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①
CONSTRAINT SATISFACTION PROBLEM ⇒ CV

, CIA , - - - , Cma) = :# . .
. RELATIONAL

(CSP) : STRUCTURE
CSP (A) " TEMPLATE

"

GWEN • VARIABLES ✗ n , -
- .

,
✗
n GIVEN • VARIABLES En , _ _ . /

✗~
• CONSTRAINTS Cn

,
- - -

,
Can

• LIST OF CONSTRAINTS :
ON THEM

G. ( ✗ ji , - - - /
✗
ji;)

QUESTION ARE THERE VALuES_ FOR
:

THE VARIABLES SATISFYNG ALL Ciucxje ,
- - - y
*j:\CONSTRAINTS ?

• THINK : SUDOKU QUEST'°N
DOES THERE EXIST A SOLUTION

,
• WHAT ARE VALUES?

• WHAT ARE CONSTRAINTS?
"
"£ '
s :{er , _ _ . , ✗ if→✓

FIXED-TEMPLATE CS1P SUCH THAT FOR EVERY CONSTRAINT

• SET OF POSSIBLE VALUES FCXED
[i [✗in , - - - , ✗in;)

BEFOREHAND (Saint
. .
-

• skin :\ c- CIA ?
E.G. Q

,
IR ,Z , IN , 20/13 , {0/17}

META - QUESTION
• ALLOWED CONSTRAINTS FIXED

BEFOREHAND: FOR WHICH A- CAN CSPCCA) BE
,
. . .

,
c!£ _ . _ RELATIONS on

✓ SOLVED EFFICIENTLY?
[F- ≤ ✓hi hi . .. ARITY



②
EFFICIENTLY

"

: MEASURES OF COMPLEXITY
i.

P#NP MILLENIUM
.

PROBLEM

• UNDECIDABLE : NO ALGORITHM SOLVES IT
EXAMPLES

• P : SOME ALGORITHM SOLVES IT
-

• lA=(Z , do} , {if , {cx ,>f) : ✗1-4--2-3 ,
IN # OF STEPS A POLYNOMIAL 24%2-1 : ×.y=Z} )

PCM IN # OF VARIABLES
~

(SP6A) :
• UP : NOT NECESSARILY IN P BUT
-

GWEN :

CHECKING A PROPOSED SOLUTION
• VARIABLES Xn

,
✗21×3S :{✗a . - ✗u3→V

• CONSTRAINTSCAN BE DONE IN POLYNOMIAL
TIME ✗it ×} - ×}

• BOUNDED WIDTH : CSP(A) CAN BE QUESTION : SOLUTION IN 2?

So LUED BY CHECKING CONSISTENCY

OF THE CONSTRAINTS L0C-4KY
UNDECIDABLE (OYATYASEUIÉ '77)

HILBERT'S 10TH PROBLEM
⇒ CSPCCA) c-P NP.

P

B.W.

UNDECIDABLE



30
• A- = C2G , {03,4^3 ,

{(×, >it) : ✗+9--2-3) (SP6A) NP-COMPLETE ,
i.F-

.

IF in P ⇒ p=NP
CSPCIA) :

GWEN : • VARIABLES ✗^ , .
- . ,xu

• A- = (40,13 , {(1,07 , CON})
• CONSTRAINTS (SP4A)

✗5=1 ✗It ✗2=+3 GIVEN : ten#2

✗3=+5++5 ✗z= An
'
-✗ 4 ✗H

QUESTION :
SOLUTION IN Zp ? Xo

Q : SOLUTION ?
IN P- [GAUSSIAN ELIMINATION)

2-COLORING
, HAS BOUNDED WCDTTY

BUT NOT BOUNDED WIDTH

• A- = ({◦ it} , {(1,0, o) , [0,1,o) , (0,4^13)
• ☒ = ( {9112} , {(a ,b) : a≠b}

)

CS8H
FCSPCIA) : ✗u

GIVEN : VARIABLES , CONSTRAINTS t5✗ ^

×,!2]j 3-COLORING ,
KIP - COMPLETE

QUESTION : VALUES 0/1 FOR VARIABLES ,
EACH0 PRECISELY ONE ^



⑨
• = [④ ,<) 1A INFINITE

⇒ CSP (A) CAN BE UNDECIDABLE
GIVEN : VARIABLES ✗^ , _

_ .

/
✗- E-G. (240,4 +, ' )

CONSTRAINTS ✗1<+2 OR ANY COMPLEXITY
✗22×3 (BODIRSKT + GROHE 09)

(GILUBERTs-JONUS-h-stuompn-TSCHER.it3<41 CMOTTETTP
.

BUT SOMETIMES IN P
,

'201
Q : SOLUTION IN ④ ? EVEN BOUNDED WIDTH

(YE5 1FF CONSTRAINTS DO NOT E.G. (Q ,
e)

IMPLY CYCLE )
THEOREM (BuLAToVoZHU4 1171+• ✗2 ( CONJECTURE OF FEDERTVARDI

'

95)
%} A FINITE ⇒ CSPCIA) c- P OR NP-COMPLETE

A FINITE STRUCTURE IN FACT

⇒ CSP(A) c- NP • EITHER # CAN "

SIMULATE
"

ANY OTHER

• CHECKING PROPOSED solution
FINITE- DOMAIN STRUCTURE

CAN BE DONE (" PP- CONSTRUCTION")
,
AND CSP((A) is

LoCA NP-COMPLETE

• FINDING ONE OUGHT BE HARD • OR OTHERWISE 1A HAS CERTAIN

SYMMETRY
"

(WEAK NuPOCKMORPHcs.MIL
I

MARÉTI + MCKENZIE
'

08

AND CSPCCA) c-P 2GAusT
(RECURSIVE APPLICATIONS OF1 <OCAC CHECKING



⑤
INFINITE A-? IN [2 , 0,1 ,

t
,
-) : INFINITELY MANY

ORBITS !
• CSPC f) c- P

VALUES OF SOLUTION MIGHT BE
• CSPCZ

, 0,1 ,
+
, :) UNDECIDABLE HUGE !

WHAT IS THE DIFFERENCE ? MOREOVER :

CONSIDER AN INSTANCE OF CSPCIQ
, a) FINITE FORMULATLON OF CSP(④

,c) :
• VARIABLES Xn , -- - , ✗_ GIVEN :

• VARIABLES Xn , -- - / ✗_• CONSTRAINTS ✗^ <Xz
,
✗2<43

,
✗3<+1

• CONSJRACNTS ✗KX2 , Xz<✗yXz<×,

S : {×, , . - . , ✗①→④ POTENTIAL SOLUTION :

IS THERE A FINITE TOTAL ORDER
IN Which THE CONSTRAINTS

WHETHER OR NOT S IS CORRECT ARE SATISFIED ?

ONL DEPENDS ON ORBIT OF

⇐⇔ ,
- . . /5¥ NOTE : A STRUCTURE WITH BINARY

RELATION < is A TOTAL ORDER

ORBIT : {d. (SG4) , - . . / SKY) : ✗c-Auf(④,4] ⇔ DOES NOT CONTAIN

orEQUIVALENTLY : ORBIT = ALL in-TUPLES • •

,
of
,
•

,
•→→

,
ÉÉ

ORDERED THE AS SUBSTRUCTURES
SAME WAY

⑤ : HAVE TO SATISFY CONSTRAINTS
ONLY FINITELY MANY OPTIONS ! WHILE AVOIDING THESE PATTERNS

= w- CATEGORKITY



VERY DIFFERENT FROM (Z, 0,1, + , .)
'

. EXAMPLE Csp(Q
,
c) = Fools [5- ,e)

⑥

"

(④
, c) FINELY BOUNDED

"

5-=L. • , ② ,
.

,
. -541}

GENERAL

E- {Rn , _. - , Rs} RELATIONAL LANGUAGE
@ = {<} IN P

5-= {F1 , - . - , Ft} FORBIDDEN PATTERNS EXAMPLE
CSPCQ

,
Be.tw/,y,2-I)--ForbcsP(J-,eJE--tzCn,---,Cu} CONSTRAINT LANGUAGE :

↑EACH Ci BOOLEAN
COMBINATION OF BETWEENNESS RE2A-9ON

R
,
- - - Rs

,
__ $

.
. . AS BEFORE

E.G. F- {<} 5- = AS BEFORE @ = { y } WHERE f. =

Cicxcyit) = 74--4)nn(✗=Z\n7{y=zf.
^

f-<yny<2-\ IN GENERAL : Foolscap (f
,e) too NP✓ (2-<ynyax)

"

y is BETWEEN × ,≥
" FOR which F

,
@ is THERE µ

J-orbcspff.ee) : SUCH THAT Forbcsp#e)= csPGA) ?

GN • VARIABLES ✗n , _ _ . ,×_ • IF Forts-5) HAS AMALGAMATION :
• CONSTRAINTS C ; (tin , _ . - ✗ ie) HE

a
G- ˢ CAN CONSTRAINTS BE SATISFIED

µ

⇒
£

AVOIDING 5- ? P



⑦
IF Forb(f) HAS AMALGAMATION How TO SOLVE IT ?
⇒ 3- UNIVERSAL OBJECT

CONTAINING Forbc-5)
OVERALL STRATEGY : REDUCE to FCNTE-"

HOMOGENEOUS
"

DOMAIN CSP
UNLQUE ! (FRAIÉSÉ )

• A- ms Polk) = {f :#→IA1
CONJECTURE (BODIRSKYFP. ' II) f- Homomorphism}

It

IF 5- HAS AMALGAMATION POLYMORPHISM CLONE
"

⇒ te CONSTRAINT LANGUAGES EXAMPLE

Forbcsp E) c-P OR NP-COMPLETE
A- = (Q ,d

⇔ ⇒ f : ④
"
→ Q c- Polka)

CONJECTURE (BODIRSUY XP . It) ⇔ f MONOTONE

① HOMOGENEOUS ,
FINITELY BOUNDED E.G . MaxG.y) : →④

I
• COMPLEXITY OF CS84AI

LIMIT OF Fools(f)
- ONLY DEPENDS ON polka)

First ORDER DEFINABLE CBODCRSCEKTNEÉETRK
1051

- ONLY DEPENDS ON LOCAL IDENTITIES⇒ CSP(A) c- P OR NP-COMPLETE IN Pol LA) Malay)=mG✗tx)
(BoaRSKY C-P. '

Ii)



⑧

• IF THERE ARE NO e ,f , se Pol#) THEREFORE CAN ASSUME

SUCH THAT they,z eoscx ,> , ×,z,y,z| =
THERE ARE e

, f ,s c-PIKA)

fo sly ,x,Z,✗,Zie| WITH east, > ,✗ ,2-14,2-1 =

f◦S(y,✗ , 2-1×7-17)→ CSP (A) NP-COMPLETE

(BARTO +P .
'

16
, FIRST DILEMMA

BARTOI-UOMPATSCHE.pt

OL5A'kt VANPHAM A- FINITE ⇒ HAVE BETTERIDENTITIES
1-P . '

is \
F-G- WNU

REASoN_ w(×
,
. . - •✗ ,y)= _

- -
=WC4X, - - -×)

NO SUCH e,f,S BECAUSE
- CAN ASSUME THAT A- HAS

⇒ 3- FEA FINITE
, NO AUTOMORPHISMS

Pol (A) / "

TRIVIAL
" "

IDEMPOTENCY
"

F

⇒ A /
"
SIMULATES

"

1A INFINITE : LOTS OF AOTOMORPHISMS
F (pp-constructs E.G .

<)
3- COLORING GOMES FROM HOMOGENEITY /☐

w- CATEGORICITY/
FINITE # OF ORBITS)

lDEA_ MODEL- COMPLETE CORES



⑨
SECOND DILEMMA THIRD DILEMMA

HAVE e- SG1Y , ✗it, 4,2-7=10541×(7×17,7)
TO APPLY RAMSEY'S THEOREM ,

BUT S is AN INFINITE Possibly
THE STRUCTURE HAS TO BE ORDERED

CHAOTIC
OBJECT (Like (04/4)

BUT REGULAR BEHAVIOUR
✓ WITH RESPECT TO AN ORDER is

↑§→.yy;;; '" " °MP^→BtE WITH

SATISFACTION OF

> A e-say, ✗it,y,7) = f.☐ SC42-7HZ,4)<

IDEA : USE RAMSEY'S THEOREM IDEA ?

• ADD ORDER
TO FIND REGULAR BEHAVIOUR

• USE RAMSEY 'S THEOREM
WITH A FINITE DESCRIPTION

TO FIND REGULAR BEHAVIOUR
CBODIRSKTI-P-ISANU.CN ° FORGET ORDER

'

II}"

CANONICAL POLYMORPHISMS
"

• OBTAIN IDENTITY SATCSFIED

BY CANONICAL POLYMORPHISM

SYSTEMATIC APPROACH : SMOOTH APPROXIMATIONS



④
• IF e. SC4Y, × , 2,7,Z)=f • s(71×(24×174) THEOREM (MOTTET + NAGY + P.

' 23)
IS SATISFIED BY S WITH REGULAR

LET 1M BE HOMOGENEOUS UNIVERSAL
BEHAVIOUR ⇒ CSP# c- P

E- HYPERGRAPH

CONJECTURE (BODIRsuytp.li) A- FIRST-ORDER DEFINABLE
⇒ CSPCCA) c- P OR NP-COMPLETE① HOMOGENEOUS ,

FINITELY BOUNDED

I "

FORGETTING ORDER
"

DOES NOT WORK :LIMIT OF Fools(f)
THERE ARE A- WHERE NO

First ORDER DEFINABLE ELEMENT OF Polka) SIMULTANEOUSLY:

• BEHAVES REGULARLY⇒ CSP(A) c- P OR NP-COMPLETE
• SAFCSFIES

escxyxzyzt-f.sk/2-x2-y
CONFIRMED FOR :

SOLUTION
UNORDERED STRUCTURES : ORDERED : _

?
DIRECT ALGORITHMS

(REDUCTION TO FINITE) . [④ ,4 RATHER FTLAN REDUCTION TO

CSPS OVER FINCTE

• GRAPHS 3-HYPERGRAPHS :
r Un- FREE GRAPHS
• TOURNAMENTS .¢"• TREES

- PARTIAL ORDERS •

• UNARY STRUCTURES
t n
-
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.
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A- stout

* ×. . . -a ! pcsp
\ ☒ less strict

! a


