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MANY MATHEMATICAL OBJECTS CARRY : • ALGEBRAIC STRUCTURE

• TOPOLOGICAL sT@wcqpgg.tg COMPATIBLE :ALGEBRAIC OPERATORS
CONTINUOUS .

EXAMPLES

• GROUP (IR ,+) • GROUP (Ñ,
t)

• VECTOR SPACES OVER A/€1k : SUBSETS OF Éf É / IKI
PRODUCT TOPOLOGIES

• IN PARTICULAR : VECTOR SPACE (R
"

IN PARTICULAR : µ DISCRETE

⇒ TOPOLOGY OF POINTWISE
• GROUP Aut(Q , a) c- QQ : PRODUCT TOPOLOGIES CONVERGENCE

• IN GENERAL : GROUP Aut (A) ,
HA FIRST-ORDER STRUCTURE (f) new→f. ⇒
POINTWISE CONVERGENCE

to flat- flat
• SEMIGROUPS (MONOID) : End (A) ENDOMORPHISM MONOID EVENTUALLY

F-mb (A) EMBEDDING MONO'D

Ant (A) c-É^

• CLONE PolGA) = U {f : 1A
"
→ 1A I f- PRESERVES 1A}

NEW

ALGEBRAIC STRUCTURE : COMPOSITION

Pollan /A*
"

pointwise
,
CLOPEN

CONV.

• ALGEBRA (A; i)i⇐I) : composition + POINTWISE CONVERGENCE .
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HOW MUCH CHOICE FOR THE TOPOLOGIES?

• UNIQUE '- VECTOR SPACE IR
"

HAS UNIQUE HAUSDORFF TOPOLOGY

• MAN : GROUPS (IR ,+)I GR2 , t) BUT NOT TOPOLOGKACLK : (IR it)¥(É,t)
• •

QUESTION WHAT ARE THE COMPATIBLE TOPOLOGCES
FOR A GIVEN ALGEBRAIC OBJECT ?

QUESTION (MARKOV 44 )

IS THERE AN INFINITE NON-TOPOLOGIZABLE GROUP?

(ONLY HAUSDORFF TOPOLOGY = DISCRETE)

ANSWER YES_ (SHELAH ( cry , HESSE , OLSMANSKII
'
so)

QUESTION
CAN THERE BE A UNIQUE NON-TRIVIAL

,
NON- DISCRETE TOPOLOGY?

• VARIANTS ! ASSUMPTIONS ON TOPOLOGY
,
E.G. ,

HAUSDORFF
, Polish

Polish = SEPARABLE + COMPLETELY METRCZABLE

EXAMPLE POINTWISE CONVERGENCE ON

SYMGN) a- (N'
N qq.IN

'N
" PW
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POLISH GROUPS

• EXAMPLE (IR ,+) I Got ,t) ,
GR1H# (IR?+)

• ON THE OTHER HAND : CONSISTENT with ZF# THAT ANT POLISH GROUP
HAS UNIQUE POLISH TOPOLOGY ( PETTIS

,
Soloway

, SHELAGH

• EXAMPLE FREE GROUPS HAVE NO NON-DISCRETE POLISHTOPOLOGY (DUDLEY '6h

QUESTION (ULAM
, SCOTTISH Book# 96)

DOES Sym GN) HAVE LOCALLY COMPACT POLISH TOPOLOGY?

ANSWER No_:

• EVERY Tn TOPOLOGY D- Pw (GAUGHAN '70s) }⇒ PW UNIQUE

• JEJ '
,
BOTH Polish ⇒ 5=-5 ' Paiste

(EVEN SEPARABLE)
UNIQUE POLISH

TOPOLOGY : • ISOMETRY GROUP OF THE (ROSENDAL tSocEcq '07)

URTSOTEN SPACE /SPHERE (SABok 'B)

• HOMEOMORPHISM GROUPS OF [0,1]
"

,
2T (KALLMAN '80s)

• Ant (Q /<) (HODGES , Hopkinson,
LASCAR

,
SHELAH

'
93 /SoLEokst

ROSENDAL '071

• Ant (G) G- - . RANDOM GRAPH (masseuse' ' 92 / UECMRcstROSENDA-o.bz)
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POLISH SEMIGROUPS / CLONES

UNIQUE POLISH TOPOLOGY : • IN
"

• y ,µµ
" (ELLIOTT't 3oNu5Ast MESYAN+MITCHEat

MORAYNE + PÉRESSE
'
la)

new

INFINITELY MANY POLISH TOPOLOGIES :
aaaaa

Pw

INJUN) : = {f : IN -71N If insecure} (= Antin , _t) )

SMALLEST : Pw : GENERATED BY U×
,>
= {FE1N

"

I flxI=y} ① IYEIN)

LARGEST : Pw ← N×:= {f. c- IN
"
I ✗ ¢ fin)} ⇐ c- IN)

Mn : -- { f- c- IN
"
I IN1 fin)I=n} (new)

IN BETWEEN
: RESTRICT n

(NO CCASSIFCCATION)
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WHAT FOR?

INSIGHT INTO RELATIONSHIP BETWEEN ALGEBRAIC&TOPOLOGICAL STRUCTURE

PRACTKAL EVEN IF A TOPOLOGY IS
"

IRRELEVANT
"

( i.E. UNIQUELY DETERMINED)
,

IT USUALLY IS FOR NON-TRIVIAL REASONS .

KNOWLEDGE OF THIS FACT IS USEFUL .

•

EXAMPLES
LET A- iB BE COUNTABLE w-CATEGE-i.CAT/Auf4A)FiNiTE

• 1A
,

FIRST- ORDER BI- INTERPRETABLE ⇐⇒ Auf (4)⇐ Auf KB) (AH2BRANDTT
ZIEGLER

'80s)
IF 1A HAS UNIQUE Polish TOP. : ⇐ Antin) E Aut(B)

• ☒ IIB EXISTENTIAL- POSITIVE B1-1NT
. ⇒ End GA) 1- End GB)

(Borrower
JUNKER

'081

• 1A
,
IB PRIMITIVE - Positive B1-1NT .⇒ Pol (A) E Pol GB)

(BoDcRsue+ P
.

'
II)
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VARIANT AUTOMATIC CONTINUITY AC

Ant#-) HAS Ac :⇒ try : Ant (A)→ Sym GN) ( ie continuous)
End(A) HAS Ac :⇐ End (A) → (NIN
Pol (A) HAS AC :# Polka) → WIN

"
"

new

MEANING FOR w- CATEGORICAL Ad :

IB HAS FO- INTERPRETATION IN LA ⇐ Ant(A) → Act (B)
CMURE OR

LESS)
EP- End(A) → End (B)

PP - Poe (A) → Pol (B)

EXAMPLE : CAN 1A PP- INTERPRET

= SAT i.=(10,1}, {(0,0/1) , coded , 9,0,o)})?
Pol(SAT) = {PROJECTcons on {9^3}

Polka)→/ POECSAT) ⇒ Poly) ⇐ eoscx,y, × ,z,y,z)= CBARTO + P . ' '• I
NOT TRUEAS ITATE.pl

Go 54,417,4471
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RECONSTRUCTING THE TOPOLOGY OF Ant (A)
,
End (A)

, PIKA)
A-
. - . COUNTABLE w- CATEGORICAL

KEENE:
HARD

To FA
"

- uEEEE
UP : PW is UNIQUE POLISH TOPOLOGY ON AwtfA) /End(A) / Pol (A)

AC : EVERY y : Ant (A)→ Sym GN)}HARD
TO F""

IS CONTINUOUS

End (A) → µ
"

(AUTOMATIC CONTINUITY)
FAILS { Polka) → LET

"

EASILY

AH : F-VERY isomorphism

(y: Anton)
→AutGB

End(A)→ Ending
's A HOMEOMORPHISM

(AUTOMATIC HOMEOMORPHICIT4)WARD " { poem )→PoeGB)FAK
EVANS+HEWITT '90

tff-THER-P.IS

AR : EVERY ISOMORPHISM of is INDUCED BY BISECTION f : A-→IB

(ACTION RECONSTRUCTION)

FOR GROUPS (OPEN FOR HONORS )
↳→Aye

,

-
Ac

E.AR
AR USUALLY RESTRICTED TO IB SATISFYING

CONDITIONS '
- NO ALGEBRAKITI
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THE GRAND TABLE OF RESULTS ( INCOMPLETE & PROBABLY INCORRECT)

'

UNIQUE POLISH AUTOMATIC CONT . ACTION REC. AUTOMATIC HOMED

CUP) (Aa) (ARI CAH)

4N
,=) / Dixon,

Neumann ,CIN;-) Gaughan
' 70s Thomas is

(④ it
'

(Qin
Auf (Q,<In

' Semmes 's q(Q
. ,4

.

Rosendahl +Salehi / Truss '
sq

µ
, ③ Rubin

"
" G Rubin '94

'07 IB - Un
G Ueohriar Rosendal G (Hodges

-Hodkinson IP p'
07 ↳-stable +Lascar +Shea 1T'

80s Barbina
Hypergraphs"" """I '

80s
Henson,.gg, / Macpherson

} IT
{

' 07
a

4 Elliott+ (Q,E) G Elliott+ (4--1)

/
Bodcrshyi-P.tt?agoae2- ' 13

End ④if sonatas + said ①
"" " + (Q

'
"

Bet;s%;) G
Mitchell +

'• Mitchell + (P, c) IT
4
, Elpéresse + ' 21

"
F- Péressei

q
V9"

-

(g.a)

(q
,
=) /

Behr's'd +Truss +P
.

P
-

I21 1HN
' 19 Vargas

-Garcia 117
"NF1 E)MMMP 12 > IN

,=) F-3MMmP '20

Pof 4 Elliott+ G Elliott + (Q,4
Been;D,

21N"

/ Bodrrscys-P.tk-599-43?⃝ 3onuJas+ 30k£" + (P, c) vargas
- G

Mitchell + Mitchell +
↳

Péressei IE péresse + 4 Garcia ) (Ps)
(47£) P

.

,z,
P
.

,z,
IHN

' 19
{ ftp.4/PeahtPed

' 18

(Q ,EI Behnsihtthussrvarg.us
-Garcia

☒ IN,=) F-3MMnP '20 17

4N
,
=) Elliott.-3ouus-asimeysani-M.tec.ec + { (4,4 Belmont vargas-Garcia 4g
Morgue 1- Péoesse ' 20

4 . . . RANDOM GRAPH (D
. .
.

RANDOM DIGRAPH ten . -
• RANDOM Kn_FREE w- CAT

↳RAPH

IP . - . RANDOM POSET F- c- . RANDOM EQUIVALENCE No ACGEBRAICITY
RELATION CB

. . .
COUNTABLE ATOMLESS

IT - -a RANDOM TOURNAMENT BOOLEAN ACG
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NEW METHOD PROPERTY f& T-HEO-REMCF-wioTTI-7onusa-si-ME-sn-wi-HCTCHELUM.ioRAYNETPÉRESSE '
19]

DEFINITION
---

g
LET S SEMIGROUP ,

POLISH TOPOLOGYISTOPOLOGICAL SEMIGROUP
, A

ONS
.

A ES SUBSEMIGROUP .
AE5 SUBSEMIGROUP , PROPERTY* .

SMAS PROPERTY& WITH RESPECT TO A • IF A is POLISH SUBGROUP

:# ⇒ J is MAXIMAL POLISH TOPOLOGY
ON S

.

V-sc-SJ-fs.gsc-SJ-o.se A :

• A HAS AC

⇒ S HAS Ac .

5--10%0 Is
AND COROLLARY

B NEIGHBOURHOOD OF as : End (A) HAS PROPERTY * WRT Aut¢A)
⇒ pw MAXIMAL POLISH TOPOLOGY .

Gso (BnA) ofs is NEIGHBOURHOOD OF s .

RENART : OFTEN EASY TO SHOW

THAT PW IS SMALLEST?⃝ =

g.
• ④ • Is POLISH (EVEN HAUSDORFF)

TOPOLOGY .
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EXAMPLE A- = (IN ,=) : End (A) = IN
"

,
Antun)= Sym GN)

PROPERTY * : IN

\
"

5- gods- fSE1N
"

A① ①→① ✗ in]Ecµ✓EIN3É£wEth as
sursr-et.ve co- infinite
INFINITE RANGE

- CLASSES

⇒ PW MAXIMAL POLISH TOP
. ON IN

"

EXAMPLE fA= G. . . RANDOM GRAPH ,
s c- End 4 • of SURJECTIVE ,

"

GENERCC"

G • f. EMBEDDING ,

"""" """"E'
"""""" * """"⇐

DO NOT DEFINE NEW

TYPES in THE IMAGE .

• ✗
g
: BACK-AND-FORTH
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NON-EXAMPLE ☒= (Q

,
E)

• g- ¢ SCQI

④ ④ ④ ④ • gs HAS TO BE SODISECTCVE

⇒ ⇒ 3- p go.CN -_ of
•p • of -cQ\s(Q\

✗sH=p:-. • ONCE ✗scr)=p
is FIXED

,

④ Ñsofs MUST SEND

BELOW of
•

NO NEIGHBOURHOOD OF s

IS THAT RESTRICTIVE !
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SUFFICIENT CONDITIONS FOR PROPERTY B.

• A HOMOGENEOUS '
-⇒ EVERY PARTIAL FINITE LSOMORPHCSM ON HA EXTENDS TO

AN AUTOMORPHISM .

• 1A HOMOMORPHISM - HOMOGENEOUS : ⇐ .
.
. . HOMOMORPHISM - - -

Endomorphism
.

(NOT t.IS - FREE GRAM)
• 1A at.AS STRONG AMALGAMATION PROPERTY :C.⇒

/A

71£ , £111 FINITE IN A- F-

÷:÷:
"⇐ " a- :⑤I⇐*?⃝¥¥

SAP WITH HOMOMORPHISM GLUING :

④
WHENEVER

g.E.→
F-

SAP :

⑨a HOMO , g↳HoM0
IE IS "

MINIMAL AMALGAM
"]

⇒g Homo
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EXAMPLES

• FREE AMALGAMATION ⇒ gap , µ,

↳ RELATIONS

• IN PARTICULAR : RANDOM GRAPH , DIGRAPH , - - - HAVE SAP+HG

• RANDOM POSET (CP
,
E)

, [(P, a) HAVE SAP +HG

• EQUIVALENCE REL .
☒ HAS SAP +HG

• (Q , E)
,
(Q

,
c)
,
IT RANDOM TOURNAMENT : NO HG !

THEOREM (ELUOTTI-3oouus-n-ss-thTCHEKTPERESSEI-P.tl)

LET 1A BE HOMOGENEOUS
,
HOMOMORPHISM-HOMOGENEOUS

,
SAPTHG .

⇒ End#-) HAS PROPERTY A☒ WRT Act (A)
,

PW IS THE MAXIMAL POLISH TOPOLOGY .
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FAILS FOR CQ
, E) , HOWEVER :

THEOREM +c. SCHINDLER '21 !

End (Q
, E) HAS UNIQUE POLISH TOPOLOGY

OPEN :

GENERAL ORDERED STRUCTURES
,
E.G. ORDERED RANDOM GRAPH !



Thank you
!
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