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①

CONJECTURE (BODIRSKY- P '

Ii)

① .. . FINITELY BOUNDED HOMOGENEOUS STRUCTURE
A-

. .
. FIRST-ORDER DEFINABLE IN ①

⇒ CSPCIAI in P OR NP-a

FINITE FORMULATION OF CSPCXA) :
• [= {Rn

,
. . .

, Rs} . . . RELATIONAL LANGUAGE.

• 5- = {Fn , . . . , Ff} - - a FINITE
"

FORBIDDEN
"

I-STRUCTURES
• € = {9 , . . . , [a} . . . CONSTRAINT LANGUAGE : EACH Ci QUANTIFIER-FREE

E- FORMULA

Forb-CSPCF
,
e)

INPUT
• VARIABLES Xn . . - Xn

• CONSTRAINTS [ [✗ in , . . . , ✗ ie) ,
CEE

QUESTION
• POSSIBLE TO SATISFY CONSTRAINTS IN Forb(F) ?

[STRUCTURE NOT CONTAINING
FORBIDDEN SUBTRUCTORE

"



②

EXAMPLE • [= {<} BINARY SYMBOL

• Forts : 5- = { ! , • •
,
ᵈ , -77,1¥ : Forb = TOTAL ORDERS !

• CONSTRAINT LANGUAGE E : ✗<Y
Forb-CSP (F)E) GWEN • VARIABLES : ✗^ . - - ✗ in

• CONSTRAINTS : ✗KX2
,
✗2<431×32×1

QUESTION
• SATISFIABLE IN Forb(f) =

A TOTAL ORDER ?
EXAMPLE • c-= {E3 BINARY

• Fools : f- = {!
,
•→• } UNDIRECTED GRAPHS WITHOUT LOOPS

• E : ✗≠Y , yay ,Z) : = EC4Y)^7E(4,2-7^71=-4×7
✓

TE4Y)n Ely,2-In TECZ ,✗)

TEG , g) n1E(y,z|n EC2-1XI

Forts-CSPCF,e)

• . - ESSENTIALLY 1- IN-3SAT ON EDGES /NON-EDGES
OF GRAPHS



CONNECTION WITH
"

NORMAL
"

CSP H Fincspf-5,e) CAN BE HARD EVEN IF
③

Forb-CSPCF
,e) is NOT

EXAMPLE • Fools(f) = TOTAL ORDERS (REDUCTION PRODUCES VERY SPECIFIC
INSTANCES)

• e = { ✗<y}

GIVEN • ✗, , . . . , ✗~
TRUE REPRESENTATION AS CSPCIA)
(WITH ORIGINAL VARIABLES) :

Fort-(sp • CONSTRAINTS

(I,E) ✗n<✗2
,
✗2<+3

, Xz<× , ¥n INSTANCE t.nl . _ - <✗n HAS SOLUTION{ a,⇒,,n . gaygqa.gg, ,, µ,

TOTAL ORDER? ⇒ A- HAS TO BE INFINITE

REDUCTION TO FCNITE- DOMAIN CSP : F0rb(f) ~> ① universal FOR Forb(f)
E- STRUCTURE

, COUNTABLE
FinCSPCF

,
e) "

FINITELY BOUNDED
' '

• FOR EACH PAIR (✗ i ,g) ~> VARIABLE yij
CONSTRAINT LANGUAGE@
→ RELATIONS DEFINED IN V1

• DOMAIN OF yij : {< , > ,
=}

no STRUCTURE A-
• CONSTRAINTS Xicxj→ yij -_ < ETC .

• ⑤ CONSTRAINTS FROM Fools :
↳PGA) = Forts CSPCF,e)

(yij-4nf.su = c)→ (Yiu= <\ Etc .

(yij= ⇒ ^ (yju= =) → (4in__ =)



• FOR CERTAIN Fork(F) , THERE IS
④

CONJECTURE (BODIRSKY- P '

Ii)
HOMOGENEOUS ① : FRATSSÉ :

11 AMALGAMATION① .. . FINITELY BOUNDED HOMOGENEOUS STRUCTURE HIGHLY SYMMETRIC PROPERTY

A-
. .
. FIRST-ORDER DEFINABLE IN ①

⇒ CSPCIAI in P OR NP,
• 5- CLOSED UNDER HOMOMORPHISMS
⇒ GOOD ① (CHERAN-SHELAH \
Smile

PROBLEM OF MODELLINGHOW TO SOLVE

ForbCSP(5- ,e) = CSPCIA)?

BY REDUCTION to Fincsp#e) =FinCSP(A)

Fools(F) = • UNDIRECTED GRAPHS
• " Un- FREE GRAPHS

HEAVEN • EQUIVALENCE RELATIONS

• TOURNAMENTS

• UNARY STRUCTURES

• MMSNP

• Re-5

HELL Forb(F) = TOTAL ORDERS



⑤
WHAT THE HELL IS WRONG WITH CSPCCQ

,c) (Forb(f) = TOTAL ORDERS) ?

POLYMORPHISMS OF FinCSP(Q,<):= FIICSPCTOTAL ORDERS
, <\ :

= POLYMORPHISMS OF [④
,
<\ WHICH SURVIVE REDUCTION

=
. .

WHICH ACT ON DOMAIN {<, >, =}
=

. . f- FOR which fK , >, =) ETC . MAKESSENSE

= CANONICAL POLYMORPHISMS Polan (Q
, a) ≤ Pol(④ , c)

EXAMPLE max (× ,y) :④2→ Q ,
C- Pol (Q ,<)

• Max (<
,c) : ✗KX2 • Max (< , >) : ✗ ^ < ✗2

Ya < Y2 Yi > Y2

Max: • < . ✓
Max: • ? • *

Max (44=4 mate
,
>) UNDEFINED

PROPOSITION Pol
""

(A) SATISFIES NO IDENTITIES WHEN ① HAS TOTAL ORDER

FT
PROOF : Pol"" (A) SATISFIES CYCLIC IDENTITY ⇒ LOOP IN ORDER

-4IDEA



⑥

HEAVEN UNORDERED STRUCTURES

HELL ORDERED STRUCTURES

SMOOTH APPROXIMATIONS METHOD FOR STRUCTURES IN HEAVEN

1A FO-DEFINABLE IN UNORDERED ① (HEAVEN)

• ASSUME 1A DOES NOT PP- CONSTRUCT 354T (OTHERWISE CSP IS HARD}
• ⇒ Po((A) CONTAINS e. say ✗2- yz)= f. ◦ SCYXZXZY)
• ⇒

"

pal"→((A) CONTAINS - " _" ? : SMOOTH APPROXIMATIONS

• ⇒ Fin CSPLIA) c- P

• ⇒ GP6A) c-P



⑦
FROM PIKA) To Pol#(A) IN HEAVEN

,
OR ;

THE PACT WITH ToteDEVIL

• WANT TO FIND CANONICAL BEHAVIOUR IN ARBITRARY f-c- Polka)
EXAMPLE Fools (f) = GRAPHS ⇒① = UNIVERSAL GRAPH (" RADO GRAPH/

A- _ _ . Fo-DEFINABLE IN ① RANDOM GRAPH
")

f- IA2-7IA , c- Pol (A)

÷µ÷_"> F-HE } Always THE SAME !>E !
"

•oqo_• EYEdomf : F-
#

• WANT f TO BEHAVE CANONICALLY ON BIG ≤ IA2 (RAMSEY?)
• IMPOSSIBLE :

IMAGINE ORDER < ON A

f- COULD BEHAVE DIFFERENTLYON •

• ABSENCE OF ORDER -_ PROBLEM !
oo

AND
•

a.
!



THE PACT WITH THE DEVIL-1T ⑧

CONVERSE : PRESENCE OF SUITABLE ORDER ⇒
"

CAN ALWAYS FIND CANONICAL BEHAVIOUR !

• CAN'T FIND • CANONICAL POLYMORPH(saysHEAVEN CANONICAL BEHAVIOUR HELL CANNOT SATISFY IDENTITIES
(NO ORDER} ⇒ CAN'T REDUCE [ORDER)

⇒ CAN'T REDUCE
= µE<<2.

TO Finest FA} = HEAVEN?
To Fin CSPCIA)

APPROACH (UNORDIERED CASE) BELIEVED TO BE ALWAKS POSSIBLE

t
"
WHY SHOULD AN ORDER OUT OF NOTHING

• ADD ORDER
MATTER?

"

• FIND CANONICAL FUNCTIONS "

WHAT COULD GO WRONG WITH THE DEVIL?
• FORGET ORDER ,
"""" " """ """"""!✓ RECALL csp# = Forbcsp (5-

,e)
MESSING IT up

• OBTAIN CANONICAL FUNCTIONS

(WITHOUT ORDER) or INSTANCES ✗ n . -- Xu ,
CONSTRAINTS

SATISFYING IDENTITIES • BY ADDING THE UNRELATED ORDER
,
WE DESCRIBE

-

ARBITRARILY ORDERED SATISFIABLE INSTANCES
• ⇒FinCSP#-) c- P

• ON META-LEVEL :

• ⇒ CSPCIA) E. p
WE INCREASE THE POWER OF OUR

"

Logic"

•
"

LOGIC
"

INCOMPATIBLE WITH IDENTITIES



⑨TMYPERGRAPHS
,
OR : THE PACT WITH THE DEVIL#

THEOREM IH . . .
K- UNIFORM HYPERGRAPH ,

he≥} Domain OF FinCSPCIA) : (k=3)

MOTTET ≠≠£ E ABSORBING
nagy.gg

A-
. .

- Fo- DEFINABLE IN Itt ≠≠≠C① SUBALGEBRA
P.

⇐poeami-y-o.poeemmn-sinsr-a-wr-fn-crirc.rs/----eosf> xzyZ|= Y ^ , MAJORITY ON {E,N}

foslyxzxzy) CSPCCA) HAS BOUNDED WIDTH
, If ≠€E

( s NOT or _ _ _ MINORITY ON {E,N} , =①=
-CANONICAL) ( Csp (4) c- P , ¥ TYPES of TRIPLES

•• CSP#-) NP-a

• NEEDS ALGORITHMS / REDUCTION TO Fircsp#\ NOT POSSIBLE : OPENING
BLACKBOX

or POLYMORPHOUS DEPEND ON ORDER [SURPRISE !)
• USES SMOOTH APPROXIMATIONS

NOT POSSIBLE WITH OLD METHODS (# CASES UNBOUNDED)



④
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