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A nowhere-zero (NZ) k-�ow [Tutte 1949℄:OrientationFun
tion ϕ : E (G ) → N0 < ϕ(e) < k∑e∈{v}+ ϕ(e) =

∑e∈{v}−
ϕ(e)The �ow number of a graph ΦZ(G ):The smallest k su
h that G has a NZ k-�ow.
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Flows on graphs Real �ows on graphs Isaa
s snarks Blanu²a snarks Goldberg snarksPossible values of ΦZOnly bridgeless graphs may have NZ �ows.There are graphs with �ow numbers 2, 3, 4 and 5.Conje
ture (Tutte's 5-�ow 
onje
ture)Every bridgeless graph has a NZ 5-�ow.
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Theorem (Seymour)Every bridgeless graph has a NZ 6-�ow.
Robert Luko´ka, Edita Má£ajová FMFI UKReal �ow numbers of Blanu²a snarks



Flows on graphs Real �ows on graphs Isaa
s snarks Blanu²a snarks Goldberg snarksReal �ows on graphsA real NZ r -�ow:OrientationFun
tion ϕ : E (G ) → R1 ≤ ϕ(e) ≤ r − 1∑e∈{v}+ ϕ(e) =
∑e∈{v}−

ϕ(e)Real �ow number
ΦR(G ) = inf{r | G has a NZ r -�ow}
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Flows on graphs Real �ows on graphs Isaa
s snarks Blanu²a snarks Goldberg snarksReal �ows on graphsWhy 1 ≤ ϕ(e) ≤ r − 1?1 ≤ ϕ(e)The �ow ϕ(e)/a is also a NZ-�ow.
ϕ(e) ≤ r − 1The maximal possible �ow value is the same as for the integer
ase.1993 � Godyn, Tarsi a Zhang � dual 
on
ept to the fra
tional
olorings.Robert Luko´ka, Edita Má£ajová FMFI UKReal �ow numbers of Blanu²a snarks



Flows on graphs Real �ows on graphs Isaa
s snarks Blanu²a snarks Goldberg snarksBasi
 properties of real NZ �ows
The in�mum from the de�nition is a minimum.The real �ow number is rational.If ΦR(G ) = p/q then it is su�
ient to use values with thedenominator q. to 
reate a real NZ p/q-�ow.
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Flows on graphs Real �ows on graphs Isaa
s snarks Blanu²a snarks Goldberg snarksThe real �ow number and the �ow numberTheorem (Goddyn, Tarsi, Zhang)
ΦZ(G ) = ⌈ΦR(G )⌉.
Theorem (Goddyn, Tarsi, Zhang)
ΦR(G ) = ΦQ(G ).
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Flows on graphs Real �ows on graphs Isaa
s snarks Blanu²a snarks Goldberg snarksSnarks
Snark is a non-trivial 
ubi
 graph without 3-edge-
olouring.3-edge-
olouring = nowhere-zero 4-�ow.It may be useful to study 
ir
ular edge 
olourings and realnowhere-zero �ows simultaneously.
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Obje
ts of our attention:Isaa
s snarksBlanu²a snarksGoldberg snarks
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Upper bound - E. Ste�en.TheoremThe real �ow number of the Isaa
s snark I2k+1 is4<ΦR(I2k+1) ≤ 4 + 1/k.Lower bound - joint work with M. �koviera.
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s snarks Blanu²a snarks Goldberg snarksReal �ows and orientations of a graph
Theorem (Goddyn, Tarsi, Zhang)Let G be a bridgeless graph. Then G has a real nowhere-zero
(p/q + 1)-�ow if and only if there exists an orientation O of G su
hthat for ea
h set S of verti
es of G we haveq/p ≤ |S+|/|S−| ≤ p/q.
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Flows on graphs Real �ows on graphs Isaa
s snarks Blanu²a snarks Goldberg snarksThe boundThere must exist an orientation and a subset of verti
es su
hthat
|S+|

|S−|
=

pqMoreover, let us assume that both G (S) and G (V (G ) − S)are 
onne
ted.Therefore, the following holds for the boundary of S :
|δGS | = |S+| + |S−| ≥ p + q.Robert Luko´ka, Edita Má£ajová FMFI UKReal �ow numbers of Blanu²a snarks
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s snarks Blanu²a snarks Goldberg snarksThe bound
TheoremLet G be a graph su
h that ΦR(G ) = p/q + 1 where p and q aretwo relatively prime positive integers. Then there exists a subsetS ⊆ V (G ) su
h that both subgraphs of G indu
ed by S andV (G ) − S are 
onne
ted and

δG (S) ≥ p + q.
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s snarks Blanu²a snarks Goldberg snarksThe bound for snarks
Sin
e snarks are 3-regular, the following holdsA snark with real �ow number at most 4 + 1/k has at least8k − 2 verti
es.A snark with at most 8k + 4 verti
es has its real �ow numberat least 4 + 1/k .
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Sin
e Isaa
s snark Ik has 8k + 4 verti
es:TheoremThe real �ow number of the Isaa
s snark I2k+1 is
ΦR(I2k+1) = 4 + 1/k.
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ular 
hromati
 index
Theorem (Ghebleh, Krá©, Norine, Thomas)

χ
(I3) = 7/2
χ
(I5) = 17/5
χ
(I2k+1) = 10/3 for k ≥ 3.
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Block B
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Flows on graphs Real �ows on graphs Isaa
s snarks Blanu²a snarks Goldberg snarksBalan
ed valuations - simpli�ed
We take:� a �xed nowhere-zero (3 + ε)-�ow ϕ, ε < 1/2,� a positive orientation O of G .Two in
oming edges � white vertex.Two outgoing edges � bla
k vertex.Number of bla
k verti
es = number of white verti
es.
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s snarks Blanu²a snarks Goldberg snarksForbidden substru
tures
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Flows on graphs Real �ows on graphs Isaa
s snarks Blanu²a snarks Goldberg snarksPossible 
olourings of the basi
 blo
k
C1 C2 C3
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Flows on graphs Real �ows on graphs Isaa
s snarks Blanu²a snarks Goldberg snarksThe 
olouring C1The 
olouring C1 
an not 
ombine with the others:
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Flows on graphs Real �ows on graphs Isaa
s snarks Blanu²a snarks Goldberg snarksThe 
olouring C1 is unusableThe middle blo
ks have to be 
oloured as follows:
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olouring C1 is unusable
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olouring C2 is unusable
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We 
reate a modular �ow ϕ′ in R/(4 + ε)Z from the �ow ϕ. Wetake the orientation so that all values are in 〈1, 2 + ε/2〉.Tight edge � an edge with �ow value 〈1, 1 + ε〉 in ϕ′.Semi-tight edge � an edge with �ow value 〈1, 1 + 2ε〉 in ϕ′.
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Flows on graphs Real �ows on graphs Isaa
s snarks Blanu²a snarks Goldberg snarksStru
ture of tight edges in blo
k B.
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Flows on graphs Real �ows on graphs Isaa
s snarks Blanu²a snarks Goldberg snarksBlanu²a snarks of type IThe total �ow di�eren
e on neighbouring edges of Blo
k I is atmost 2ε.
i1

i2

Block I

B B
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Flows on graphs Real �ows on graphs Isaa
s snarks Blanu²a snarks Goldberg snarksBlanu²a snarks of type IIPossible 
olourings of blo
k X.
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Flows on graphs Real �ows on graphs Isaa
s snarks Blanu²a snarks Goldberg snarksColouring 1Two tight edges have in
ompatible orientation.
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Flows on graphs Real �ows on graphs Isaa
s snarks Blanu²a snarks Goldberg snarksColouring 2One of the edges on right side has to be tight � the bottom rightone.

The value of the upper right edge is at most 1 + 2ε - impossible.Robert Luko´ka, Edita Má£ajová FMFI UKReal �ow numbers of Blanu²a snarks
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The value of the bottom right edge is at most 1 + 2ε - impossible.Robert Luko´ka, Edita Má£ajová FMFI UKReal �ow numbers of Blanu²a snarks
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s snarks Blanu²a snarks Goldberg snarksReal �ow number of the Blanu²a snarks
It is easy to 
onstru
t 4.5-�ows on the Blanu²a snarks that aredi�erent from the Petersen graph.

ΦR(B i1) = 5.
ΦR(B ij ) = 4 + 1/2, j ≥ 2.
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ular 
hromati
 index
Theorem (Mazák, Ghebleh)

χ
(B1n ) = 3 + 2/n
χ
(B2n ) = 3 + 1/⌊1 + 3n/2⌋.
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Goldberg snark G2k+1 has its real �ow number4 + 1/(2k + 1) ≤ ΦR(G2k+1) ≤ 4 + 1/k .
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ular 
hromati
 index
Theorem (Ghebleh)

χ
(G3) = 3 + 1/3
χ
(G2k+1) = 3 + 1/4 for k > 1.
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Thank you for your attention.
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