22— 1 2% —2) T320 \2h -2 20—

o 3N + 5% + 207
607(2 — 3 - 16* 4 2561

It is easily verified that this also holds for A = % The result follows by adding the bounds
on >; and Y. O

Lemma 9 For all % <A<1 and m € N we have

oo - 1
ZT)\<2 lufy) S 24m/\72>\7—>"

=1

where
1,1 +3A+20A+80A+ 3" 4+ 5% +20°
TR T 3200 T 9600 (160 — 1) 6072 — 3 - 16> + 2560)°
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Figure 5: Hammersley net with 2% points, shifted version, shifted & folded version.

Proof. Note that in order for r(k,~) not to be zero k must either be of the form 2% + 1
or 2¢ 4+ 2/ +y with 1 < j < aand 0 < u < 2/ with o(u) = 0(mod2). As we now sum
rA(2™1,~) it follows that we only have to consider the latter case. Note that for [ > 1
it follows from Jensen’s inequality that r*(2™,v) < QZ:A (15757 + 3909mw)- Hence we
have

0o o)y o a—1 27 -1
Alom Y 1 1
ZT (2 l’v) = 24mA Z Z Z (12)\22)\(a+]’) + 20)\24)\a)

=1 a=2 j=0 J(u)zg(:omod 2)
2) o0 oo a-l j—1 i—1
o 1 1 27 27
T 94mA (ZQ {12)@2)«1 + 20)\24)@] + 2221 {12>\22)\(a+j) - 20124 a
a— a= 1=
P (3201 + 80 N 3% + 5% 4+ 20*
S 20mA \ 960M (162 — 1) 6072 — 3 - 16X +256*) )
The result follows. O

Appendix D: Some pictures of digitally shifted and
then folded two dimensional digital nets

In the following we present some pictures which show how the original digital net is
changed by first digitally shifting and then folding using the tent transformation.
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