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CSP (CONSTRAINT SATISFACTION PROBLEM) : MORE EXAMPLES

COMPUTATIONAL PROBLEM : • GIVEN VARIABLES
,
SOME

" CONNECTIONS"

BETWEEN THEMINPUT: VARIABLES + "

CONSTRAINTS
"

0£ : 3- SOLUTION ?
(A.K.A. GRAPH)
%

HEFTY
"

COMPLEXITY? X5° µxg
a

MOST IMPORTANTLY
,
TIME COMPLEXITY X,LFORUSI
(in # OF VARIABLES)

Q : is THERE A 3-COLORING?

[VARIABLES ASSIGNED VALUES IN
EXAMPLES

10,423
,
NO ADJACENT VARIABLES

• GIVEN EQUATIONS COVER A RING , t.io?LDy
GET SAME COLOR)

EXPONENTIAL TIME

]solution ? NP- COMPLETE : -HARD To FIND
SOLUTION

• DIOPHANTINE E.QUATLOINS -

EASY TO CHECK
COVER (21

,
t
,
. ,0 , SOLOMON

UNDECIDABLE Q : is THERE A 2-coloring ?
- LINEAR EQUATIONS ( E.G. OVER (④ it,;9l) EP (POLYNOMIALTIME)

POLYNOMIAL TIME OR (2£ it, . . 0 , n) )
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MORE EXAMPLES COMMON ABSTRACTION :

• GENERALCZED SUDOKU (n'en' GRID) 1A = (Ai Rn
,
-
- -

, Rm) RELATIONAL
NP-COMPLETE A STRUCTURE

rsomtxni IT
• ¢SA SET>

e.
RELATIONS ON DOMALN

GIVEN EXPRESSION

↳vitamin three-g)a . .
.sn

CSPCIA)
- - INPUT : SENTENCE
③ ③

NP-COMPLETE if = Tex . . . . It, Rin( SOME VARIABLES) A
-Q : SATLSFCABCE ?
VARIABLES Riz ME VARCABLES) N

I.
• GIVEN DIGRAPH (VARIABLES t Rice LSOME VARIABLE}DIRECTED[ONNCECTIONS

"

)
X,

one

e.89
H

Q : take ?
C- .

×
• 3

µ EXAMPLES • (2£
,
t
,
•

,
0,1)

Q : CAN VARIABLES BE
• (24 ,t , :O,n) • (④

,
t
, 0,1 I

ToTARDERED suck THAT

'

(t , • AS TERNARY • (24 it , o ,n)

htiij xi-7g ⇒ xieej . (go.is#1REc*t-rs).CQ,g
C- P

"

ACKCLICITY " • (10,13, ALL 3-AR4 REC.) • (4011,23
,
4)
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UNDECIDABLE COMPLEXITIES4¥' • A- INFINITE : CSP(A) € MP-a

:p
L

:

EVERY COMPUTATIONAL PROBLEM

POLYNOMIAL-TIME EQUIVALENT
TO SOME CSP IBODIRSUY t

HROHE
'071

• 1A FINITE ⇒ Csp (A) a- NP
NP- <

• 3-SAT 7
Np- COMPLETE #• ftp.t , 0,1) P µpA&• 2 - COLORING P AN

• 3 -coloring
NP- C

• (2h
, t ,

so

,

0 ,n) NP- c '

Er
µ

d- in-3-satn.IE?oltHrlt?bttH..rEwp/ •
'

y -2=0

{ (1,0/0) , 10,407 , 6,0 ,

LADNER'S THEOREM :

MANY CLASSES INBETWEEN



5

CONJECTURE LFEDERTVARD'
' 93) EXAMPLES

A FINITE ⇒ csp¢A)- NP
-c

- Ep
° CSP ftp.t , 0 ,n)

EAS BECAUSE OF GAUSS .

SoLuTS : AFFINE SPACE :THEOREM (BULATOV
,
ZHUK ' 171

CONJECTURE TRUE . FNTIJ SOLUTIONS ⇒ I-Jtw solution

THEREFORE =

3

24-724
GREAT? m :

4,4775 X-ytZ
° Wtf is THERE A DCCTEOTOMT ? pRESE solution.rs/fzpgf,oy)
° WHEY IS A COMPUTATIONAL PROBLEM SYMMETRY :

we Key)=y=mly,X,×)
EASY CEPI / HARD LNP-it?

• cspllo.is :c) I
'

• WHh is SYMMETRY?
• 0

EAST :
Local CHECKING Xi In

solutions :
⇒ UNIVERSAL ALGEBRA - It solutions ⇒ max II sol

.

SYMMETRY : max 4,4) = maxl7.tl-
y
-- .
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A- =(AiRi
,
.- -,Rµ RELATIONAL STRUCTURE THEOREM LBULATOCRTIEAONS tkRouae.ru '

oz)
( BARTO toPR5A ← P.

'

171

K71 • AND FINITE
,
SAME DOMAIN

f- A
"

-7A polymorphism -← pot# = Poland ⇒ CSPCCA)} CSPGB)
WHENEVER I

,
- . . ,FueRi FOR SOME i pTiME

⇒ ICE ,
. . . ,rj)eRi

• A- its FINITE ,

ALL NON-NESTED EQUATIONS

POLKA) . . . ALL Polymorphisms of A SATISFIED IN PolA)
ALSO SATISFIED IN Pol GB)"

polymorphism ALGEBRA
"

⇒ CSPGB)E CSPUA(DOMAIN : A ; Functions : POLYMORPHISMS) TptimE

SIMILAR TO AUTOMORPHISM GROUP Amf (A)
"

THE R¥ER Pol GA) ( in EQUATIONS)
,

ENDOMORPMISM MONOID End THE EAs CSPGA) "

SATISFACTION OF EQUATIONS
,
E.G.

DIFFERENT KINDS OF SYMMETRIES
- MK47)=mk,qx)= only ,X,x)

THERE Exists A POLYMORPHISM

m FOR WHICH THE EQUATION is

TRUE
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POOREST POSSIBLE Pof¢A) : THEOREM (MARON tMcuENZiEi BARTO turtle ,

- SIGGERSI
BARTOTOPRIAC+P.

ALL PROJECTIONS ON 20,13 1A FINITE zooos I

Ike - - - e)=xi Pol#

TRi¥ \jN
-TRIVIAL

PR03 = Pol (t- in-354T)
- Pol# SATISFIES:(40,13 , { (0,047,10%01,140079) NO NON- NESTED

EQUATIONS • WCX
,
- -- X ,y)= -I

Pol(A) TRiviAf :← ALL NON-NESTED WL4X
,
- -f)

EQUATIONS OF AND

POLCIA) ARE TRUE • Clee . - -xn)-1NPR05 CQ2
,
- - Xu ,Xn)

- AND

THEOREM CBULAtov.tt#vu' 177 µpfFH . 547,474,7)=

A FINITE &f
AND

= 51442,474)
POLGA)

• scarce
,
a) =

TR'

↳ON -TRIVIAL Slr
, agree)

<

CSPCAINP-c CSPGAIEP



8EQUATIONS = SYMMETRIES T¥ THIS DOES NOT WORK FOR INFINITE 1A

EXAMPLE
tA=(GO.is/....ImaxleiyIePolCAI MODEL THEORY

CSPCFA) : WANT : CONNECTION

INSTANCE : VARIABLES
CSPCIA)c→ PRCA)

µ ,
- - -

(Xn

• + CONSTRAINTS 1A w- CATEGORICAL :S A- COUNTABLE&

# hfnzn AHA NA
"

HAS FINITELY
O n MANI ORBITS

0/4×2/4
,

EKPONENRAL!

Anta A-

: A→p
.

5 F
BUT BECAUSE mae is POLKMORPHCSM - . . .
-

n is

• CHECK LOCALLY if µ=l , .. . µ=d

"

A /Aufµ is FINITE tuzn

T possible
1-
ON CONSTRAINTS CSP : solution SPACE is infinite

• IF NOT ⇒ REDUCED TO SMALLER INSTANCE But FOR EVERY GIVEN INSTANCE (Xn . - -Xnl
WITH A 0 "

IT is FINITE 1
• IF KE5 ⇒ (t

,
- . -

, 1) SOLOTCON
,.-

-

• . . IN GENERAL : TOTALLY SYMMETRIC POLYMORPHISMS
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EXAMPLES CsP(④ , BG7H) :

• (Q
,
a) Given VARIABLES ×, - . - xn

• RANDOM GRAPH = UNIVERSAL HOMOGENEOUS t CONSTRAINTS = SPECIFIED TRCPLES

/ GRAPH q Q: ARE THERE VALUES FOR kn . - - Xn

L in ④ such THAT ALL

CONSTRAINTS SATISFY
BETWEENNESS?

0 NP-COMPLETE
-
-
n n

-
-

Auto

1A DEFINABLE IN HOMOGENEOUS STRUCTURE

• RANDOM POSET WITH
"REASONABLE DESCRIPTION

"

=FiNEE BOUNDEDNESS)• RANDOM BOOLEAN ALGEBRA =

COUNTABLE ATOMLESS BOOLEAN ALGEBRA
⇒ CSPCCA) e NP

CONJECTURE mom
O

M

- IN THAT CASE :
+ ALL STRUCTURES DEFINABLE IN THEM :

Pol
E.G. (Q

, Bay ,7N TRw¥ YN0N-TRIVIAL
BC47 ,'t) :-c rkycz v

CSPCIAINP,csp.CA/epZ-cycx
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WHAT DOES
"Trivial

"

MEAN HERE?
>

RAMSEY THEORY

Pol(A) TRIVIAL IF f FINITE SET EA

WHERE ALL NON - NESTED IDENTITIES SATISFIED LET go,④→④ARE ALSO satisfied IN PR03
-

⇒ 7 FEQ FINITE

IN THAT CASE : CSPCIA) is up- c . 3-F
'

E ④ Finite

BARTOTOPREALTP. ' I6 1FI -_ IF'f
, fff, is INCREASING

OTHERWISE :
OR DECREASING

PR0A)F eoskiy.xky.at

÷::÷÷÷÷÷÷÷÷÷:ii÷iif⇒÷::÷÷:÷÷:÷÷÷:*:• ORBIT GROWTH INCREASING Function

"

SAME
-

FOR f. ④
"
→ ④ !WHY No solution to CONJECTURE ?

• EQUATION NOT NICE Ant CQ
, c) ofo@ul-GQ.cl)"

• THEORY BEHIND THE EQUATION NOT NICE

• FUNCTION s Not µe§
IF If is POLYMORPHISM of (④g)

- ⇒
"

GENERATES
"

CANONKAC POLYMORPHISM



ANOTHER EXAMPLE 11

GOOD NEWS .

-
.

RANDOM GRAPH If ¢ a CANONICAL TIOLYMORPHisms ARE NOT

gfF
'] RARE CRAMSEK THEORY) Bombay t

] CANONCCAL
P. + TSANUOV ' B

→

. .4-
§ FTEN DOES NOT OCCUR

① →& f)
"

smooth APPROXIMATIONS METHOD
"

F
V gfF3 THEOREM LMOTTETTP . ' 201

Pol LET 1A BE DEFINABLE in :

• (④
,4 • RANDOM TOURNAMENT

TRIVIAL/ ↳ON-T.RU
IAL a HOMOGENEOUS GRAPH

• RANDOM POSET

CS8H-1NP-a e.say ,47,4,z)= - - -

p
f.sly,xHxizid ⇒ Csp (A) /

c-

OR

CAnoNt polymorphisms \
NP- c

T§< ↳N -TRIVIAL

22 CSPCAIEP
•

(BODIRSUYTMOTTET
'

17)
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SUMMARY

•⇐ ARE COMMON COMPUTATIONAL PROBLEMS PARAMETERIZED BY RECATCONAL
STRUCTURES 1A

•
SYMMETRY OF1A AS MEASURED BY EQUATIONS OF POLYMORPHISM ALGEBRA

DETERMINES COMPLEXITY IF 1A FINITE
.
STRUCTURAL DICHOTOMY

.

• ALSO WORKS FOR W - CATEGORICAL A-
.

• using RAMSEY THEORY
,
ONE ASSOCIATES A FINITE ALGEBRA

(CANOMCAL Functions ) WITH Pol GA) .

• OFTEN
, THIS YIELDS STRUCTURAL

-DICHOTOMY
.
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