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Comparisons in Quickselect

The traditional sorting method QUICKSORT uses a pivot element
and a partitioning strategy in order to bring the pivot element into
its correct position and having only smaller elements to the left
and larger elements to the right, so that the procedure can be
applied recursively to the smaller subfiles.
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Figure: The partition process
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Comparisons in Quickselect

If one only wants the find the jth ranked element (which is j, since
we assume that the elements in question are {1,2,...,n}), one
uses the same partitioning strategy, but follows only the path (in
the associated binary search tree) which contains the sought
element. This is the same as to say that one goes down recursively
in only one subfile. This procedure is called Hoare's FIND
algorithm or QUICKSELECT.
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Knuth computed the average number of comparisons C, ;. For
this, it is assumed that every permutation of {1,2,...,n} is
equally likely, and that the partitioning phase needs n — 1
comparisons. Then there is the recursion

1 1
C,,,j:n—l-i-; Z Cn—k,j—k'i_z Z Cr—1j -

1<k<j Jj<k<n
The solution is
Cpj = 2(n+3+(n+ DHy — (j +2)H; - (n+3*f)Hn+H> :

H, = Zl<k<n% is the nth harmonic number; harmonic numbers

of order two: H,(12) =D 1<k<n %
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More generally, one can also set up an analogous recursion for the
probability generating functions, viz.

Coi(v) = Vn—l[ > Cokjk (V) + 14+ Y cli(v)] :

n
1<k<j j<k<n
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The recursion translates into the fundamental equation

;F(z; v v) = F(zv;u,v) u N uF(zv;u,v) .
z

1—2zv (1—2zv)(1— zuv) 1—zuv
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The recursion translates into the fundamental equation

;F(z; v v) = F(zv;u,v) u uF(zv;u,v) .
z

1—2zv (1—2zv)(1— zuv) 1—zuv

Differentiation (and v = 1) leads to the generating function of the
moments.
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One time differentiation:

2 1
1-uv)(1-2)(1-zu) [(u ~2)log 1—zu

G(z,u) =

1
2u— 1)1
s s ]

2zu(z%u — 2zu + 3 — 2z)
(1—2)2(1 — zu)?

which gives the coefficients C, ;.
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One time differentiation:

2 1
1-uv)(1-2)(1-zu) [(u ~2)log 1—zu

G(z,u) =

1
2u— 1)1
s s ]

2zu(z%u — 2zu + 3 — 2z)
(1—2)2(1 — zu)?

which gives the coefficients C, ;.
Now we differentiate twice:
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B 42 — w)? 2 1
Dz, ) = (1—2)(1 — zu)(1 — u)? log 1—zu
4u(1 — 2u)? og?
(1 —2)1 — zu)(1 — u)? 8 1—-z

22u(—10230? — 5220% + 62u% — 150 — 52%u + 38zu — 15 + 62)
(1 —2)3(1 — zu)3

8u(2 — u)(1 — 2u) | 1 | 1
(1 —2)(1 — zu)(1 — u)? c‘gl—zu Ogl—u
8(2 — u)(1 — 2u) 1 1
log log

(1—2)1 — zu)(1 — u)? 1—z 1—u
8u(2 — u)(1 — 2u)
log
(1 —2)1 — zu)(1 — u)? 1—zu
2u(—52%u + 192%0? — 11zu® — 10zu + z + 3u + 3)

log(—u)

loj
(1 — 01— 221 — zu)? i
10220 — 382%u — 2zu° + 20zu + 227 — 6u — 6 | 1
— {o]
(1 — u)(1 — 2)2(1 — zu)? € 1—zu

8u(2 — u)(1 — 2u) i 1—2)u . u
B (1—2)(1 — zu)(1 — u)? (dllog( T 1-u ) B dllog( . u)>

8(2 — u)(1 — 2u) i 1—zu . 1
T l—20-m)i—up <d'|°g( 1—u )- “""g(ﬁD '
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Dilogarithm:

? logt
dil = dt .
ilog z /1 T+
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We read off the coefficient of /z" in D(z, u):

Dy = —2(n+1)(n+8 — 2))H> — 8(n+ 1) Hy H;
. (4 — 32n — 12n?)% + (44n® + 12n° + 28n — 4)j + 16n + 16 Y

i(n+1-])

n.j

n

+2(+8)(+1)H

i (7 42 + (12 + 8n)j — 4n® + 8 — 12n) HiHpi1j

, (=61 — 14)/3 + (14n + 17 + 6n2);2 4+ (=3 4 6n% + 3n)j + 8n + 8 y
- - - lj
i(n+1-J)
i (2j2+( 4n — 18)j + 2n° +18n+32)
nt1—j
6+ 14)3 4+ (—12n? — 25 — 46n);2 + (37n + 11 + 32n% 4 6n°)j + 8n + 8
i(n+1—))
+2(n+1)(n+8 — 2) HY) — (27 + 16 + 10)) H?

n+1—j

+(—2n 4 4nj — 18n — 22 —32+18j) ,(,+)1ﬂ+

N 10j* + (—20n — 20);2 + (n® — 66 — 13n);% + (76 + 9n° + 42n° + 101n)j + 32
2j(n+1 — j)

i H
+4(n+2—2)(n+1 Z n—k n+1—J)Z n+kk ].
k=1
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Lemma

[Reciprocity law]

I .
H,_x H,—x 2 2 1
; ';( + ;_:1 ';( =HiHpy1j+ Hy — HY - —
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Lemma

[Reciprocity law]

j o ondlj
+ %(H,%H—j + Hr(wi)kj)
1
I Han+1—j = m
+ j(nZ—%j)(H — Hj = Hnp1j) -
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Theorem

The variance of the number of comparisons needed to find the jth
element out of n elements is given by the exact formula

Var,; = —2(n+1)(3n 4 8) H2
48 Hy Hy(n(j +2) +2) + 8 Hy Hngaj (n(n+3 ) +2)
—(@n*+n—9)?+(n+1)(2r* +n—9)j +8(n+1)
j(n+1-j) ’
—2j(j =) HF —2(n+1—j)(n—j) Hp1j
+ 4(j2 —(n+1)j—n*—5n— 8) HjHnt1—j+ = next page

+2
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2 3 2 2 .
_ m(7(2n+3)j + (2n° +7n + 24)j° — (n+1)(2n+21)j+8(n+1)) H;
e (@n+3)° - (4n” + 8n — 15)7

+ (n+1)(2n% + 3n — 18)j + 8(n + 1)) Hop1j
+2(n +1)(n + 6) HP
— 22 +5j +8) HP — 22 — (2n+7)j + 0’ + Tn+ 1) HO),
N 10/* — 20(n + 1)j3 + (9n% + 31n — 6);%2 + (n® — 11n + 16)(n + 1)j + 32
2j(n+1 — j)

n+1—j

S H,_ Hp_
+4n<(n+1—j)z ”k"+j > "Tk> =i

k=1 k=1
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In the instance n = 2N + 1, j = N + 1 (searching for the median),
we can use the first reciprocity law to simplify the variance. We get

Var2N+1,N+1 = —8(2/\/ + 5)(N + 1)H22N+1
+ 16(2N + 5)(N + 1)H2N+1HN+1

4N3 +9N?2 +2N +5
Nl Honi1 — 8(2N? + 7N + 7)Hay 4

AN3 +9N?% — 13N —2
N+ 1

— 4(N? + TN + 14)H), +

+4

—4

Hi1 + 24(N + 1)HS),

7N* + 15N3 + 9N2 + 5N + 20
(N +1)2 '



Comparisons in Quickselect

Asymptotically we get from this
Varony1,n4+1 ~ N2 (16 log2 — 16 Iog2 2— %772 + 7) .

The numerical constant is 3.823370396 .



Moves and displacements in Quicksort

New paper in 2008 (with Conrado Martinez)

Moves and displacements of particular elements in Quicksort
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Two parameters of interest:

1) the number of moves M, ; of element i when we sort an array of
size n

2) the (accumulated) displacement D, ; of element i.
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Analysis of data moves in quicksort involves the so called
quickselect recurrence.

In its general standard form it reads

1 1 .
fni = ani+ - Z fo—ki—k + . Z fue1iy 1 <0 <n,

1<k<i i<k<n

for some given toll function ap ;.
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Theorem (Kuba)

The value f, ; defined as above with arbitrary fixed values a, ;,
1 <i < n, is given by

i n+1—j
. kak1 — (k—1)ax_
fri=aiit Y. Alkk—n+j)+ Y ( . )ak 11
k:n+2—j k=2

where A(n, i) is given by

A(n, i) = i kagi — (k —1)ak—1,i—1 — (k — 1)ak—1,; + (k — 2)ak—2,i—1

. k
k=j+1

iajj— (i —1)aj—1i—1
; )

_|_



Theorem

Moves and displacements in Quicksort

The probability generating function M, j(v) of the number of
moves of element i in a random permutation of {1,2,...,n},

satisfies the recursion

1 k—1
Mai(v) = D (n—1‘”r

n—k

My_si
) Moti-al)
n—k-+1

1 k—2
+E Z (n—1+

i<k<n

|74
v V) Mi—1,i(v) + -

forn>2and1<i<n; M(v)=v.
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Corollary

The expected number of moves i, ; = M (1) satisfies

L, :% Z Pn—k,i—k +% Z Hk—1,i

1<k<i i<k<n

1 1) — e

L (=162 (41-D-)
n 2n(n—1) 2n(n—1)

with H11 = 1.
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Kuba's theorem with

1 (i-1)(-2), (n+1-i)(n—1)
Bni =¥ 2n(n—1) + 2n(n—-1)

Theorem
Foralln>1,1<i<n,

1 1 1 (i—-12 (i—-1)(i-2)
SHp+ =H;i + =Hni1i = —

3 +6 +6"+1 T SERR LG
112 =1 - 2|[i:n]],

Hn,i =

where Hp =31 1<, % is the n-th harmonic number and [P] = 1
if P is true and [P] = 0 otherwise.
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Corollary

For fixed i > 1, as n — oo,

1 1 1 1 _
,u,,7,-=§|nn+6H,-+%+§+6+O(n ),

where v = 0.577215 . .. is Euler's gamma constant.
Furthermore, if i > 1,

1 _
Hnn+1—i = Mn,i — 5 + O(n 1)

Fori=an+ o(n), 0 < a < 1, we have

2 1 1 1 1-— 2
Wn,i = §Inn—|—6+glna—|—6In(l—a)—M%-g’H—o(n_l)-
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The global minimum of p,; occurs at i = n. The maximum of
Ina-n occurs close to the median (o = 1/2), actually at
1 2 39 582 8604 121168

. -6
L R R

with fin o+ n = %In n-+ % — % In2 + %'y + O(n71).
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Another quantity of interest is the cumulated number of moves.
By linearity, its expected value is the sum of the u, ;'s.

Corollary

For n > 2, the total number of moves is given by

4n+1
18

Zﬂnl— +1)H -
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The probability generating function D, j(v) of the displacement of

element i in a random permutation of {1,2, ..., n}, satisfies the
recursion
D "~K\p
i) = Z Z Z = 1 =1 F— n—k,i—k(V)
N Sh<i N =2 e=k11
k=1 n 3

1 Z —j VI—].

il 7 \p, . z

> (n—1+;_ (n—1)(k )) k1) + =

forn>2and1<i<n; Dii(v)=1L1
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Corollary

The expected displacement 6, ; = Dy, ;(1) satisfies

On,i :% Z 5n—k,i—k+% Z Ok—1,i

1<k<i i<k<n
(i—-1)(—-2) (n—i)n+1—-1i) i—-1
* 4n 4(n—1) n

with (5171 =0.
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| Theoren

Foralln>1and1l<i<n,

1 1 5
= — ZHiq— ZHpg i+ —
On,i 2+12H 121 T 3t oy
I N G [ G
12n 12(n—1)

Feli=10+ g li=n]
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Corollary
For fixed i > 1, as n — oo,
n 1
B = 777 Inn+ O(1),

n
5n,n+1—i = 5 + O(l)

Fori=an+o(n),0 <a<1,

n 1 1 1 a o 5
=" e e e S aah,
Oni=5=znn—gina—zi(l-a)- 475+, +007)
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The maximum of ¢, occurs at i = n; there §, , = n/2. The
minimum of d, on occurs at
5 17 33 821 1
T4 +< 136‘F> ( 26 T 71052V ) 2
081 4864631 1
17)7 —4) = 0.210223594 .. +0(n" 1),
(4096+60370944r 3T O(n™") = 0.210223594 .. 40(n ")
with

n 1 1 5 17 1 1 17
SR AP WY AT YA N SR 1
’ 2 3 12 4 4 4

+31 V17T v



