
SMOOTH APPROXIMATIONS

MICHAEL PINSKER

JOINT WORK WITH ANTOINE MOTET

CSP ONLINE SEMCNAR

19.5.2021



I THE INFINITE DOMAIN CSP CONJECTURE

I FIRST GENERATION PROOFS

SMOOTH APPROXIMATIONS



^

SCOPE

C5P(A)
,
1A

. . . RELATIONAL STRUCTURE IN FINITE SIGNATURE
"TEMPLATE

"

,

"

CONSTRAINT LANGUAGE
"

INPUT : pp- SENTENCE 4=-3×1 . . .]-✗nRn(variables) n - -
- n Rm(variables)

it
RECATCONAL SYMBOLS OF SIGNATURE

OF1A

QUESTION : A- f- of , i.E., DOES of MOLD IN 1A ?

EXAMPLES n- SAT
,
n - COLORING ,

SOLVING EQUATCONS
, SOLVING LINEAR EQUATIONS,

AC4WCITY
,
- - - (BASICALLY ANYTHING}

FINITE 1A : • CSP (A) c- NP
• P/NP- a DICHOTOMY (BULATOV

,
2-www.ltti-FEDERI-VARDI - CONJECTURE)

• LOCAL CONSISTENCY METHODS UNDERSTOOD : - SCOPE (BART@t notice '09)
- COLLAPSE (BARTO '6)

I

• SUCCESS STORY OF THE ALGEBRAIC APPROACH
"

!
"
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ALGEBRAIC APPROACH
TEMPLATE 1A

}
Polka)=lf{f :#→ A- I f PRESERVES A-3
"

POLYMORPHISM CLONE OF CA
"

ALSO WORKS

FOR INFINITE A- I
(REASONABLE ASSUMPTIONS EQUATIONS ( " IDENTITIES

"

) OF Polka)
+ ADAPTATIONS ) E-G. w(✗ ,✗ , - . - it ,y)= . .. -EW4 ,✗, - ,✗) WEAR NO

WNU

Polka'tµ I. Polka)←EQUATCONS

gyg
EQUATIONS

L

CSPCIA) HARD CSPCIA) TRACTABLE

E.G. • NP-c , E.G. c- P
,
SOLVABLE BY LOCAL

• UNBOUNDED WIDTH CONSCSTENCY

METHODS
• EQUATCONS STUDIED IN UM4EREAL ALGEBRA FOR

(BOUNDED WIDTH)
70 YEARS

• NEW METHODS : BULATOU'S GRAPHS , Zhou's CENTERS , BARIotuo7.ve
'S ABSORPTION
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WHY FINITE 1A ? 1 . CSP (4) c- NP GUARANTEED ,
P /NRC Dichotomy POSSIBLE

1A INFINITE ⇒ ANY COMPLEXITY Possible !

2. ALGEBRAIC APPROACH WORKS (1-FINITE ALGEBRAS PolCf)
WELL- STUDIED BEFORE)

(SP6A) MORE INTERESTING / NATURAL / RELEVANT FOR FINITE A-?

PROBABLY NOT
.

EXAMPLES • ACKCLKITY = CSPCQ , c)

• BETWEENNESS = CSPCQ
,
BETWCX,yit))

• MORE GENERALLY : CSPs THAT STEM FROM (Q ,
c)

"TEMPORALCSPs
"

• µMSNP (FEDER+VARDI '93)
• WHICH CLASS SATISFIES ^ + 2 ?

• SOLVING Equations

• CSPs OVER INTEGERS
• GENERAL REASONS FOR TRACTABILITY?

:
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THE LARGER CLASS INSTEAD of A FINITE SET ,
THE SOLOMON SPACE

IS GIVEN BY AN INFINITE SE☒ STRUCTURE IB :

"
Solution SPACE

"

IB HAS FINITE SIGNATURE IB IS HOMOGENEOUS :

+ IS FINITELY BOUNDED: EVERY
'

FINITE PARTIAL isomorphism OF1B

EXTENDS TO AN AUTOMORPHISM
FINITE SUBSTRUCTURES GIVEN
BY FINITE SET OF '

EXAMPLE |B=(Q , c)
"FORBIDDEN SUBSTRUCTURES

"

EXAMPLE D= CQ
,4 : ;;①⇒ÉF; Q

I •①:qf.FoRBi☐D÷÷&

¥1B HAS FINITE DESCRIPTION

ISP TEMPLATE 1A OVER • Aut(B) Acts ON IB
"

BY FINITELY MANY ORBITS

SOLUTION SPACE IB :
Éf • EVERY INSTANCE OF CSPCIA) HAS ONLY

ANY STRUCTURE WITH FINITELY MANY POSSIBLE SOLUTIONS
FIRST- ORDER DEFINITION IN IB (up To Autos) )

EXAMPLE - [Q , BETW ,y,z))
• RELATIONS OF1A ARE UNIONS OF ORBITS
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CONJECTURE (BODIRSKY + P. '
II)

LET A- BE FCRST - ORDER DEFCNABLE IN IB wHccH IS FINITELY BOUNDED e- HOMOGENEOUS

THEN CSPCCA) c- P OR NP-a

• BASED ON COUPLE OF EXAMPLES EXAMPLES IB = . - -

• SEEMS MOST REASONABLE
• (④ f) BoDiRskY C- KARA '07'(E.G . w-CATEGORK.TT ALONE
• RANDOM GRAPH BODCRSULY 1- P . ' II

= NIGHTMARE)
• EQUIVALENCE RELATCONBOARS4kt GROHE ' 08
• Kn- FREE GRAPH PONGRA'c2- +P. ' (GG""BERT TSONGAS + ULOMPATSCARER

. gywyygygypgggyg.gg gp.gyp.gg}
"""""" "^ "̂""

1- MOTTETTP.
'
zo

• RANDOM POSET UNOMPATSCMER t PHAM '
17

• µ, ,←µ⇒µµµ, f.• UNARY STRUCTURES B0D,RsuY C- MOTTET '17SOLUTION SPACES IB
•

"

MMSNP
"

BODIRSUYI-MADEU-AENE.snMOTTET '
Es

• STILL OPEN
•

-
- -

> FIRST GENERATION
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FIRST-GENERATION PROOFS

• TRY TO GUESS THEÑTRTYR, OR
A • Polka zagtodos

"
CLIMB UP7Y FROM Aunt \

p |←oaaa
HARD-

NP" "A
"

?⃝gggg.gg • USENESS
passage

- CANONICAL Functions

OF
j f. PICA

') To Distinguish POLYMORPHISM
CSPLCA)

p
"A

µp, [ CLONES

/ EXAMPLES

• Aut4B)
TEMPLATES 1A polymorphism

• of :(Q ,c) → (④ ,
c)

FO - DEFINABLE IN IB CLONES D-Ant (B) MONOTONE OR ANTITONE

• IB . . . GRAPH

f e Pol (A) CANONCCAL (WRT IB) :← f : IB2-7IB
tan

,
- - - fen f(E.E)=E . . - f(=/E)=E

↳⇒ flair , - - -It ,tbn ,
- - - ibn florin)=N i.

f. Cbi , - - ibn)
ti Ei

,
b-i SAME Auto)- &(F- 'N' F- E-- EDGES

op.ph SAME Ant )-ORBIT flN,E) = N N .
- - NON-EDGES
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Ñ • CANONICAL FUNCTIONS ARE
"

FCNITE
"

OBJECTS

• THEY ARE NOT RARE IF TB IS RAMSEY

V-fc-poetn-j-gca-nonen-cgekfflx.rs#ntB3BoDiRs
yet P. + TSANKou '

is

FIRST-GENERATION PROOFS :

ALL
INFORMATION

→TEMPLATE ☒

ABOUT CSPCIAI 1
SUFFICIENT
INFORMATION

→ Po((A)

I

somf-T.IE?aaENT,wf.p.mn+oTPolcANGA)-- PIKA) n {f I f CANONICAL}
I

DISTINGUISH CASES & GEOPE FORTHE BEST

TROUBLE :
• ANNOYING
• NOT SCALEABLE
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SECOND-GENERATION PROOFS (RECENT MOTTET- classifications:
• UNARY STRUCTURES
• MMSNP 1

TEMPLATE 1A

POICIAYE Pollitt
EQUATIONS EQUATCONS

L ✓

NP-a PR4A)t-eu-SGY.AZ/yitI=fos(y,xit,x,Zi9)(BoDiRsuT,YP.1(BARTO+ P. ' 16)Pol"TAt- BETIDE
EQUATIONS EQUATIONS

L ✓

2 P (BODIRSKYTMOTTIT ' 17)
•

"
LIFT FROM FINITE

"

BAD SITUATION : • Polia) f- Equations (AND CSP SHOULD BE in P)
• Pol"~4A)tf EQUATIONS

THEORY OF SMOOTH Approximations : DESIGNED TO SHOW

BAD SITUATION DOES NOT OCCUR
.

• . . IF IT DOESN'T. . -
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blow? ASSUME : - Pol(A) f- EQUATIONS
- Polenta) tf EQUATIONS :

"

NEED
"

⇒ Pol
""

(A) BEHAVES Like PROJECTIONS SOMEWHERE : (BIRKHOFF 1935)
an *

'

5

ygypppyot
'^ÑÉ 1 SMOOTH ApproximationANDS ON WHICH Polka) ACTS CCKE

PROJECTIONS

µÉiÉ~ a zcn-s.ES
a b.

$ APPROXIMATION

✓ Pol (A) too RICH FORTHIS

⇒ CONTAINS CERTAIN COMMUTATIVE
"

Functions
u

WALCH ARE ALMOST CANONICAL
"

(1

⇒ Pol"-NfA) f- EQUATIONS §
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THEOREM (MOTTET+P. ' zo) NEW PROOF:

aa-

LETIA BE FO- DEFINABLE IN :
• NO CASE DISTINCTIONS

OVER ALL POSSIBLE
• RANDOM TOURNAMENTNEW

:

CANONICAL FUNCTIONS
• HOMOGENEOUS GRAPH:

- RANDOM GRAPH
• EQUATIONS INSTEAD OF

- Ku -FREE GRAPH CONCRETE POLYMORPHISMS

- qq.ua,⇐n⇐r←←.ae/TRn-a-ABiui4WITNESSED (AS IN FINITE)
BY

• UNARY STRUCTURE
CANONICAL

• MMSNP
"

" POLYMORPHISMS
• THEORY OF SMOOTH APPROXIMATIONS• (Q ,4 Costly

,44%2-12satisfy,x,Z,✗,qy)
INDEPENDENT OF GROUND STRUCTURE

• RANDOM POSET ☒

⇒ CSP (A) -
NP-c

• APPLICATION NEEDS KNOWLEDGE\ p
ABOUT IB AT TWO POINTS

• APPLICABLE TO OTHER EQUATCONAL

Dictionaries THAN Trinita /NON-
TRIVIALEG . AF5-1NE /NON-AFFINE
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THEOREM MOTTET +P . '20

MOTTETI-NAGYi-P.twRONA '
21

LET 1A BE fo -DEFINABLE 6N : BOUNDED

• RANDOM TOURNAMENT
Aaaaa

• HOMOGENEOUS GRAPH:
P;ii:- RANDOM GRAPH

•
Polla

- Ku-FREE GRAPH
- EQUCUALENCE RELATION

• UNARY STRUCTURE
NP-a

• MMSNP
"

l l

I
• THEN SOLUABICITY OF CSPCIA) i

BY LOCAL CONSISTENCY METHODS AwtGB)
(S WITNESSED BY (EQUATIONS OF)
CANONICAL POLYMORPHISMS qow(×,- -⇒g) = . -I en°w(4,4 .

--F)
• THERE is A COLLAPSE OF AMOUNT

OF LOCALITY NEEDED To sauce cgpgAy
:
(2K that Buil))

(B K - HOMOGENEOUS
,
l - BOUNDED
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