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ABSTRACT. It is shown that each continuous even Minkowski valuation on
convex bodies of degree 1 < ¢ < n — 1 intertwining rigid motions is obtained
from convolution of the ith projection function with a unique spherical Crofton
distribution. In case of a non-negative distribution, the polar volume of the
associated Minkowski valuation gives rise to an isoperimetric inequality which
strengthens the classical relation between the ith quermassintegral and the
volume. This large family of inequalities unifies earlier results obtained for
i =1and n — 1. In these cases, isoperimetric inequalities for affine quermass-
integrals, specifically the Blaschke—Santalé inequality for ¢ = 1 and the Petty
projection inequality for i = n— 1, were proven to be the strongest inequalities.
An analogous result for the intermediate degrees is established here. Finally, a
new sufficient condition for the existence of maximizers for the polar volume of
Minkowski valuations intertwining rigid motions reveals unexpected examples
of volume inequalities having asymmetric extremizers.

1. INTRODUCTION

The classical theory of convex bodies, often referred to as the Brunn—Minkowski
theory, arises naturally from the interplay between Minkowski addition and vol-
ume. The variations of volume, which include surface area and mean width, are
the fundamental geometric functionals of the theory and called quermassintegrals.
When viewed as coefficients in Weyl’s tube formula, the quermassintegrals appear
in differential geometry as integrals of intermediate mean curvatures of convex
hypersurfaces. They are also central to various integral geometric formulas, such
as the principal kinematic, Crofton’s, or Kubota’s formula. The latter allows to
compute quermassintegrals of a convex body K (a compact, convex set) in R",
where we assume n > 3 throughout, by means of its projection functions,

K.

WaiB) =2 [ ViKIE)AE,  i=0...on
i JGrin

The integration here is with respect to the invariant probability measure on
the Grassmannian Gr;, of i-dimensional subspaces of R", V;(K|E) is the i-
dimensional volume of the orthogonal projection of K onto E € Gr;,, and
k; = Vi(B%) with B® denoting the unit ball in R?. Note that W,,(K) = x, and
Wo(K) = Va(K).

One of the basic classical inequalities for quermassintegrals of a convex body
K C R™ with non-empty interior relates W, _;(K), 1 < i < n — 1, to the volume
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of K in the following way (see, e.g., [18, p. 401]),
(1.1) Wo—i(K)" > K2 Vo (K)'

with equality if and only if K is a Euclidean ball.

Conceptually more involved projection inequalities that directly imply (1.1)
were established by Petty [16] for i = n — 1 and Lutwak [39] for i =1,...,n— 2.
In order to explain their improvement of (1.1), recall that a convex body K C R"
is determined by its support function h(K,u) = max{(u,z) : x € K} foru € S~}
and that, if K contains the origin in its interior, the polar body of K is given by
K° ={z e R": h(K,z) <1}. For K with non-empty interior and 1 <i <n —1,
the Lutwak—Petty projection inequalities are given by the right-hand side in the
chain of inequalities,

n+1 ) )
= Va(IEK) ™ > w7 Vi (K

n
n—1

R

(1.2) Wi—i(K)" >

K

with equality on the right if and only if K is an ellipsoid when ¢ =n — 1, and a
Euclidean ball when ¢ < n — 2. Here, II7K is the polar of the projection body of
order i of K, defined by h(IL; K, u) = cninn,i(K\uL), where ¢, ; > 0 is usually
chosen such that II; B"™ = k,,_1 B™. The left-hand inequalities in (1.2) are due to
Lutwak [38,39] with equality if and only if I; K is a Euclidean ball.

For i = n — 1, the quantity V,,(IIK)~'/" is (up to a factor) one of the affine
quermassintegrals, first defined by Lutwak [38] for a convex body K C R"™ with
non-empty interior by letting A, (K) = Ky, Ag(K) = Vo, (K),and for 1 <i <n-—1,

—1/n
K
A i(F) = ( Vi(K|E)™" dE) .
Ry Grin
Note that while the quermassintegrals W,,_;, 1 < i < n — 1, are merely invariant
under rigid motions of R", every A,_; is invariant under all volume-preserving

affine transformations, as was shown by Grinberg [24]. A major problem in affine
convex geometry, first posed by Lutwak [10], was to obtain a sharp lower bound
on A,_i(K), 1 <i<n—1,analogous to (1.1),

(1.3) Api(K)" > K2 Vo (K

with equality if and only if K is an ellipsoid. Asymptotic confirmations of (1.3)
were obtained in [18, 44]. Apart from these, only the rank-one cases i = 1
(a consequence of the well known Blaschke-Santal6 inequality) and i = n — 1
(the Petty projection inequality) were known until very recently. However, in a
landmark paper, Milman and Yehudayoff [12] established Lutwak’s conjectured
inequalities (1.3) giving a unified proof for all i = 1,...,n — 1.

Finally, the relation of (1.3) to the chain of inequalities (1.2) was settled recently
in [15], where it was shown that for a convex body K C R"™ with non-empty
interior,
n+1
"V, (IGK)™ > A, i (K)™

n
Kp—1

(1.4) i
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Thus, the affine invariant inequality (1.3) fits in seamlessly in (1.2) and implies
the other inequalities of the chain.

The aim of this article is to show that (1.2) and (1.4) can be extended to a
much larger family of inequalities, by proving them not only for the projection
body maps but for operators from an infinite dimensional cone. Among the
defining characteristics of the maps in this cone are their compatibility with
rigid motions and their valuation property, that is, finite (set-theoretic) additivity.
More precisely, a map ¢ : K — A defined on the set K" of convex bodies in R"
with values in an Abelian semigroup A is a valuation if

¢(K) +o(L) = p(KUL)+ (K NL)

whenever K U L is convex. The most widely known classical result on real-valued
valuations, that is, A = R, is the classification of all continuous rigid motion
invariant valuations by Hadwiger [29] as precisely the linear combinations of the
quermassintegrals, see [33] and [19] for more information on the history of this
result and its transformational impact on integral geometry.

Inspired by Hadwiger’s theorem, different choices for the semigroup A became
an important focus of interest. In particular, over the last two decades Minkowski
valuations, where A = K™ and addition on K" is Minkowski addition, received
widespread attention. This line of research has its origins in the seminal work
of Ludwig [34, 35] and, first, was mainly concerned with classifying continuous
Minkowski valuations compatible with linear transformations [1-3, 36, 53, 50].
In this case, recent results show that these valuations form a cone generated
by finitely many maps (such as the projection body map II,,_1). In contrast,
results by Kiderlen [31] and from [51] imply that the cone of all translation
invariant continuous Minkowski valuations which merely commute with SO(n)
(like the operators II; when i = 1,...,n — 2) is infinite-dimensional. The natural
problem to also obtain a precise description of this cone has yet to be solved.
By McMullen [11], only combinations of homogeneous valuations with integral
degree of homogeneity 0 < i < m can occur, that is, those satisfying ¢(AK) =
Ng(K) for all K € K", A > 0, the cases i = 0 and i = n being trivial. In

[31] and [51], convolution representations were established for the cases i = 1
and ¢ = n — 1, respectively. For even Minkowski valuations these results were
subsequently generalized in [52] and [51] to all intermediate degrees under an

additional smoothness assumption. With our first result, we are able to remove
this strong regularity condition.

Proposition A. Suppose that ®; : K™ — K" is a continuous, translation in-
variant, and SO(n) equivariant Minkowski valuation of degree i € {1,...,n — 1}.
If ®; is even, then there exists an O(i) x O(n —i) invariant distribution § on S"~*
uniquely determined by the property that for every K € K",

MO K, ) = Vi(K|-)* 0.
The distribution § is called the spherical Crofton distribution of ®,.

The convolution here is induced from the compact group SO(n) by identifying
S*~! and Gr;,, with homogeneous spaces with respect to SO(n) (see Section 2).
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The proof of Proposition A relies on results about generalized valuations by
Alesker and Faifman [12] and the techniques to obtain the earlier versions of
Proposition A from [52] and [54]. Examples of spherical Crofton distributions
and more details on the class of distributions that appear for different degrees
will be given in Section 3 and in Section 5.

In recent years, several isoperimetric-type inequalities involving projection body
maps (of arbitrary degree) were shown to hold, in fact, for much larger classes of
Minkowski valuations compatible with rigid motions (see [10, 14,28 30,45, 51]).
Based on Proposition A, we establish with our main result a significant extension
of inequalities (1.2) and (1.4) to all even Minkowski valuations admitting a spher-
ical Crofton distribution which is non-negative (and, thus, a spherical Crofton
measure).

Theorem B. Suppose that the spherical Crofton distribution of an even Minkowski
valuation ®; : K™ — K™ of degree i, 1 < i < n—1, is non-negative and normalized
such that ®;B"™ = k,_1B". If K € K™ has non-empty interior, then

n HZ—H o —1 n
(1.5) Wh—i(K)" > mvn(q)iK) > Api(K)"™
There is equality in the left hand inequality if and only if ®;K is a Fuclidean
ball. FEquality holds in the right hand inequality if and only if K is of constant

i-brightness ori =1 and ®; = *51(-Id +1d) ori=n—1 and &,y =1II,_;.

Let us note that (as we shall show) the assumption that the spherical Crofton
distribution is non-negative is only necessary for the right hand inequality. In fact,
the left hand inequality, including its equality conditions, holds for all continuous
Minkowski valuations which are translation invariant and SO(n) equivariant,
mapping bodies with non-empty interior to such bodies. Next, we want to point
out that when ¢ = 1 or ¢ = n — 1 all non-negative spherical measures which
are O(n — 1) invariant are spherical Crofton measures. It is an open problem,
whether the same is true also for the degrees 2 < i < n — 2. Finally, the special
cases i = 1 and ¢ = n — 1 of Theorem B were previously obtained in [30] and [28],
respectively. Partial results for the intermediate degrees, without the equality
cases for the right hand inequality, were obtained in [15]. However, we will see in
Section 3 that Theorem B provides a significant extension of these earlier results.

An immediate consequence of Theorem B and inequality (1.3) of Milman and
Yehudayoff is the solution to the following isoperimetric problem.

Corollary C. Suppose that ®; : K" — K™ is a continuous, translation invariant,
and SO(n) equivariant Minkowski valuation of a given degree i € {1,...,n — 1}.
If ®; is non-trivial, even and its spherical Crofton distribution is non-negative,
then, among K € K™ with non-empty interior,

(1.6) Vi (®F K) Vi (K)*

is maximized by Euclidean balls. If i = 1 and ®1 = ¢(—-I1d +1d) ori =n—1
and ®,_1 = cll,—1 for some ¢ > 0, then K is a mazimizer if and only if it is an
ellipsoid. Otherwise, Fuclidean balls are the only maximizers.
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Let us emphasize that the existence of extremals for (1.6) is a-priori not clear. In
case of continuous affine invariant functionals, this follows easily from compactness
(see, e.g., [18, Chapter 10]). However, as was recently discovered in [30], there
exists a continuous Minkowski valuation ®; of degree 1 compatible with rigid
motions such that V,(®;K)V,(K) is unbounded. As this somewhat surprising
example is not even, we consider for our final result — a sufficient condition for the
existence of maximizers of volume products of the form (1.6) — also Minkowski
valuations that are not necessarily even. To this end, we require the following
counterpart of Proposition A for such valuations. Here, S;(K,-) denotes the area

measure of order ¢ of K € K", 0 <i<mn—1 (see, e.g., [18, Ch. 4]).
Theorem 1.1 ([17,19,55]). If ®; : K™ — K" is a continuous, translation invari-
ant, SO(n) equivariant Minkowski valuation of a given degree i € {1,...,n — 1},

then there exists a unique SO(n—1) invariant f € LY(S"~1) with center of mass at
the origin, which is locally Lipschitz outside the poles, such that for every K € K™,

(L.7) h(®:K,-) = Si(K,-) = f.
The function f is called the generating function of ®;.

Let us point out that it was shown in [17] that in certain cases, the generating
function f is actually much more regular.

The aforementioned sufficient condition can now be stated in terms of gener-
ating functions. We also include in our result an immediate application of the
condition that uncovers a phenomenon not seen before.

Theorem D. Suppose that ®; : K™ — K™ is a continuous, translation invariant,
and SO(n) equivariant Minkowski valuation of a given degree i € {1,...,n — 1}.
If the generating function of ®; is a sum of two generating functions one of which
s bounded from below by a positive constant, then

Vi (®F K) Vi (K)'

attains a mazximum on convexr bodies K € K™ with non-empty interior. More-
over, for i = 1, there exist Minkowski valuations Wi : K" — K" such that the
mazximizers of Vo, (V{K)Vy(K) are different from Euclidean balls.

Let us point out that an even Minkowski valuation with a positive generating
function need not to have a non-negative spherical Crofton distribution (cf. The-
orem 5.4). Let us also note that the positivity condition on generating functions
in Theorem D is not very restrictive. Indeed, generating functions of Minkowski
valuations of degree ¢ = n — 1 are all non-negative. Moreover, strictly positive
support functions of convex bodies of revolution generate a large class of examples
of Minkowski valuations of arbitrary degree 1 <i <n — 1.

In addition, our proof of Theorem D shows that any example of a Minkowski
valuation ®; with unbounded volume product V,,(®;K)V,,(K)® yields an entire
cone with apex at ®; of Minkowski valuations W¥; such that the maximizers of
Vo (W2 K)V,, (K)! exist and are different from Euclidean balls. In the final section
of the article, we will also comment on non-polar versions of Theorem D.
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2. BACKGROUND MATERIAL ON HARMONIC ANALYSIS

In this section we recall some well known facts about generalized functions
and the notion of convolution of functions, measures, and distributions on the
homogeneous spaces "~ and Gr;,,. For the first reading, this section may be
skipped, we will mostly need equations (2.5), (2.6) and (2.7). As general references
for the material presented here we recommend the articles [23] and [55].

Let us first consider a general smooth manifold M. (In what follows, M will be
either Euclidean space R™, the Euclidean unit sphere S*~!, the Lie group SO(n),
or the Grassmannian Gr;,.) As usual C*°(M) denotes the space of all smooth
functions on M equipped with the Fréchet space topology of uniform convergence
of any finite number of derivatives on each compact subset of M. If X is a Banach
space, then the Fréchet space C°°(M, X) of all infinitely differentiable functions
on M with values in X is defined in a similar way.

We denote by C~°°(M) the space of distributions on M, that is, the topological
dual space of the space CZ°(M) of all functions in C°°(M) with compact support.
Note that C~°°(M) often denotes the space of generalized functions, that is, con-
tinuous linear functionals on C2° (M, |A|(M)), where |A|(M) is the 1-dimensional
space of smooth densities on M. However, the choice of a Riemannian metric on
M induces an isomorphism between the spaces of distributions and generalized
functions. In the following, we make use of this identifications and write C~°°(M)
for the space of distributions equipped with the topology of weak convergence.
The canonical bilinear pairing on CZ°(M) x C~°°(M) is denoted by (-, ) c—oo(ar)-

Letting M(M) denote the space of signed finite Borel measures on M, note
that every u € M(M) defines a distribution v, by

(Fvidoeon = [ F@du@.  feC0).

We will use the continuous linear injection p — v, to identify M(M) with a
(dense) subspace of C~°°(M). In the same way, the spaces C*°(M), C(M),
and L?(M) can be identified with subspaces of C~>°(M) and we will often not
distinguish between a function or measure and its associated distribution.

Let M now be one of the compact smooth manifolds SO(n), S*~!, or Gr;,,.
Then for a subgroup H of SO(n), the left-action ly of 9 € H on f € C®(M) is
given by

(lof)(z) = FO '), x € M.
It extends to distributions as follows: For ¢ € H and v € C~°(M), we set

(Lov, ooy = W lg—1 ) (a5 feC™(M).

Note that this definition is compatible with the embeddings of functions and
measures in C~°°(M) and that if v is a measure on M, then lyv is just the image
measure of v under the rotation .

When the manifold M is the Lie group SO(n), there is also a natural right-
action 7y of an element ¥ of a subgroup H of SO(n) on a distribution v (or
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function or measure) on SO(n) given by

(rov, f)o-=som)) = (V,ro-1f)c-=omy),  f€CT(S0(n)),
and ry f(7) = f(79), 7,9 € SO(n).

A function, measure, or distribution on SO(n) is called left or right H-invariant,
respectively, if it is invariant with respect to the left- or right-action of any element
from H, respectively.

Not only left and right multiplication in SO(n) induce natural left- and right-
actions on functions, measures, and distributions, but also the inversion map on
SO(n) gives rise to a natural involution on functions and distributions as follows:
For f € C*°(SO(n)), the function f € C*°(SO(n)) is defined by

FW) =1, 9esom),
and, for a distribution v on SO(n), we define 7 € C~*°(SO(n)) b

@, [)o-=(s0(m)) = (¥, F) o (s0(n))» f€C>*(80(n)).
In particular, it follows that
(2.1) (v, f)o-(om) = (7, Plo-=omy and lof =ryf,

where the second identity implies that the inversion map interchanges left- and
right H-invariance of functions and distributions.

Next, the convolution of v € C~°°(SO(n)) and f € C*°(SO(n)) is defined by

(2.2) (v* £)(n) = W, 1y f)c-=(som): 1 € SO(n),

in particular, (v, f) = (v* f)(id). Note that v* f € C°(SO(n)). The convolution
of distributions v,§ € C~°°(SO(n)) is defined by associativity and (2.2), that is,

(2.3) (v*d)x f=v*(dxf)

for all f € C*°(SO(n)). Using (2.2) and the comment beneath it, it is not hard
to check that for measures pu, o € M(SO(n)), definition (2.3) is equivalent to

/so<n>f() px o)l /SO /So(n (m0)dp(d)do(n),  f € C(SO(n)).

Let us point out that ly(v * ) = (lyv) * 6, rg(v *0) = v * (ryd) and v * ([y-1d) =
(ryv)* 6. In particular, if v is left H-invariant for some subgroup H of SO(n), so
is v 4, and if § is right H-invariant, so is v * . If v is right H-invariant, we may

assume that § is left H-invariant, and vice versa. Moreover, v S %0 =0 %D
This implies, using also (2.2), for v € C7°(SO(n)) and f € C*(S0(n)), that

(24) (f*D)m) =vxfm) =v*fn ") =Wly1f)c-=som), nESOM).
For later reference, we note an easy continuity property of convolution.

Lemma 2.1. If v; € C7*°(SO(n)), j € N, converge to v € C~>°(SO(n)), then
vj* 0 converge to v+ 6 and § x v; converge to § x v for every § € C~>°(SO(n)).
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Letting € € S"~! be fixed but arbitrary, we can consider S"~! as a homogeneous
space SO(n)/SO(n—1), where we denote by SO(n—1) the stabilizer of . Similarly,
by fixing a subspace E € Gr;,,, we identify Gr;,, = SO(n)/S(0(i) x O(n — 1)),
where S(O(i) x O(n — i)) denotes the stabilizer of E.

In the following, let H be one of the subgroups SO(n—1) or S(O(i) x O(n—1)),
1 <i<n-—1, of SO(n), and denote by prg : SO(n) — SO(n)/H the canonical
projection.

Then the pullback (prg)* : C*°(SO(n)/H) — C*°(SO(n)) and the pushforward
(prg)s« : C*°(SO(n)) — C*°(SO(n)/H) are defined by

(bra)"fn) = forgn) - and (oryp)eg(ni) = [ glomydr, n € SO()

for all f € C*°(SO(n)/H) and g € C*°(SO(n)), where the measure on H is the
unique invariant probability measure. They are naturally extended to distribu-
tions by duality, that is, for v € C7°°(SO(n)/H) and 6 € C~*°(SO(n)),

((Pre) Vs g) oo (s0(n)) = (¥ (PTr)«9)c—oc(sOMm)/m) ~ and
((Pra)s0, f)o—oos0m)/m) = (0 (PTH)" f)o—oe(s0(m))

for all f € C*°(SO(n)/H) and g € C*°(SO(n)). Clearly, (pry)*v is right H-
invariant, while any right H-invariant distribution on SO(n) can be represented
as a pullback of a distribution on SO(n)/H, using that (pry). o (pry)* = id.

Suppose Hi, Hy are two subgroups of SO(n) and let d be left Ho-invariant
distribution on SO(n)/H;. Then ¢ = (pry, )*d is left Hy- and right Hj-invariant,
which is interchanged by taking . Hence, ¢ descends to a left Hj-invariant
distribution on SO(n)/Hy,. Abusing notation, we denote this distribution by 6 and
note that it is uniquely determined by the equation @ = pr}ibg. As before,
this construction works similarly for left invariant measures and functions.

We can now use pullback and pushforward to define convolution on SO(n)/H.
Indeed, for v,6 € C~°°(SO(n)/H), the convolution of (pry)*r and (pry)*d is
right H-invariant and therefore descends to a distribution on SO(n)/H. This
operation is again denoted by *. In a similar way, a distribution v on SO(n)/H;
can be convoluted with a distribution 6 on SO(n)/Hz for two different subgroups
Hy, Hs of SO(n), yielding a distribution v % 6 on SO(n)/Ha. Moreover, v * § will
be left H;-invariant.

In the following, we will need explicit formulas for the convolution in three
cases: First, for f € C(Gr;,,) and g € M(S"1),

(23) (Frm@) = [ FOFYAF), wes,

where 9, € SO(n) is chosen from prgcl)(nil)(u), that is, Y,e = u. Second, for
g € C(S" 1) and left SO(n — 1)-invariant u € M(S"1),

(2.6) G = [ g@0)du(), ues

Note here that as u is left SO(n — 1)-invariant, i = u.
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Finally, for g = g((-,&)) € C(S* 1) and u € M(S"™1),
@) g = [ g@vdu) = [ g o)dute). ues

Snfl
3. PROOF OF PROPOSITION A

In this section, we will first recall necessary background from valuation theory,
which we then use to deduce Proposition A. The main observation here is that
for every continuous, translation invariant Minkowski valuation ® : " — K", we
can define a real-valued valuation ¢ : K" — R" by

o(K) = h(®K,e), K K"

Clearly, ¢ is continuous and translation invariant. If ® is additionally SO(n)
equivariant, then ¢ is invariant under SO(n — 1), the stabilizer of . Moreover,
in this case, ¢ determines ® completely, as h(®K,ne) = o(n 1K), n € SO(n).
Consequently, we will use results for the associated real-valued valuation to deduce
analogous statements for Minkowski valuations.

To this end, denote by Val(R™) the space of continuous, translation invariant,
real-valued valuations on R"™, and by Valj-t(R”) its subspaces of even resp. odd
valuations homogeneous of degree i € {0,...,n}. The space Val(R") becomes a
Banach space when equipped with the norm

el = supfle(K)| - K € K", K € B"},

yielding the topology of uniform convergence on compact subsets of ™. Here, it
is important that, by [11], Val(R") is a direct sum of Val;(R"), i =0,...,n. We
refer to [18, Sec. 6.4 and Sec. 6.5] for more details.

By a result of Klain [32], every even valuation in Val;(R™) gives rise to a
continuous function on Gr;,. This identification, called the Klain map Kl; :
Val (R") — C(Gr;,,), is defined implicitly by the equation

o(K) = (Kl o)(E)VF(K), K eK(E),

where V£ denotes the volume on E, using that, by a result by Hadwiger [29)],
every ¢ € Val!(R") coincides on convex bodies contained in an i-dimensional
subspace E (denoted by K(E)) with a constant multiple (Kl; ¢)(E) of V,F.

It is sometimes more convenient to work with the subspace Val®™(R") (and
similarly Val?[’C>C> (R™)) of smooth valuations, that is, those ¢ € Val(R") for which
the map GL(R") > g — ¢(g7!(-)) € Val(R") is infinitely differentiable as a map
from a smooth manifold to a Banach space. The space Val®(R") becomes a
graded algebra, when endowed with the Alesker product (see, e.g., [1]). See, e.g.,
[5—7,13] for a thorough study of smooth valuations.

Further, in [12], the space Valjc’_oo(]R") of i-homogeneous, even resp. odd
generalized valuations was defined by

Val” (R") = (Val; 7 (R"))" @ Dens(R"),

where we denote by (-)* the topological dual space and by Dens(R™) the one-
dimensional space of densities on R". As we tacitly fixed the standard Euclidean
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structure on R”, we can identify Val:"~*°(R") = (Val>»°°(R"))*. The standard
pairing of Val;IE T(R™) and Val?® ;(R™) is denoted by (-, -)yuj—oc-

The Alesker product gives rise to a non-degenerate pairing on Val®™(R"),
called the (Alesker-)Poincaré duality, and, thus, we can embed Val;t’oo (R™) into

Val;t’_oo(]R"). Using an extension of the product in [9], allowing to take the
product of a continuous and a smooth valuation, this embedding can be extended

to yield a map I/)Fl,

Val®(R") C Val(R") — % Val=®(R").

The same is true for Val;(R™) and Valf(R"). Let us note that the product was
further extended to a partial product on Val™>(R") in [8].

In the following, we will need an extension of the Klain map to the space of
generalized valuations, established in [12]. This extension goes hand in hand with
an extension of the Crofton map Cr; : C(Gr;,,) — Valf (R™), which is defined for
f S C’(er) by

(3.1) (Cri f)(K) = Vi(K|E)f(E)IE, K eK".

Tin
A direct calculation shows that Kl; o Cr; = Cj, where C; : C(Gr;,) — C(Grip)
denotes the cosine transform on Gr;,, (see, e.g., [L1] for the definition).
In the following, we write f* for the function E — f(E+), E € Grp_in,
f € C(Gr; ), and correspondingly for measures.

Theorem 3.1 ([12]). Let 1 < i < n—1. The Crofton map Cr; and the Klain
map Kl; can be extended uniquely by continuity to

Cr; : C~(Gry,) — Val" ™, Kl; : Val." ™™ — C~%°(Cr;,,),

where &z is surjective and I?ll is injective. Moreover, é?l is adjoint to Kl,_;,

(32) <Cr2(¢>a QD>Val_°° = <wa (Klnfz QO)L>C_°°(GL;,”)’
for p € C7°(Gr; ) and ¢ € Val;rff, and the extensions satisfy Kl; 0 Cr; = C;.
As a consequence of Theorem 3.1, Alesker and Faifman [12] deduced the follow-

ing representation for any ¢ € Val!(R") similar to (3.1). Here, a body K € K"
is said to be of class C%°, if its boundary hypersurface is a smooth submanifold
of R™ with everywhere positive Gauss curvature (see, e.g., [18, Sec. 2.5]).

Lemma 3.2 ([12, Lem. 4.7]). Let 1 <i <n —1 and suppose that ¢ € Val and
pdy = Crytp for some ¢ € C~°(Gryy). If K € K" is of class CS°, then
(3.3) ) = (10, Vil K)o (@i

We can now apply Theorem 3.1 and Lemma 3.2 to deduce Proposition A.

Proof of Proposition A. If ®; is an even, continuous, SO(n) equivariant, and trans-
lation invariant Minkowski valuation, then the associated real-valued valuation
@i € Val is SO(n — 1) invariant. Using the extended Poincaré duality map pd,
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we may embed ¢; into the space Valj’_oo. Thus, by Theorem 3.1, there exists a
Crofton distribution ¢ € C~*°(Gr; ) such that

pd p; = Cryp.

Since both &i and 6‘{, are SO(n) equivariant, we may assume without loss of
generality that ¢ is SO(n — 1) invariant. If K € K" is of class C'°, then we are
now able to compute h(®; K, ne) for n € SO(n) by applying Lemma 3.2. Indeed,
writing H = S(O(i) x O(n — i)), noting that (prg). o (prj;) = id, that prj,
commutes with the left-action and by (2.4),

h(q)iKv né) = @i(nilK) = <w7 n*l‘/;(K| : ))C*W(Grim)
= (pry ¥, ly-1 (Pry Vi(K| ) - (s0(n))
= (Vi(K|-) % 1)) (ne).

Setting § = 1 and noting that the SO(n—1) invariance of ¢y € C~*°(Gr; ) implies
the O(i) x O(n — i) invariance of § € C~°°(S""1) (see [74, Prop. A]), we obtain
h(®;K,-) = Vi(K|-) x 6 for every K € K" of class C{°. The result for a general
convex body K € K" follows by approximation (see, e.g., [18, Thm. 3.4.1]) and
Lemma 2.1: Indeed, let K € K™ be arbitrary and approximate K by a sequence
K; € K" of bodies of class C'?°. Then the projection functions V;(Kj|-) converge
uniformly to V;(K|-). In particular, they converge weakly as distributions. By
Lemma 2.1 (using that convolution on Gr; , is induced by convolution on SO(n)),
Vi(K 1)+ 6 = VA(K]) 6.

On the other hand, by the continuity of ®;, Vi(Kj|-) * 6 = h(®;K;,-) —
h(®;K,-) uniformly, in particular also weakly. As limits are unique in the space
of distributions, h(®;K,-) and V;(K|-) * § must define the same distribution, that
is, the distribution V;(K|-) % is given by the continuous function h(®; K, -).

It remains to show the uniqueness of the spherical Crofton distribution § =
QZ. To this end, we first note that by its SO(n — 1) invariance, v is uniquely

determined by its values on SO(n — 1) invariant functions in C*°(Gr; ). Next,
using Theorem 3.1, we see that for f € C°°(Gr;,),

(34) (¥, Cif)omoo(Gry ) = (KL(Crith), f)o—oo(@rsy = (KLi(pd 93), f)o-o0(Gron)

depends only on the valuation ¢;. If f is in addition SO(n — 1) invariant, then it
was shown in [54, Lem. 3.3] that

Cif = Tt (“) .
Rp—1 (3
where C' denotes the spherical cosine transform (see, e.g., [27, Sec. 3.4]), and when
f is interpreted as an S(O(i) x O(n — )) invariant function in C°°(S"1). Since
such functions are even (see [5, Prop. A]) and the spherical cosine transform C' is
bijective on even functions in C*°(S"~1), C; is a bijection on SO(n — 1) invariant
functions in C*°(Gr; ). Consequently, by (3.4), the values

(U, flo—oo(Grin) = (Kl;(pd ¢;), C M ) emso(Gr)
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for SO(n — 1) invariant f € C*°(Gr; ) are uniquely determined by ;. O

4. PROOF OF THEOREM B

In this section, we give a proof of Theorem B. To this end, we first prove the
left-hand inequality of (1.5), which holds in larger generality. Next, we will prove
some auxiliary result for SO(n — 1) orbits in the Grassmanian, which is needed
for the proof of the equality cases of Theorem B, given then. In the remainder
of the section, we will show in Example 4.7 that Theorem B significantly extends
previous results by [15].

First, let us state the following well-known direct consequence of Theorem 1.1.
Lemma 4.1 (see, e.g., [50, Lem. 6.3]). Let ®; be an i-homogeneous Minkowski
valuation, 1 < i <n — 1, generated by f € L*(S*Y). If K € K", then

®,B" =rg,B" and Wo-1(®:K) = re,Wi—i(K),
where 1o, = [gn-1 f(u)du.

We further need the following inequality due to Lutwak [37] (used for deducing
Urysohn’s inequality from the classical Blaschke—Santal6 inequality), stating that
if K € K™ contains the origin in its interior, then

(4.1) Vi (K°) (nWy_1 (K)™ > #p,

with equality if and only if K is a centered Euclidean ball.
The left-hand side of (1.5) reads

Proposition 4.2. Suppose that ®; : K" — K", 1 <i <n—1, is a continuous,
translation invariant, and SO(n) equivariant Minkowski valuation, mapping bodies
with non-empty interior to such bodies. If K € K™ has non-empty interior, then

(4.2) V(@7 K) (nWy—i(K))" = Vo (97 B™).
FEquality holds if and only if ®; K is a Euclidean ball.

Let us point out that the conditions of Proposition 4.2 are trivially fulfilled, if
®; admits a non-negative spherical Crofton measure which is non-zero.

Proof of Proposition /.2. Let K € K™ with non-empty interior. Then, by assump-
tion, ®; K has non-empty interior, which contains the Steiner point of ®; K. As
the Steiner point of ®;K lies at the origin (see, e.g., [10,14,45]), 0 € int &, K, and
by (4.1),

Vn(q)loK)(an_l(q)ZK»n 2 K-
Thus, the inequality follows directly from Lemma 4.1. Next, note that as its
Steiner point always lies at the origin, ®; K is a Euclidean ball if and only if it is

a centered Euclidean ball. The equality cases therefore follow directly from the
equality cases of (4.1). O

In the following, we write H,; = {x € R" : (z,v) = t} for the hyperplane
orthogonal to v € S"~! of (signed) distance ¢t € R to the origin.
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Lemma 4.3. Let E € Gr;,,, 1 <1i <n— 2, such that neither e € E nor E C et.
Set

tp = UGIS?ELEEE)<U,6> € (0,1).

If n € SO(n) is such that
n(Hé,tE N Sn_l) n (Hé,tE N S"’L—l) 7é ®7
then there exists G € Gr; p, such that E,G,n G are in the same SO(n — 1) orbit.

Proof. First, note that two subspaces E,F' € Gr;, are in the same SO(n — 1)
orbit if and only if tp = tp. Indeed, FE +— tg clearly is invariant under SO(n — 1)
and the converse claim is trivial for tp = tp € {0,1}. For tg € (0,1), observe that
tg = (vg, ) for a unique unit vector vg € F, as dim(ENét) =i — 1 implies that
every v € S""1 can be written as £ w + V1 — Av,. for some A € [—1,1],v,1 €
S=2(Eneét) and some unit vector w € EN (E Neét)*, which, as the latter space
is one-dimensional, is unique up to sign. Thus, the maximum in the definition of
tg is attained exactly for either w or —w, which we call vg. This holds similarly
for F. Moreover, vg|é® resp. vp|et are orthogonal to E N et resp. F Neét and

have the same length (/1 —t%. We can therefore find 7 € SO(n — 1) mapping

Enet to Fnet and vglet to vplet. Clearly, this implies that 7E = F, that is,
E and F' are in the same SO(n — 1) orbit.

Next, let n € SO(n) as above and take wy € 9(Hzt, NS 1) N (Hzy, NS™7).
As each of the spaces (né)*, wi, and &+ is (n — 1)-dimensional, their intersection
has at least dimension n — 3. Since i < n — 2, we have i — 1 < n — 3 and, thus,
there exists an orthonormal system {ws, ..., w;} in (né)* Nwi Net.

Define G = span {wq, wa, ..., w;}. It follows that vg = w; and, thus, by the

first step, that E and G are in the same SO(n — 1) orbit. Moreover, since 7 1G =

span {n~twy,n " ws, ..., w;}, where n~tw; € Hz i N S*1 and n_le € et, for
all j > 2, it follows that v, 15 = n~'w;. Thus, by the above, n7'G is in the same
SO(n — 1) orbit as £ and G. O

We are now ready to complete the proof of Theorem B by showing the right-
hand inequality of (1.5). We will prove it without any assumption on the nor-
malization. However, to exclude pathological cases, we will assume that the
Minkowski valuation is non-trivial, that is, it is not of the form ®;(K) = {0}
for all K € K™. As the cases i = 1 and i = n — 1 were previously proved in [30]
and [28], respectively, and the proofs of the equality cases need slightly different
arguments in co-degree 1, we will restrict ourselves to 2 < i <n — 2.

Theorem 4.4. Suppose that the spherical Crofton distribution of a non-trivial
even Minkowski valuation ®; : K" — K™, 2 < i < n — 2, is non-negative.
If K € K™ has non-empty interior, then

(4.3) Va(P7K)A,_i(K)" < Vo, (®;B")k0.

FEquality holds if and only if K is of constant i-brightness, that is, there exists
c € R such that Vi(K|F) = ¢ for all F € Gr; .
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Proof. Let K € K™ with non-empty interior. By assumption, ®; K is given by
hMP;K, ) =Vi(K|)*d

where § is an O(i) x O(n — i) invariant, non-negative distribution S*~!, that is a
positive measure. Denoting the (SO(n — 1) invariant) measure 6 on Gr;, by p,
we thus have by (2.5)

(4.4) h(®;K,u) = Vi(K|9,F)du(F), wueS"
Gri,n

for some 9, € SO(n) with ¥, = u. As (4.3) is invariant under scaling of ®, we
may assume that ®; B = k; B", that is, that p is a probability measure. Let us
further point out that by (4.4), ®; is monotone and thus ®;K contains a small
ball around the origin whenever K has non-empty interior.

By using polar coordinates and (4.4),

1 1 -
Vo (P7K) = —/ h(®; K, u) "du = —/ ( V;(K|19UF)du(F)> du,
n Jsn-1 n Jsn=1 \JGr;,,
which, by Jensen’s inequality for the p-integral is estimated by
(4.5) V,(3°K) / [ VKI0LE) " d(F)
Sn— Grin

Next, as both ®; and polarity intertwine SO(n) maps, V,(®7K) = V(9 (7K))
for all 7 € SO(n). Integrating with respect to the Haar probability measure on
SO(n), denoted by dr, therefore yields

Vi (®K) = Vo (®S(TK))dr < — / / Vi(K |77 ", F)"du(F)dudr.
SO(n) SO(n) JS*=1 JGr; p,

By Fubini’s theorem and since the Haar measure on SO(n) is invariant, we can
rewrite the right-hand side to

] Vi(K P ) dndp(F)du = s [ Vi(K|E) 4,
Sn=1 JGr;,, JSO(n Grin
where we used that ,u(Grm) = 1 and that by the uniqueness of the Haar measure

/ F(nF)dn = / F(E)AE,  Vf e C(Crip), F € Grin.
SO(TL) Gri,n

Identifying A, —;(K), we thus have shown the claimed inequality

n+1
Vo (B2K) < ”Zn Api(K)™" = K"V (B2 B™) Ay (K) ™.

i

It remains to prove the equality cases. To this end, we note that by the first part
of the proof, equality holds in (4.3) if and only if equality holds in every instance
of (4.5). By the equality conditions of Jensen’s inequality, this is the case if and
only if for almost every 7 € SO(n) and u € S"~!, there exist c,,, € R such that

(4.6) V,‘(K|T*119UF) = Crou, for p-a.e. F' € Gr;p.
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Since n — V;(K|nF') is continuous on SO(n), (4.6) holds indeed for every 7 €
SO(n) and u € S™ !, and, by the continuity of V;(K|-), for all F' € supp u.
Clearly, this is equivalent to the existence of ¢, € R, n € SO(n), such that

(4.7)

Since p is non-zero, there exists a subspace E € supp 4 and, by the invariance of
i, also its SO(n — 1) orbit is contained in supp pu. We distinguish now three cases:

(i)

(iii)

Vi(KnF) = ¢y, for all F' € supp p.

There exists E2 € supp p such that e € F.
Then the SO(n — 1) orbit of E consists of all i-dimensional subspaces
containing e, and (4.7) implies that

Vi(KnF) = ¢y, for all F' € Gr;,, with e € F.

Consequently, for every u € S ! Vi(K|G) = ¢y, for all G € Gr;y,
containing u. Since i > 2, for every u,v € S*"!, we find G € Gr;,, con-
taining both of them. Hence, ¢y, = cy,, that is, u — ¢y, is independent
of u € S" !, concluding the proof in this case.

There exists E € supp p such that E C e*.

Then the SO(n—1) orbit of E consists of all --dimensional subspaces that
are contained in ', and we infer as in the previous case that

Vi(K|G) = ¢y,, for all G € Gr;,, such that G C ut.

Since ¢ < n — 2, every such G € Gr;, is contained in at least two
hyperplanes u!, v+, and we can conclude as in (i) that V;(K|-) is constant.

For all E € supp u neither é € E nor E C et.
Let t = max,¢gi-1(g) (v, €) € (0,1) and note that the set of all n € SO(n)
such that

n(Hé’t N Sn_l) N (Hé’t N Sn_l) 75 @

contains an open neighborhood of the identity in SO(n). For a fixed such
n, by Lemma 4.3, there exists a subspace G € Gr; ,, with both G and n~'G
in the SO(n—1) orbit of E, and, thus, in the support of 4. Hence, we have
on one hand, by (4.7), that ¢, = V;(K|rG) for every 7 € SO(n). On the
other hand, again by (4.7), we have V;(K|7G) = V;(K|rn(n™1Q)) = cry.
Consequently,

cr = Vi(K|TG) = ¢y,

that is, the continuous map 7 +— ¢, is locally constant on SO(n) and
therefore constant as SO(n) is connected. This concludes the proof.

O

Finally, we will give examples of Minkowski valuations of degree 2 < i <n — 2,
which are eligible for our Theorem B, but not for the preceding theorem in [15].
], inequality (1.5) is shown for all Minkowski valuations ®;, such that

In |

WK, ) = Si(K, ")« h(Z,:), KeK",
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where Z € K" is a zonoid of revolution, that is, a body of revolution which is
the limit of finite Minkowski sums of segments. Alternatively, Z is a zonoid of
revolution, if and only if there exists a non-negative, SO(n — 1) invariant measure
p € M(S"1) such that (up to translations)

Wz = [ lw)lde(v) = Co)w), uwes

where C denotes the spherical cosine transform, see, e.g., [18, Thm. 3.5.3]. A
body is called a generalized zonoid, if its support function up to translations is
given as the spherical cosine transform of a signed measure.

In order to compare Theorem B and the result from [15], we will need the
following theorem translating between the representations from Proposition A
and Theorem 1.1. Here, R;; : C(Gr;,) — C(Grj,), ¢ # j € {1,...,n — 1},
denotes the Radon transform, defined by

(RisPF) = [ H(B)ME, F € Gy,

F
Griyn

where Grf? » denotes the subset of Gr;, of all subspaces that contain resp. are
contained in F', depending on whether ¢ > j or ¢ < j. The transform is extended
to measures and distributions using that the adjoint of R; ; is given by R;;. In the
following, we denote by v+ the pushforward of a measure v on the Grassmanian
Gr;,, by the map E — E* taking orthogonal complements. Here, we will not
distinguish between even measures on the sphere S”~! and measures on Gry -

Theorem 4.5 ([51, Cor. 5.1]). Suppose that ®; is an even i-homogeneous Min-
kowski valuation such that h(®;K,-) = S;(K,-) = (Cv), where v is a signed even
measure on S*~. Then the spherical Crofton measure p of ®; is given by

,ft _ 2/1n71

] (Rn,Lile).
7
Clearly, Theorem 4.5 implies that if ®; is generated by the support function
of a zonoid, then it admits a non-negative spherical Crofton distribution. In the
next lemma, we use Theorem 4.5 to give a condition on a generating function of
the form Cg for some even SO(n — 1) invariant function g € C(S*71). We will
make use of cylindrical coordinates, see, e.g., [27, Lem. 1.3.1],

n—

_ 1 _ 3
(4.8) Fllw, u))du = wn1 [1f(t)(1 — 2,

S§n—1
for all w € S"~1, where we define w,, := 27r%/f‘(%) for a > 0.

Lemma 4.6. Suppose that ®; : K™ — K™ is an even i-homogeneous Minkowski
valuation such that h(®;K,-) = S;(K,-) * (Cg), where g = g({-,&)) € C(S"1) is

even. Then the spherical Crofton measure of ®; is non-negative, if and only if

n—

1 .
/ Glat)(1—t)" 2 dt >0 VYael0,1]
0
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Proof. By Theorem 4.5, the Crofton measure of ®; is positive, if and only if
@9 (Rumrig )Y = (Rumsg)(F) = [ glw)duw >0,

n=1n
for every F' € Gry—; . Noting that (w,e) = (w, e|F’) for every w € F and e|F # 0
whenever F ¢ &', cylindrical coordinates (4.8) yield

n—i—

1
Lo gtwde =iy [ glelF0 )" ar
Sh=inF -1

for almost all F' € Gry,—; . By continuity this holds for all F.
As we vary F' € Gry_ip, ||e|F| ranges from 0 to 1. Consequently, condi-
tion (4.9) is — omitting the positive constants — equivalent to

1 n—i—
/ Glat)(1—t3)" 2 dt >0 VYael0,1].
—1

Since g is assumed to be even, the claim follows. O

We are now ready to give the examples. It uses a generalization of an example
from [22, Rem. 4.1.14] and [17, p. 69], given in [13] (see also [20, Ex. 5.2(f)]).

Ezample 4.7. Let P(t) = -1 (nt? — 1) be the second Legendre polynomial and
consider for a € R the function hq(u) = 1+ aPy((u,e)), u € S*~1. By [43,
Prop. 5.4], ho € C(S"™1) is the support function of a convex body of revolution
Ly, if and only if
{ n—1 n— 1]
Q€ |- —— .
2n—-1 n+1
For « in the given interval, we thus get a one-parametric family of convex bodies,
where the support function is a sum of two (even) spherical harmonics. Hence,
he lies in the image of the cosine transform, that is,

(1+ (n+ DaPy(t,2)).

ho(u) =1+ aPy((u,e)) =C (
2Knp—1
where we used the multipliers of the cosine transform (see, e.g., [27, Lemma 3.4.5]).
Whenever h, is a support function, the resulting convex body is therefore
(by definition) a generalized zonoid. It is a zonoid, if the preimage of h, under
the cosine transform is non-negative, that is, by a direct calculation, exactly for
o> —n%q.
By Lemma 4.6, the (generalized) zonoid with support function h, generates a
Minkowski valuation of degree ¢ with non-negative Crofton distribution, if and
only if

n—i—3

/()1(1+(n—|—1)aP2"(7't))(1—t2) > dt>0 Vrel0,1)].

Calculating the integral using the Beta function yields that this condition is
satisfied exactly for Z—ﬂa € {—”—_i 1].

7
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Finally, intersecting the intervals we obtain that for all
{ { n—in—1 n-—1 } 1 )
o € |max { ——; ; » )
i n+l1l 1—-2n n+1

L, is a generalized zonoid (and not a zonoid) and the Minkowski valuation defined
by Si(K,-) * hy has a non-negative Crofton distribution. Let us point out that

for a fixed ¢, we asymptotically get the interval {— 2’1;11, —n%rl), while for fixed n
and i < n — 1 the interval always has positive length, yielding an infinite family

of examples. Theorem B therefore significantly extends the results from [15].

5. EXISTENCE OF EXTREMALS

In this section, we first give a proof of Theorem D. Then we give an example
of an even Minkowski valuation of degree 1, which is not monotone, but satisfies
the assumptions of Theorem D. This shows that (weak) monotonicity is not a
necessary conditions for the existence of extremals. In the remainder of the
section, we give a proof of the analogous problem for non-polar inequalities in
the setting of convex bodies of revolution.

First, let us recall the well-known isoperimetric inequality relating two different
quermassintegrals (see, e.g., [18, Ch. 7)),

(5.1) Fin Wi (K)' 2> kI Wosi(KY,

where 0 < j < ¢ < n, K € K" with non-empty interior. Equality holds in
(5.1) if and only if K is a Euclidean ball. Setting one parameter to be n, we
obtain the isoperimetric inequality between volume and W,,_;, 1 < ¢ < n — 1.
Letting S(K) = nW;(K) be the surface area of K, this reduces to the classical
isoperimetric inequality, see also (1.1),

n n—1
(5.2) Wy i(K)™ > 6"V, (K) and ) EV"(K_)l :
(nkp)" K

Equality holds if and only if K is a Euclidean ball.
In order to prove the essential Lemma 5.1 in the proof of Theorem D, we need

the following result from [25] (see also [26] or [21, Lem. 4.1]), stating that
K n—1
(5.3) diam K < c(n)‘i((K)w,

for K € K™ with non-empty interior and some constant ¢(n) > 0 depending only
on the dimension.

Lemma 5.1. Suppose that (K;)jen is a sequence of convex bodies with non-empty
interior. If (K;)jen converges to Ko € K" of dimension 1 < dim Ko < n—1, then
the i-th isoperimetric ratio, 0 < i < n — 1, tends to infinity,

Wi (K)"

I ) — 00.
Vn(Kj)l 0, J o0
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Proof. First, let i =n — 1. By (5.3) and the isoperimetric inequality (5.2),

1
S(K;)™ S(Kj) S(K;)" 1 - S(K;) diam K o N diam K
Vil T~ ValK) Va(B)2 = Va(K)) eln) = eln) v (k)%
By the assumptions on dim Ky, diam K; — diam K¢ # 0 and V,,(K;) = V,,(Ko) =
0. Hence, the right-hand side of (5.4) tends to infinity, concluding the proof for
i=n—1asnW(K)=S(K) for all K € K.
For general 0 <i <n—1, by (5.1),

I{;n—&—anii (K)n—l Z Ii;iwl (I()z7

(5.4)

and, thus,
Woi(Ky)" 55 (WK™ \ ™
Va(E;) = Vi (K;)m '
Consequently, the claim for general ¢ follows from the case i =n — 1. O

To show the existence of Minkowski valuations for which the volume product
admits maximizers different from balls, we need the following example from [30)].

Theorem 5.2 ([30, Thm. 4.1]). For every n > 2, the volume product
Vo(JPK)V,(K), K eK",
is unbounded for J : K" — K", JK = K — s(K), where s(K) denotes the Steiner
point of K.
We are now ready to prove Theorem D.

Proof of Theorem D. Let f € L'(S"~!) denote the generating function of ®; and
assume that f = fi + fo, where f; and fy are generating functions of Minkowski
valuations ®} and <I>22, respectively, and f; > ¢ > 0 for some ¢ € R.

By the additivity of convolution and the fact that the Steiner point of ®7 is at
the origin, see, e.g., [10,14,45], and is contained in relint @?K,

&K =K + ®IK D O/ K.

Moreover, for u € S*! and K € K", a direct estimate shows that

W@ K u) = | fi(9, v)dSi(K,v) > enW—i(K),
Sn—
that is, ®} K O cnW,,_;(K)B". Hence, by the isoperimetric inequality (5.2),
(*) Vo(K)!

(5.5)  Vp(®SK)Vu(K) < V(@ K)o (K)' < dy, < dpkiT" < 0,

Wn_i(K)n -
for every K € K™ with non-empty interior, and where d,, > 0 depends on n only.

Consequently, V,,(®2K)V,,(K)" is bounded from above and, therefore, we can
choose a sequence K; € K™ of convex bodies with non-empty interior such that

(5.6) V(B9 K;) Vi (K;)" — sup V(PP K)Vi(K)' < 0o as j — 0.
e n
int K#£0
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Note that this supremum is positive, as can easily be confirmed by plugging
in Euclidean balls. Since V,,(®K;)V,,(K;)" is invariant under translations and
scaling, we may assume that every K is contained in B" and contains a segment
of length one. Using Blaschke’s selection theorem, we obtain a subsequence, which
we again denote by K, converging to a convex body Ko € K™ with dim Ky > 1.
Assume that dim Ky < n. Then, by (%) in (5.5) and Lemma 5.1, we have

nK'i .
Val J)n—>0 as j — 00,

Vi @K ) Vi(K;)! < dpy i
( ]) ( ]) Wn—z(Kj)

which is a contradiction to the convergence of V,,(®K;)V,,(K;)" to the positive
supremum (5.6). Hence, Ky has non-empty interior and, by continuity, is a
maximizer of V,,(®¢K)V,,(K)".

It remains to construct a Minkowski valuation ¥y : K™ — K" of degree 1 such
that the maximizers of V,,(¥{K)V,,(K) are different from Euclidean balls. To this
end, let ®; : K — K™ be a Minkowski valuation whose generating function f
is bounded away from zero; take, e.g., f to be the support function of a convex
body of revolution with non-empty interior or as in the proof of Theorem 5.4. For
0 < A < 1, we define

U K" = K", U = Ady + (1 - A\)J.

Then, W7 satisfies the assumptions of the first part of the theorem and, therefore,

Vo (U °K)V,, (K) admits maximizers for every 0 < A < 1. Moreover, since by
Lemma 4.1,

ULB" = (A\rg, +1— A)B" D min{re,,1}B",

we see that Vn(\Ili\’oB”)Vn(B”) is bounded by 2 min{re,, 1} for all X € (0, 1).
Using that V3 K — JK for every K € K™ as A — 0, it follows from continuity and
Theorem 5.2 that there exists a convex body K € K™ with non-empty interior
such that

2

—" >V (UM BYV, (B,
min{re,, 1}" — Va (P )Va(B")

Vo (UM KV (K) > i

whenever \ > 0 is small enough. Consequently, Euclidean balls cannot maximize
V(UK )V (K). O

Remark 5.3. Let us point out that the proof of the second part of Theorem D does
not use the specific form of J, but rather that its volume product is unbounded.
Indeed, the same arguments can be applied to any example of an i-homogeneous
Minkowski valuation for which the quantity from Theorem D is unbounded. So
far, J, —J and their multiples are the only known examples. It is an interesting
problem whether such examples exist for 2 < ¢ < n—1, and whether such examples
exist for ¢ = 1 which are even.

Moreover, the arguments of the proof show that the set of Minkowski valuations
with unbounded volume product is neither open nor convex (take, e.g., %J +

%(— J), which admits maximizers).
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We turn now to Minkowski valuations of degree 1. In this setting, it was proven
in [30] that the volume product V,,(®°K)V,,(K) is maximized by Euclidean balls
for all continuous, translation invariant and SO(n) equivariant Minkowski valua-
tions which are montone with respect to set-inclusion. However, monotonicity is
not a requirement for the existence of extremals, as the following theorem shows.

Theorem 5.4. There exists an even continuous Minkowski valuation ®1 : K™ —
K™ of degree 1 which is translation invariant, SO(n) equivariant, and not mono-
tone such that

V(1K) Vi (K)
attains a mazximum on convex bodies K € K™ with non-empty interior.

For the proof of Theorem 5.4, we will need the following characterization of
1-homogeneous Minkowski valuations from [31]. Here, a map ® : K" — K" is
called weakly monotone, if it is monotone on the subset of convex bodies with
Steiner point at the origin.

Theorem 5.5 ([31]). A continuous, translation invariant, and SO(n) equivariant
Minkowski valuation ®1 : K™ — K" of degree 1 is weakly monotone, if and only if

WK, ) = h(K,)+pu, K ek,

for a centered, SO(n — 1)-invariant measure i on S*~1, which is non-negative up
to addition of a linear measure a(u, e)du, o € R. It is monotone, if and only if
is non-negative. Moreover, the measure p is uniquely determined by ®;.

As Theorem D is formulated in terms of generating functions, we need to
translate between this representation and the representation from Theorem 5.5.
To this end, let [, be the differential operator given by

1
Onh=h+——Ash, heC>@E"),
where Ag denotes the spherical laplacian. It was shown in [16] that [J,, satisfies
(5.7) Onh(K,-) = S1(K,), KeK",

where the equality has to be understood in the distributional sense. In particular,
using its self-adjointness, we obtain for all K € K™ and f € C*°(S""1) that

(5.8) Sy(K, ") * f = h(K,) «O,f.

Consequently, we will need to apply the inverse transform of [J,, which was
described in [16] by

(5.9) O 'h(uw) = /Si g, ) h(v)dv, weS™ 1 hec®(s™ ),

where g, € C°°(—1,1) denotes the nth Berg function, defined in [10].

We are now ready to prove Theorem 5.4, based on a construction from [19].
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Proof of Theorem 5.4. Since, by (5.8),
S1(K, )« f = h(K, )« On f,

by Theorem D and Theorem 5.5, it is sufficient to find a strictly positive generating
function f € C°°(S"1) of a 1-homogeneous Minkowski valuation ®; for which
0, f takes negative values. In order to find such a generating function, we will
make use of a construction by Dorrek [19] of a non-monotone even Minkowski
valuation of degree 1.

Indeed, denote by C, = {u € S 1 : (u,e) > 1 — a} the spherical cap around
the pole € with parameter & > 0. Then Dorrek showed the following (combining
his proofs of [19, Lem. 3.4 and Thm. 3.5]): For every even, non-negative and
SO(n —1) invariant h € C(S"~!) which is supported in C, U (—Cl,) for sufficiently
small a > 0 and attains its maximum at e, the equation h(®1 K, -) = h(K,-)*(1—h)
defines a Minkowski valuation.

Choosing h(e) = C > 1, these Minkowski valuations will not be monotone (and
also not weakly monotone since they are even), by Theorem 5.5, since (1—h) takes
negative values. It therefore remains to show that we can choose h € C*®(S"™1)
within the above restrictions such that f = . 1(1 — h) is strictly positive.

To this end, note that since 0,1 = 1, by (5.9), this is equivalent to finding h
such that

(5.10) O h(u) = /Sn_l gn((u, o)) h(v)dv < 1, Yue S,

We will prove that (5.10) holds for all h as above, such that the parameter a of
the cap C, containing the support is small enough. Therefore, let a; > 0 be a
monotone sequence converging to 0 and let h; € C>(S™ 1), j € N, be even with
supp hj C Cq; N (—Caq;) and max,cgn—1 h(v) = h(€) = C > 1 for some fixed C.

Next, fix 0 < ¢ < 1 arbitrary and let A; = {u € S""! : |(u,e,)| < t}. Then
there exists jo € N such that for all j > jg, the closed spherical cap with parameter
a; around any u € A; does not contain e. Fix j > jo. By [16, Thm. 3.3(iii)],
|90 ((-,€))| is continuous on S"~!\ {&} and, thus, bounded on the compact set
By :={u€S" 1 (ue) <0 ordist(u, A;) < a;j} by some constant M > 0.

For any u € S"! and 9, € SO(n) with 9,6 = u, 9, v is contained in the
spherical caps of radius «; around +u whenever v € Cy; U (=Cy;). For u €
Ay, these caps are contained in By j, and by (u,v) = (J;'v,€), we deduce that
|gn((u,v))] < M for all u € Ay and v € Cy,; U (—Cl,). Hence,

Onthy@) < [ lon((ase)lhy()do = | e (G0 o

</ MC dv=2MCo(Cy,),
Caju(_caj)

where o denotes the spherical Lebesgue measure. Since this bound does not
depend on u € A; anymore, we can choose j large enough, such that D;lhj < %
on A;.

Using that this construction works for every ¢ < 1, we will now choose ¢ in such
a way that we can control the behavior of [, *h; on S"~1\ A;. To this end, choose
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tn, < 1 such that g,(¢t) < 0 for all ¢ > ¢,. Such ¢, exists by [16, Thm. 3.3(ii)].

Next, choose t,, <t < 1 arbitrary. By the convergence o; — 0 and the previous

step, there exists j; € N such that, for all j > j;, D;lhj < % on A; and for every

u € S"~1\ A; the spherical cap of radius a; around u does not intersect Ay, .
Then we can estimate for j > j; and u € S"~ 1\ A; with (u,&) > 0,

O hi(w) = [ gn(wohy(o)do= [ 9n (0, 0)) 1y (v) o

n—1 —
S Coch( Caj)

< /C gn ({1, v)) () dv < MCo(Ca ).
—Ca,
For v € S"~ 1\ A; with (u,e) < 0, a similar bound holds, replacing —Ca, by
Co,; and vice versa. By the choice of j from above (for u € A;, ensuring that
2MCo(Cy;) < 1), we conclude that O;1h; < 1 on S"71\ A;. In total, we
have obtained that 1 — D,‘Llhj > % > 0 on S”! for all sufficiently large j € N,

concluding the proof. O

In the remainder of the section, we discuss non-polar inequalities. Here, the
argument from Theorem D (with small adaptations) applies directly and yields
the following existence result. As the proof is almost verbatim, we will omit it.

Theorem 5.6. Suppose that ©; : K™ — K" is a continuous, translation invariant,
and SO(n) equivariant Minkowski valuation of a given degree i € {1,...,n — 1}.
If the generating function of ®; is a sum of two generating functions one of which
s bounded from below by a positive constant, then

(5.11) Vo (i K) Vi (K)'
attains a minimum on convex bodies K € K™ with non-empty interior.

Additionally, a short proof yields the minimizers of (5.11) among all convex
bodies of revolution for weakly monotone Minkowski valuations of degree 1. Here,
we denote again by s(K) the Steiner point of K € K", see [18, Sec. 1.7].

Theorem 5.7. Suppose that ® : K™ — K™ is a continuous, translation invari-
ant and SO(n) equivariant, weakly monotone, non-trivial Minkowski valuation of
degree 1. Among convex bodies K € K" of revolution with non-empty interior,

Vo (PK)

Vi(K)
is minimized by Euclidean balls. If PK = aK +b(—K) — as(K) for some a,b >0
and a € R, then K is a minimizer if and only if K is centrally symmetric, for
a#0+#b, or K is any convex body of revolution, for a =0 or b = 0. Otherwise,
Euclidean balls are the only minimizers.

Proof. By Theorem 5.5, there exists an SO(n — 1) invariant measure p = g +
a(u,e)du on S"~1 such that ji is non-negative and a € R. As h(K,-) * ((u,e)du)
yields a constant multiple of the Steiner point, we therefore obtain

Va(@K) = [ () < D (0)dS1 (OK w)

n
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for every K € K" with non-empty interior. If K is additionally a body of
revolution (without loss of generality we may assume that the axis is €), then
h(K,-) is SO(n — 1) invariant. As trivially f = f for every SO(n — 1) invariant f,

WK, ) * = h(K, ) * (p) = i+ h(K, ),
and thus, by Fubini’s theorem and (2.7),
/ / h(K, 0 1) dS 1 (BK, w)dfi(v)
S§n—1 J§n—1

= V(9,K,®K, ... ®K)di(v),

S§n—1
where ®K appears (n — 1)-times in the mixed volume. Applying Minkowski’s
inequality (see, e.g., [18, Ch. 7]), we obtain
(5.12) Vi (RK) > (S )V, (K)w Vi (PK) "=

Since ®B™ = [i(S*~1)B", the claimed inequality follows.

For the equality cases, first note that we may assume that the Steiner points of
K (by translation-invariance) and ®K (this is always true, see [31]) lie at the origin
and that & is a probability measure (by scaling invariance). Inequality (5.12)
therefore reads V,,(®K) > V,,(K) and the equality cases of Minkowski’s inequality
imply that ®K = \,¥,K + z, for fi-almost all v € S*~!, and )\, > 0, x, € R”. By
the above assumptions, A\, = 1 and z,, = 0, that is, we have

(5.13) K =9,K for fira.e. v € S"L

As K is a body of revolution 9J,K does not depend on the choice of J,, € SO(n).
Therefore, v — 9, K is continuous, so the statement holds for all v € supp p.

If i is discrete, by SO(n — 1) invariance, it must be of the form i = ade + bd_z
with a +b=1, a,b > 0. Hence, (5.13) reads for a # 0 # b

K=9,K =0K =9_.K = —K,

that is, equality holds if and only if K is origin-symmetric. Thus, by translation
invariance, centrally symmetric bodies are the only minimizers.

For a = 0 or b = 0, we have that K = +K for every K € K" and
Vo (PK)/Vy(K) is constant.

If f is not discrete, (5.13) implies that ¥, K = 9,K for all v,w € supp fi.
Consequently, by the SO(n — 1) invariance of h(K,-),

h(0,K,v) = h(9,K,u) = h(0,K,u) = h(9,K,w), ueS"

that is, h(9,K,-) is constant on supp i for all u € S*"!. As K is a body of
revolution and, by SO(n — 1) invariance, supp jt contains at least an (affine) sub-
sphere, this is easily seen to imply that K must be a ball, concluding the proof. [
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