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MANY MATHEMATICAL OBJECTS CARRY : • ALGEBRAIC STRUCTURE

• TOPOLOGICAL sT@wcqpgg.tg COMPATIBLE :ALGEBRAIC OPERATORS
CONTINUOUS .

EXAMPLES

• GROUP (IR ,+) • GROUP (Ñ,
t)

• VECTOR SPACES OVER A/€1k : SUBSETS OF Éf É / IKI
PRODUCT TOPOLOGIES

• IN PARTICULAR : VECTOR SPACE (R
"

IN PARTICULAR : µ DISCRETE

⇒ TOPOLOGY OF POINTWISE
• GROUP Aut(Q , a) c- QQ : PRODUCT TOPOLOGIES CONVERGENCE

• IN GENERAL : GROUP Aut (A) ,
HA FIRST-ORDER STRUCTURE (f) new→f. ⇒
POINTWISE CONVERGENCE

to flat- flat
• SEMIGROUPS (MONOID) : End (A) ENDOMORPHISM MONOID EVENTUALLY

F-mb (A) EMBEDDING MONO'D

Ant (A) c-É^

• CLONE PolGA) = U {f : 1A
"
→ 1A I f- PRESERVES 1A}

NEW

ALGEBRAIC STRUCTURE : COMPOSITION

Pollan /A*
"

pointwise
,
CLOPEN

CONV.

• ALGEBRA (A; i)i⇐I) : composition + POINTWISE CONVERGENCE .



2

HOW MUCH CHOICE FOR THE TOPOLOGIES?

• UNIQUE '- VECTOR SPACE IR
"

HAS UNIQUE HAUSDORFF TOPOLOGY

• MAN : GROUPS (IR ,+)I GR2 , t) BUT NOT TOPOLOGICALLY : (IR it)¥(É,t)
• •

QUESTION WHAT ARE THE COMPATIBLE TOPOLOGIES
FOR A GIVEN ALGEBRAIC OBJECT ?

QUESTION (MARKOV 44 )

IS THERE AN INFINITE NON-TOPOLOGIZABLE GROUP?

(ONLY TOPOLOGIES = DISCRETE
, TRCVIAL)

ANSWER YE1 (SHELAH ( cry , HESSE , OLSMANSKII )

QUESTION
CAN THERE BE A UNIQUE NON-TRIVIAL

,
NON- DISCRETE TOPOLOGY?

• VARIANTS '
- ASSUMPTIONS ON TOPOLOGY

,
E.G. ,

HAUSDORFF
, Polish

Polish = SEPARABLE + COMPLETELY METRCZABLE

EXAMPLE POINTWISE CONVERGENCE ON

SYMGN) a- (N'
N qq.IN

'N
" PW
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POLISH GROUPS

• EXAMPLE (IR ,+) I Got ,t) ,
GR1H# (IR?+)

• ON THE OTHER HAND : CONSISTENT with 2-5-☒ THAT ANT POLISH GROUP

HAS UNIQUE POLISH TOPOLOGY ( PETTIS
,
Soloway

, SHELAGH

• EXAMPLE FREE GROUPS HAVE NO NON-DISCRETE POLISHTOPOLOGY (DUDLEY '6h

QUESTION (ULAM
, SCOTTISH Book# 96)

DOES Sym GN) HAVE LOCALLY COMPACT POLISH TOPOLOGY?

ANSWER No_:

• EVERY Tn TOPOLOGY D- Pw (GAUGHAN '70s) }⇒ PW UNIQUE

• JEJ '
,
BOTH Polish ⇒ 5=-5 ' Paiste

(EVEN SEPARABLE)
UNIQUE POLISH

TOPOLOGY : • ISOMETRY GROUP OF THE (ROSENDAL tSocEcq '07)

URTSOTEN SPACE /SPHERE (SABok 'B)

• HOMEOMORPHISM GROUPS OF [0,1]
"

,
2T (KALLMAN '80s)

• Ant (Q /<) (HODGES , Hopkinson,
LASCAR

,
SHELAH

'B)

• Ant (G) G- e. RANDOM GRAPH (oerusneovscei '927
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POLISH SEMIGROUPS / CLONES

UNIQUE POLISH TOPOLOGY : • IN
"

• y ,µµ
" (ELLIOTT't 3oNu5Ast MESYAN+MITCHEat

MORAYNE + PÉRESSE
'
la)

new

INFINITELY MANY POLISH TOPOLOGIES :
aaaaa

Pw

INJUN) : = {f : IN -71N If insecure} (= Antin , _t) )

SMALLEST : Pw : GENERATED BY U×
,>
= {FE1N

"

I flxI=y} ① IYEIN)

LARGEST : Pw ← N×:= {f. c- IN
"
I ✗ ¢ fin)} ⇐ c- IN)

Mn : -- { f- c- IN
"
I IN1 fin)I=n} (new)

IN BETWEEN
: RESTRICT n

(NO CCASSIFCCATION)
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WHAT FOR?

INSIGHT INTO RELAT'oNSHiP BETWEEN ALGEBRACC&TOPOLOGICAL STRUCTURE

PRACTKAL EVEN IF A TOPOLOGY IS
"

IRRELEVANT
"

(UNIQUELY DETERMINED)
,

IT MIGHT BE So [AND USUALLY is) FOR NON-TRIVIAL REASONS .
KNOWLEDGE OF THIS FACT IS USEFUL .

•

EXAMPLES
LET A- fB BE COUNTABLE w-CATEGORICAL .

• 1A
,

FIRST- ORDER BI- INTERPRETABLE ⇐⇒ Auf (4)⇐ Auf KB) (AH2BRANDTT
ZIEGLER

'80s)
IF 1A HAS UNIQUE Polish top. : ⇐ Anth) E Aut(B)

• ☒ IIB EXISTENTIAL- POSITIVE B1-1NT
. ⇒ End GA) 1- End GB)

(Borrower
JUNKER

'081

• 1A
,
IB PRIMITIVE - POSITIVE B1-1NT .⇒ Pol (A) E Pol GB)

(BoDcRsue+ P
.

'
II)
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VARIANT AUTOMATIC CONTINUITY (AC)

Ant#-) HAS Ac :⇒ try : Ant (A)→ Sym GN) ( ie continuous)
End(A) HAS Ac :⇒ End (A) → µN
Polka) HAS AC :# Polka) → WIN

"
"

new

MEANING FOR w- CATEGORICAL Ad :

IB HAS FO- INTERPRETATION IN LA ⇐ Ant(A) → Act (B)
CMURE OR

LESS)
F-P- India) → End (B)

PP - Poe (A) → Pol (B)

OK • • . BUT WHO CARES ABOUT Pol (A) ?
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MY PERSONAL STORY

1A . . . RELATIONAL STRUCTURE, FINITE SIGNATURE Rn , . - - ,Rm

(SP6A) = CONSTRAINT SATISFACTION PROBLEM OF A- :

GWEN :

✗ I 3-×, - . - . ]-✗n Ri, [variables>n . . - n Rie(variables) PP-SENTENCE

£ : A- f- q
?

• EVERY COMPUTATIONAL PROBLEM CAN BE • IMPORTANT : CAN 1A PP- INTERPRET

MODELLED AS CSPCCA) FOR SOME 1A .

lB=SATt=(10,13 , {(0,0/1) , coded , 9,0,o)})?
• EXAMPLES • csP(④,<) : ACKCCICITY Pol(SAT) = {PROJECTcons on {4^3}

(IN P1

• CSPCQ
,
BETWCX,y,z) : BETWEENnEg

• NEED ALGEBRAIC CONSEQUENCES of

CNP-c) Polka)→/ POECSAT)
• WANT ALGEBRAIC TOOLS

TO DISTINGUISH COMPLEXITY .

• THEY EXIST !

Poly) t-eosk.y.EE,y,Z)=
• IB HAS PP- INTERPRETATION in A-

fo 54,417,447)
(⇐ polka)→ Polis) ) '

(BARTO + P . ' 16 ,⇒ CSPCIB) REDUCES TO CSPCXA) NOT TRUEAS ITATEDI
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RECONSTRUCTING THE TOPOLOGY OF Ant (A)
,
End (A)

, PIKA)
A-
. - . COUNTABLE w- CATEGORICAL

CONSIDER THREE NOTIONS :

UP : PW is UNIQUE POLISH TOPOLOGY ON AwtfA) /End(A) / Pol (A)

Ac : EVERY y : Ant (A)→ Sym GN) is continuous

End (A) → µ
"

(AUTOMATIC CONTINUITY)
Polan → uneaten

"

AH : F-VERY isomorphism ya. Autem→AutlB

End(A)→ EndGB)
'S A HOMEOMORPHISM

(AUTOMATIC HOMEOMORPHICIT4)
Poeta)→ Polar)

ARF-vt-RSMRPHSMSNDEDBBIE-onf.AM
(ACTION RECONSTRUCTlow)

,

/

'

AC
FOR GROUPS (OPEN FOR MONADS )

UP→ Avec
E-
, AR

AR USUALLY RESTRICTED TO IB SATISFYING
CONDITIONS '

- NO ALGEBRAKITI
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THE GRAND TABLE OF RESULTS ( INCOMPLETE t PROBABLY INCORRECT)

'

UNIQUE POLISH AUTOMATIC CONT . ACTION REC. AUTOMATIC HONED

CUP) (Aa) (ARI CAH)

4N
,=) / Dixon,

Neumann ,CIN;-) Gaughan
' 70s Thomas is

(④ it
'

(Qin
Auf (Q,<In

' Semmes 's q(04,4
.

Rosendahl +Salehi / Truss '
sq

µ
, ③ Rubin

"
"" G Rubin '94

'07 IB - Un
G Ueohriar Rosendal G (Hodges

-Hodkinson IP p'
07 ↳-stable +Lascar +Shea 1T'

80s Barbara
heypergraphs"" Herwig '

80s
Henson,.gg, / Macpherson

} IT
{

' 07
-

G Elliott+ G Elliott' (4--1)

/
Bodcrshyi-P.lt Poagoatt ' 13

End ID1E 3onujas+ ①
Sonatas +

4
Mitchell +

Mitchell + j
(!4,1%4 péresse , 121

F- Péresset (Q.cl
(q

,
=) /

Behr's'd +Truss +
P
.

P
-

121 Vargas
-Garcia 112

"NF1 E)MMMP 12 > IN
,=) F-3MMmP '20

pot 4 Elliott+ G Elliott + (Q,4
Been;D,

y
21N"

/ Bodwscys-P.tk-599-433onuJas+ 30k£" + (P, c) vargas
- G

Mitchell + Mitchell +
↳

Péressei F- Péressei 4 Garcia (Ps)
(47£) P

.

,z,
P
.

,z,
Ma

' 19
{ ftp.4/PeahtPed

' 18

(Q ,E| Behmsihtthusstvarg.us
-Garcia

☒ IN
,=) F-3MMnP '20 17

4N
,
=) EKiitfi-3ouus-asimeysani-mitec.ec + { (4,4 Belmont vargas-Garcia 4g
Morgue 1- Péoesse ' 20

4 . . . RANDOM GRAPH (D
. .
.

RANDOM DIGRAPH ten . -
• RANDOM Kn_FREE w- CAT

↳RAPH

IP . - . RANDOM POSET F- c- . RANDOM EQUIVALENCE No ACGEBRAICITY
RELATION CB

. . .
COUNTABLE ATOMLESS

IT - -a RANDOM TOURNAMENT BOOLEAN ACG
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COUNTEREXAMPLES

• -9 UP : INJUN) = End④ it) : INFINITELY MANY POLISH TOPOLOGIES (BUT AH)

• 7AM : 71A
,
IB w-CATEGORICAL

,
Ant (A) 1- Awt(☒

,
but (A)=/ AufGB) (Entrust

HEWITT
'90 )

3-A- ,
- "- End(A) I End ABI

,
End (A)¥ End (B) lBoarsae←

EVANS+

Polka E Pol GB1
,
pal (A)¥ POEGB Kommissar.

+ P
.

'
15 )

NOT NATURAL !

• 7 AC : OBSERVATION (Bonsai + 8. +PONGROECZ ' 13)

w- CATEGORCCAL ⇒ Emts ((A) DOES NOT HAVE Automatic CONTINUITY.

PR0-0OF : >
C
,µ

- - - CONSTANT FUNCTION with VALUE C .

""idµ - IDENTITY

COROLARRT End (④
,
a) DOES NOT HAVE AC . SIMILARLY : End (Q

,
E)
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METHODS FOR GROUPS •

try - INTERPRETATIONS :

INTERPRETATCOÑ OF A- IN AufGA)
uh

• AIGA) HAS SIP (SMALL INDEX
PROPERTY) ⇒ AH CAUTOMAITC HOMEOMORPHICITY)

AR (ACTON RECONSTRUCTION):# EVERY SUBGROUP OF COUNTABLE
INDEX is OPEN (RUBIN)

←→ EVERY SUBGROUP OF COUNTABLE
INDEX CONTAINS A POINTWISE •

STABILIZER Aut(A) HAS AMPLE GENERCCS e.⇐

Hutch 1 Autem
"

HAS COMEAGRE⇐ Aut(A) HAS Ac (Dixon NEUMANN
,

TTHOMAS) conjugation ORBIT .

• Aut GA) HAS SS1P (STRONG SIP)

:⇒ EVERY SUBGROUP OF COUNTABLE ⇒ UP UNIQUE POLISH
INDEX is BETWEEN A POINTWISER

A-SETWISE STABILIZER
AC AUTOMATIC CONTINUITY

(UECMR's c- ROSENBACH
⇒ AR (ACTION RECONSTRUCTION

WITHIN THE CLASS OF

W-CAT
.

,
NO ALGEBRA {CITY ,

SS1P

STRUCTURES (PAOLINI t SHELAH)
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OLD METHODS FOR MONOSDS / CLONES

LAZY IDEA : LIFT AH FROM Aunt (A) me Aut(A) → End(A)→ Polka)

METHOD : GATES (Rothesay + P. -PONGRACZ)

R°UGM : SAY WE know End GA) HAS AH

FIND f c-Polka) (OR A FAMILY OF fs
"

GATE covering
"]

Such THAT

V-cgalnefgc-PRGAIJGnlnc.io
, (F)new c- EndGA)

I '
ys

th : gn= ✗nfÑn
IF 4 : Polka) → Polis

)

⇒ reign = G) elf)e(Ñ) → eWe&1e(pl=ekfM
=eCg)
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NEW METHOD PROPERTY fR T-HEO-REMCF-wioTTI-7onusa-si-ME-SANI-HCTCHELUM.ioRAYNETPÉRESSE '

19)

LET S SEMIGROUP ,
POLISH TOPOLOGY ]

DEFINITION
~-- ON S

.

LET 5 TOPOLOGICAL SEMIGROUP
,

AE5 SUBSEMIGROUP , PROPERTY& .

A ES SUBSEMIGROUP .

• IF A is POLISHSUBGROUPS
HAS PROPERTY& WITH RESPECT TO A ⇒ J is MAXIMAL POLISH TOPOLOGY

ON S
.

:#
• A HAS AC

V-sc-SJ-fs.gsc-SJ-o.se A :

⇒ S HAS Ac .

5--4,0%0 Is COROLLARY

AND End (A) HAS PROPERTY * WRT AutCA)
B NEIGHBOURHOOD OF 2s : ⇒ PW MAXIMAL POLISH TOPOLOGY .

Gso (BnA) ofs is NEIGHBOURHOOD OF s .
REMAR÷ : OFTEN EASY TO SHOW

THAT PW IS SMALLEST POLISH

③ =

cgso④ • Is TOPOLOGY .
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EXAMPLE A- = (IN ,=) : End (A) = IN
"

,
Antun)= Sym GN)

PROPERTY & :

5- gods- fsein
"

⇒③ ① y
"
INJECTIVE

INJECTIVE/ surisr-et.ve co- infinite
INFINITE RANGE

- CLASSES

⇒ PW MAXIMAL POLISH TOP
. ON IN

"

EXAMPLE fA= G. . . RANDOM GRAPH ,
s c- End 4 • of SURJECTIVE ,

"

GENERCC"

G • f. EMBEDDING ,

"""" """""
PARAMETERS OF co- IMAGE

DO NOT DEFINE NEW

TYPES in THE IMAGE .

Taft • ✗
g
: BACK-AND-FORTH
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NON-EXAMPLE A-= (Q

,
E)

• g- ¢ SCQI

④ ④ ④ ④ • gs HAS TO BE SOR>ECTCVE

⇒ ⇒ 3- p go.CN -_ of
•p£ • of -cQ\s(Q\

✗sH=p+
• ONCE ✗scr)=p

is FIXED
,

{so Ñsofs MUST SEND M

BELOW of
•

NO NEIGHBOURHOOD OF S

IS THAT RESTRICTIVE !



16

SUFFICIENT CONDITIONS FOR PROPERTY B.

• /A HOMOGENEOUS '
-⇒ EVERY PARTIAL FINITE ISOMORPHISM ON HA EXTENDS TO

AN AUTOMORPHISM .

• IA HOMOMORPHISM - HOMOGENEOUS : ⇐ .
.
. . HOMOMORPHISM - - -

ENDOMORPHISM
.

-

• 1A at.AS STRONG AMALGAMATION PROPERTY :C.⇒

f-113,6 , FINITE IN A- F- HERE CAN
BE

(BUT NO =)
7¥ in a- :✓

RELATIONS

WHENEVERSAP WITH HOMOMORPHISM G" "" "

④ g:[→
F-

SAP :

81¢ HOMO , g↳
HOMO

⇒g Homo
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EXAMPLES

• FREE AMALGAMATION ⇒ SAP + HG

• IN PARTICULAR : RANDOM GRAPH , DIGRAPH , - - - HAVE SAP+HG

• RANDOM POSET (CP
,
E)

, {(P, a) HAVE SAP +HG

• EQUIVALENCE REL .
☒ HAS SAP +HG

• (Q , E)
,
(Q

,
c)
,
IT RANDOM TOURNAMENT : NO HG !

THEOREM (ELUOTTI-asowus-n-ss-thTCHEKTPERESSEI-P.tl)

LET 1A BE HOMOGENEOUS
,
HOMOMORPHISM-HOMOGENEOUS

,
SAPTHG .

⇒ End#-) HAS PROPERTY A) WRT Act (A)
,

PW IS THE MAXIMAL POLISH TOPOLOGY .
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NON- UNIQUENES

PROPOSITION (ELLIOTTT 3oNu5AS+ MICHELLE PÉRESSE+P .
'

21)

☒ w-CATEGORKAL ⇒ Emb (A) HAS AT LEAST TWO POLISH TOPOLOGIES .

PROOF
-

• lnj(N) HAS = 2 POLISH TOP.
,
PW AND ONE WHERE SymGN) is CLOSED

• INDUCE POLISH TOP. ON Emb(A) SINCE IT IS CLOSED .

• Ant (A) NOT CLOSED in PW BUT IN THE OTHER ONE
.

☐

COROLLARY

End (Q
,
<\ HAS 22 POLISH TOPOLOGIES .
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WHAT ABOUT CLONES???

THEOREM (ELUOTTI-asoouus-n-ss-thTCHEKTPERESSEI-P.tl)

LET 1A BE HOMOGENEOUS
,
HOMOMORPHISM-HOMOGENEOUS

,
SAP+HG .

CCoSEDUNDER-
⇒ Pol GA) HAS PROPERTY G) WRT Act (A)

, / ⑤ FINITE PRODUCTS

PW IS THE MAXIMAL POLISH TOPOLOGY .

OPEN PROBLEMS

• DTOES End (④ , E) HAVE UNIQUE Polish TOPOLOGY ?

• Do Aut c)
,
End c)

,
End

, E) HAVE AUTOMATIC CONTINUITY?



Thank you
!
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THE GRAND TABLE OF RESULTS ( INCOMPLETE t PROBABLY INCORRECT)

'

UNIQUE POLISH AUTOMATIC CONT . ACTION REC. AUTOMATIC HONED

CUP) (Aa) (ARI CAH)

(IN
,=)

Dixon, Neumann ,CIN;-) Gaughan
' 70s Thomas is

(④ it
'

(Qin
Auf 4(Q

. ,4 Rosendahl +Solani (④ '
<I
/ Truss '

sq
µ
, ③ Rubin

"
"" G Rubin '94

'07 IB Un
g uol.is , Rosada, q Images.edu,→, p § p ③

↳-stable +Lascar +Sheff'
07

ago,
IT Barbina
Hypergraphsn Herwig '

80s
Henson,,gqq, / Macpherson

①

' 07
-

G Elliott+ G Elliott+ (4--1)

/
Bodcrshyi-P.lt Poagoatt ' 13

End ID1E 3onujas+ ①
30hr54 +

4
Mitchell + IT

ftp./4,lP,EIMitdrelliPe-resse+ ' 21
☒ Péresset (g.<)

(q
,
=) /

Behr's'd +Truss +
P
.

P
-

121 Vargas
-Garcia 112

"NF1 E)MMMP 12 > IN
,=) F-3MMmP '20

pot 4 Elliott+ (IN,=) r⇒MmnP '20 (Q,4
Been;D,

21N"

/ Bodwshs-P.tk-5743, 3onu5as+ (AA vargas
- G

4 Mitchell +
4 Garcia ③ ftp.a-l

(xp
,
±)

Péresset
µ
,

im
{ ftp.4/Pedi-Ped

' 18

P
.

121
(Q ,EI Behmsihtthusstvarg.us

-Garcia
☒ 17
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,
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