Polynomials as Generators of Minimal Clones
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Abstract

A minimal clone is an atom of the lattice of clones. A
minimal function is a function which generates a minimal
clone. We consider the base set with k elements, for a prime
k, as a finite field and treat functions as polynomials.
Starting from binary minimal functions over GF(3), we
generalize some of them and obtain binary minimal func-
tions, as polynomials, over GF(k) for any prime k > 3.
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1 Introduction

To begin with, consider two Boolean functions f and
g expressed as polynomials over GF(2) :

flryy) = xy+1
gz, y) = wy+ar+y

The question is : Which function is stronger with re-
spect to the ‘productive power’ by (functional) compo-
sition ?

Answer is clear: f is stronger and g is weaker. In fact,
f(z,y) is NAND(z, y) which is so strong as to produce
all Boolean functions whereas g(z, y) is OR(z, y) which
generates a minimal clone (whose definition appears
below).

Next, consider three polynomials over GF(3):

u(z,y) = 2y +ayi+2ty+2y+a+y
v(z,y) = PP +ay’+2fyt+ay+aty
w(z,y) = 2’y +ay’ +2’y+2y+r+y+1

The question is : Which function is the weakest ?
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In this case, the answer may not be so obvious. All
these functions look more or less similar, but actually u
is the weakest among these three functions. In fact, (i)
u(z,y) generates a minimal clone, (ii) w(z,y) is Webb
function which is known to generate all functions and
(iii) v(z,y) stays somewhere in-between.

The purpose of our study is to find some nice charac-
terization of polynomials whose productive power is, in
a sense, weakest, i.e., which generate minimal clones.
As indicated by the above example, this is quite a chal-
lenging task.

For an integer k (> 2) let Ey, = {0,1,...,k—1}. Let
(’),(Cn) denote the set of all n-variable functions on Fj,

™ into Ej, and set

i.e., mappings from (Ej)
o= Jom.

n=1

For any f € O,(Cm) and g1,...,0m € O,(C") the (func-
tional) composition f[g1,...,gm] of f with g1,...,gm
is a function in O,(c") defined by

flots -y gml(@1, .. xn)
= fler(z1,-y®n)y ooy Gm (X1, oy Tn))

for all (z1,...,x,) € (Ex)".
m

Let Jj, be the set of all projectionse]’, 1 < i < n, over
Ej where the i-th projection e of arity n is defined
by el(z1,..., % ..., 2,) = x; for all (z1,...,2,) €
(Er)"

A subset C of Oy, is a clone on Ey, if (i) C is closed
under (functional) composition and (ii) C contains J.
Denote by L the set of all clones on Ej. The set
Ly is an algebraic lattice with respect to inclusion and
called the lattice of clones on Ej. It is obvious that
the greatest element is O and the least element is Jj

in the lattice Ly.



For a subset I of Oy, denote by (F') the clone gener-
ated by F. Thus, (F) is the intersection of all clones
containing F'. In particular, when F' is a singleton, i.e.,
F = {f} for some f € O, we simply write (f) in stead
of (F).

An atom of the lattice Ly is called a minimal clone.
In other words, a minimal clone is a minimal element
in the partially ordered set Ly \ {Jx}. It is clear that
a minimal clone C' is generated by a single function f
in O, i.e., C = (f). A function in O which generates

a minimal clone is called a minimal function.

For k = 2 there are 7 minimal clones in Lo, which
is easily obtained from full knowledge of Lo due to E.
Post [Po 41]. For k = 3 there are 84 minimal clones in
L3. This is due to B. Csédkany [Cs 83] who determined
all minimal clones and their generators over F5. Our
complete knowledge on minimal clones with respect
to the size of the base set Ej is, at present, only up
to this point. Even for k = 4, in spite of the work
of B. Szczepara [Szc 95] who found all minimal clones
which are generated by binary functions, the problem
of determining all minimal clones in L4 is still open.

Minimal clones have been studied by many au-
thors, e.g., [Cs 83], [Du 90], [JQ 95], [KS 99], [LP 96],
[Ro 86], [Wa 00], etc. Many of them have revealed
deep and interesting aspects of minimal clones. How-
ever, untill now, the problem of determining all min-
imal clones stands firm, like an unbreakable fortress,
against the attack of those eminent researchers.

This paper is a continuation of our work [MP 06],
where we proposed to tackle minimal clones by consid-
ering minimal functions as polynomials. We assume
that k is a power of a prime and the base set Fj is
a finite field. In this paper we only consider mini-
mal clones generated by binary idempotent functions.
Starting from Csakany’s list of minimal functioins on
E3, expressing them as polynomials over GF(3), we
generalize some of them and obtain polynomials gen-
erating minimal clones over GF(k) for a prime k > 3.
In the course of discussion, we show some conditions

for a function to be minimal.

2 Preliminaries

2.1 Finite Field

A finite field (or Galois field ) is a field F consisting of a
finite number of elements. The number of elements in
F must be a power p¢ (e > 1) of some prime p. When
F contains ¢ = p° elements, it is denoted by GF(q).
It is fundamental that GF(q) consists of elements x
satisfying x9 = x.

In particular, when k is a prime and FE} is a prime
field, the addition and the multiplication of GF (k) are
exactly the addition modulo k£ and the multiplication
modulo k, respectively.

Note that for a prime k every binary function f €
(9,(62) on Fj is uniquely expressed as a polynomial

P
g a;jx'y’

0<i,j<k

[z, y) =

for some a;; € E (0 <14, j <k).

2.2 Type Theorem for Minimal Func-
tions

I. G. Rosenberg [Ro 86] classified minimal functions
into five types. This is known as the type theorem
for minimal clones. It states that every minimal func-
tion f on Ej whose arity is minimum among arities of
functions in (f) \ Ji falls in one of the following five
categories (types): (i) unary function, (ii) binary idem-
potent function, (iii) ternary majority function, (iv)
ternary function z + y + z for an elementary abelian
2-group and (v) k (> 3)-ary semiprojection.

In the sequel, we concentrate on polynomials of bi-
nary idempotent minimal functions, minimal functions
of type (ii) in the above classification. To recall, a func-
tion f € Oy is idempotent if it satisfies f(z,...,x) =
for all x € E. Among five types given above, the sec-
ond type is, without doubt, the richest in a sense that
the number of minimal functions belonging to (ii) is
greater than that of functions belonging to any other
type. For example, there are 84 minimal clones for
k = 3 and 48 of them, more than 57%, are minimal
clones generated by functions of type (ii).



3 Conditions for Minimality

For f, g € Oy, we shall write f — ¢ if g € (f). Note
that the binary relation — on Oy is a quasi-order, i.e.,
— is reflexive and transitive.

A basic fact is the following:

Lemma 3.1 Let f € (9,(62) be an essentially binary
function. If f satisfies the following two conditions
then f is minimal.

(1) f is idempotent.

(2) For any g € (’),(Cm), m > 2, satisfying f — g, if g
is mot a projection then g — f.

Now, let m > 3 and g € (’),(Cm). We shall say that g is
a quasi-projection if g becomes a projection whenever
two arguments of g, say, the i-th argument and the j-
th argument for 1 < ¢ < j < m, are identified, i.e., if

g(T1, .., Tiye o iy .., Ty is always a projection.

Lemma 3.2 Let f € O,(f) be a binary tdempotent
Then f is minimal if and only if the fol-
lowing two conditions hold.

Sfunction.

(1) For any g € (9,(62) \ Tk, if f — g then g — f.

(2) For any m > 3 and any g € (’)](Cm)\jk, if f — g
then g is not a quasi-projection.

Proof. (=) Let f be minimal. Then (1) follows im-
mediately. To show the second condition (2), suppose
that there exists a function ¢ in O,im) \ Tk, m > 3,
which satisfies f — ¢ and is a quasi-projection. If we
prove g /4 f then we are done, because g /4~ f to-
gether with f — ¢ implies (g) C (f) which is against
the minimality of f.

Now assume on the contrary that ¢ — f. Then f is
composed as

flz1,z2) = glou, ag, ..., an)(z1, 22)

where «; is an expression constructed by (possibly)
repeated compositions from ¢g and projections, i.e.,
a; € {(g), for i = 1,2,...,m. We claim that, since
there are only two variables x1, 9 whereas ¢ is an
m (> 3) variable function, o; must be a projection for
each i =1,2,...,m. (More precisely, this is proved by
induction on the depth of composition.) Then at least

., @y coincide and glag, ag, ..., Q)

is also a projection. Hence f is a projection which

two of ay, as, ..

contradicts the assumption that f is minimal.

(<) Suppose [ satisfies the conditions (1) and (2),
but is not minimal. Then there must exists g € O™\
Ji such that

f—g and g4 (%)

Because of (1), it must be that m > 3. Let mg > 3 be
the least integer for which there exists g € O,(cm(’) \ Tk
with the property (*).

For any ¢, 7, 1 < i < j < mg, let g;; denote the
function ¢g(...,z;,...,2;...) where the i-th place and
the j-th place have the same variable. Then we have
9ij € O,gmo_l) and f — g¢;;. By the assumption on
my, it follows that either (i) g;; € Ji or (ii) ¢;; — f.
However, if (ii) holds, then g — f because g — g;;
and — is transitive, which is against the assumption
on mg. Therefore (i) must hold, i.e., g;; € Ji, which
completes the proof. |

For f € (9,22) let F(fw’y) be the following set of expres-

sions:

{ f(f(zy),2),  f(f(zy),y),  flz, f(=,9)),
[y, f(z,y),  f(f(z,y), fly,z)) }

Then I'y = I‘g;r’y) U Fgf"’m) shall be called the basic set

of compositions for f.

Lemma 3.3 Let f € (’),(f) be a binary idempotent
function which is not a projection. Suppose that, for
any v € 'y, one of the following holds:

Yz, y) ~ f(x,y)  or A(z,y)~ f(y,)

Then f is minimal.

Here, by hi(z,y) = ha(x,y) for hi,hy € (’),(62) we
mean hi(z,y) = hao(z,y) for all (z,y) € EZ.

Proof. (Sketch) Let g € O,(gm) be constructed from
f and the projections by repeated composition. If
the depth of construction is greater than 1, by suit-
able identification of variables, if necessary, each of
the innermost parts of the construction is altered to
some form «y in I'y. Then ~y(z,y) may be replaced by
f(z,y) or f(y,x), reducing the depth of the construc-
tion. Eventually we reach f, showing that ¢ — f. O



4 From Csakany’s List

As already mentioned, generators of all minimal clones
for k = 3 are known by B. Csdkdny [Cs 83]. For
all minimal clones generated by functions of type (ii),
i.e., binary minimal functions, we present generators
as polynomials over the field GF(3) in Appendix. For
the reader’s sake, the names of the functions such as
b11,bo, bes are preserved from [Cs 83].

5 Binary Minimal Functions

Starting from Csakany’s results for £ = 3, we attempt
to generalize and obtain binary idempotent minimal
functions for arbitrary prime k > 3.

Throughout this section, we assume that k(> 3) is
a prime and FJ, is the finite field GF (k). We consider

only binary idempotent minimal functions.

5.1 Linear Polynomials and Monomials

In [MP 06], we generalized Csakény’s results on linear
polynomials and monomials for £ = 3 to any prime
k > 3. (Also, refer to [Szc 95].) Before we go further,
we review those results.

A binary linear polynomial on Ej, is a polynomial of
the form ag+aiz+asy for some ag,a1,as € Ey. From
Appendix, we see that 2x + 2y is the only binary linear
polynomial on E3 which is minimal. This generalizes
to the following:

Theorem 5.1 For a prime k(> 3), let f(x,y) be a
binary linear polynomial on Ey. Then f is minimal
if and only if f(x,y) = ax+ (k+1—a)y for some
1<a<k.

Example. For k = 5, the linear polynomial f(z,y) =
2x + 4y is expressed by the Cayley table as follows:

flz,y) = 22+ 4y

(ew [ o]1[2][3]4]
0 Jo[4]3]2]1
1 [ 2]1]0]4]3
2 43210
3 1[0 4a]3]2
4 [3[ 2104

Note: Lemma 3.2 can be used to prove Theorem 5.1.

Secondly, a binary monomial on Fj is a polynomial
with two variables consisting of a single term, i.e.,
az®y® for some a,iy,ia € Ex. In Appendix, we see
that there is only one binary monomial on E3, zy?,
which is minimal. To generalize, we proved:

Theorem 5.2 For a prime k(> 3) and1 < s <t <k,
let f(z,y) = z°y* be a binary monomial on E). Then
f is minimal if and only if s=1 andt =k — 1.

Hence we see that f(z,y) = xy*~!

is the unique
monomial on Ej which is minimal (up to the inter-

change of variables).

Example. For k = 5, f(z,y) = xy* is a function
which is expressed by the Cayley table as follows:

4

f(z,y) = zy
[z\y [ O [ 1 [2[3]4]
0O [OJO]JOJ]O]oO
1 0 1] 1] 1]1
2 0] 2] 2] 2] 2
3 03 ]3]3]3
4 o[ alal4a]4

5.2 More Generalizations of Csakany’s
Results

We achieve the following procedure:

Step 1: Take arbitrary f(z,y) € O§2) from Appendix.

Step 2: Search for a polynomial g(x,y) € (9,(62) defined
on FEy for k > 3 whose counterpart for k = 3
is f(z,y).

Step 3: Examine if g is minimal.

(1) From Appendix, we see that x +y + 2z y? is min-
imal for k = 3. A generalization is:

Proposition 5.3 For a prime k(> 3) the function
flz,y) = z+y+(k—1) a:yk_l 1s minimal.

Proof. For any v in the basic set I'; of compositions
for f, we can compute and see that

f(f(z,y),y) = f(z, f(z,9) = f(y, f(z,y)) = f(2,y)

and

f(f (@, y),x) = f(f(z,y), fy, @) = f(y, ©).



Hence, by Lemma 3.3, f is minimal. O

Example. For k = 5, the Cayley table of f(x,y) =
z+y+4xytis as follows:

flz,y) = s+y+day’
[a\y [0 [1]2]3]4]
0 o] 12]3]4
T [[1]1]2]3]4
2 211234
3 3 [ 1234
I 41234

(2) Take a minimal function = + 2y + 22y for k = 3
from Appendix. It generalizes as follows:

Proposition 5.4 For a prime k(> 3) the function
flz,y) = o+ (k—DyP~ 1 + 281 yF=1 is minimal.

Proof. The proof is similar to the previous proposi-
tion. In this case,

[ (y),x) = f(f(2,9),y) = [z, f(z,y))
~ f(f(z,y), [y, 2)) = f(z,y)

and

[y, f(z,9) = f(y,x). o

Example. For k = 5, the Cayley table of f(z,y) =
x +4y* + 2t y* is as follows:

[e\y ]| 0 l
0

flay) = a+4y" +a*y*
1

B ool o] =] o
| ool o] =] | e
B ool o] =[] e~

0 1
0 4

1
2 2
3 3
4 4

1
2
3
4

(3) The next target is a minimal function z y?+2 2%+
2242 for k = 3. It generalizes as follows:

Proposition 5.5 For a prime k(> 3) the function
flz,y) = oy L+ (E—1Dab =t 2k yF=1 is minimal.

Proof. The proof requires a subtle change in the dis-

cussion as we have:

f(f(z,y),2) = f(f(2,9),y) = f(f(z,9), f(y,x))
~ f(z,y) and  f(y, f(@,y) = f(y, ),
but

fla, f(z,y)) = .

However, this can be overcome without difficulty if x;
and x3 are identified, instead of 1 and x5, when one
needs to modify 3-variable function f(z1, f(x2,23)) to
2-variable function. o

Example. For k = 5, the Cayley table of f(z,y) =

x + 4yt + zty?t is as follows:

flay) = ay* +4z" + 2" y*

(2w [ 0] 1]2[31]4]
0O JOJOJOJO]O
1 [ 411 ][1]1
2 422 ]2]2
3 |4 3|3]|3]3
4 |[4 |4 ]4]4]a4

(4) Finally, we show an example which requires some-
what better skill even to find a candidate of general-
ization. The target to generalize is a minimal function

222y + 22 y?

for k = 3. In this case simple replacements of 2 by k—1
does not work. Our generalization is the following:

Proposition 5.6 For a prime k(> 3) the function

k-1
flx,y) = (k—-1) Z =y is minimal.
i=1

Proof. First, it is easy to see that f(z,z) = z if we
notice (k — 1) = 1. For z # vy, let D(= D(x,y)) =
Sl akiyi. We have
zy~'D = D.

Hence D = yD and (x — y)D = 0. Since x # v, it
follows that D = 0. Therefore f(x,y) =z if x = y and
f(x,y) = 0if x # y. It is not hard to examine that f
is minimal. a

Example. For k = 5, the Cayley table of f(z,y) =
4ty + 423y + 42293 + 42 y* is as follows:

flzy) = da'y+42°° +42%° +dzy!

[z [[o[1[2[3[4]
0 [0]0]O0OJ]O0]O
i [0 1 ]0]0]0
5 00200
3 0]0]0][3]0
i [o0[o0 o0 04
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Appendix

Generators of all minimal clones of type (ii)

over GF(3) (Originally from B. Csdkény [Cs 83])
by = ay’
b624 = 2z+ 2y
bes = 2z + 2y’
bo = 2a%y+ 2xy?
bug = z+y+227%y
b368 = T+ y2 + 2$2y2
beor = x+ 2y + 2y’
bss = x+22°y+ay’
by = x4+ zy?® + 2222
b = 222+ zy? + 2%y?
bos = 2z + x4 2zy+ 227y

byr = 2z +22% +ay + 2%y

2z + 2% + 2xy? + 222y
2z + 222 4 2zy? + z2y?
zy + 22%y + 2xy® + 22%y°
2zy + 22y + 2xy? + 222

z + zy + 222y + xy? + 229>
T+ 2xy + 222y + xy? + 2%y?
x4+ zy + 2y + 2zy? + 229>
x4 2zy + 2%y + 2xy® + 2%9y?
x4y +y? + 222y + 22%y?
x4y + 2y% + 22%y + 2%y?
T4y + zy + 2% + 2xy°

x4y + 2xy + y? + 229°

z + 2y + y? + 22y + 22%y?

T+ 2y + 2y% + 2%y + 2%y?

T+ 2y + 2zy + y? + xy?

x + 2y + xy + 2y* + a?

y+ 2% + 2y% + 222y + x?

Y+ 22 4+ y? + 202y + xy?

2z + 2% + xy + 22y + 2%y?

2x + 222 + 2xy + 22y + 20%y?
21 + 2y + 2% + 2y + 42

22 + 2y + 22° + 22y + 2y°

x? + xy + 202y + 2xy® + 2%y?
22 + 2y + 222y + 2wy? + 22%y?
2%+ xy + y? + 22%y + 221°
22 + 2y + 2y + 222y + 22y

T4y +xy + 2%y + xy? + 222y?
x4y + 2zy + 22y + xy? + 22>
T+ 2y +zy +y° +zy’ + 2%y’

x+ 2y + 2xy + 2y + 2y + 222y
21 + 2y + 2% + 2xy + y? + 22°%y°
2z + 2y + 222 4 zy + 2% + x2y?
2z + 2% + xy + 2%y + xy? + 2%y?
21 + 222 + 2wy + xy + xy? + 22%y?

2

21 + 2y + 22 + y* + 2%y + 22y® + 2?y?

2z + 2y + 222 + 2% + 2%y + 22y? + 22292



