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Abstract. It is shown that for any sufficiently regular even Minkowski
valuation ® which is homogeneous and intertwines rigid motions, there exists
a neighborhood of the unit ball, where balls are the only solutions to the fixed-
point problem ®2K = oK. This significantly generalizes results by Ivaki for
projection bodies and suggests, via the Lutwak—Schneider class reduction
technique, a new approach to Petty’s conjectured projection inequality.

1. Introduction

The classical Brunn—-Minkowski theory has emerged from Minkowski’s studies
of the volume of sums of convex bodies, leading to such central notions as intrinsic
volumes or, more generally, mixed volumes and the basic inequalities between them.
It was also Minkowski who introduced projection bodies of convex bodies — another
core concept of the theory — which were later discovered to be objects of independent
investigations in several areas (see, e.g., the excellent monographs by Gardner [13],
Koldobsky [30], and Schneider [51]). For their precise definition, let K be a convex
body (that is, a compact, convex set) in R™, where throughout n > 3, and recall
that K is determined uniquely by its support function h(K,u) = max{u-z : x € K},
u € S* 1. The projection body I1K of K is the convex body defined by

h(IK,u) =V, ((Klu"), ueS".

Here, V;, 0 < i < n, denotes the i-th intrinsic volume (see Section 2 for definition)
and K|ut is the orthogonal projection onto the hyperplane u™.

The polar projection inequality of Petty [44], providing the classical relation
between the volume of a convex body and its polar projection body, is an affine
invariant inequality that not only significantly improves the classical isoperimetric
inequality but had a tremendous impact in geometric analysis that can still be felt
to this day (see, e.g., [9, 19, 20, 39, 40| and the references therein). In view of
the Blaschke-Santal6 inequality (see, e.g., [51, Section 10.7]), an analog of Petty’s
inequality for the volume of projection bodies (as opposed to that of polar projection
bodies) would provide an even stronger affine isoperimetric inequality. However, this
remains one of the major open problems in convex geometric analysis.

Conjecture (Petty [44]) Among convex bodies K C R™ of non-empty interior, the
volume ratio V,(IK) /V,,(K)"™! is minimized precisely by ellipsoids.

Despite the universally acknowledged importance of Petty’s conjecture, progress
has been slow over the last decades (see, e.g., [14, 26, 35, 46, 47, 50]). Especially
indicative of the difficulty of the problem is a recent disheartening observation by
Saroglou [45] that in general, the volume of projection bodies does not decrease
under the standard symmetrization technique — Steiner symmetrization — used to
establish many powerful isoperimetric inequalities in geometry.



As Saroglou’s observation demonstrates, Petty’s conjecture requires an approach
different from Steiner symmetrization. Before discussing one such possibility, we
want to mention here that Lutwak showed that if Petty’s conjecture is correct, then
it would imply a whole family of isoperimetric inequalities for projection bodies of
different degrees. To make this more precise, recall that for 1 < ¢ < n — 1, the
projection body of degree i, II; K, of a convex body K C R" is defined by

h(ILK, u) = Vi(K|ub), ue S

Note that, clearly, II,,_y = II is just Minkowski’s projection body map.

In 1993, Lutwak [38] showed how the polar Petty projection inequality can be
used to deduce analogous inequalities for polar projection bodies of all degrees.
Previously, Lutwak [36] had conjectured that among bodies K C R"™ of non-empty
interior, the ratios Vi, 1(II; K)/V;,1(K)" are minimized (precisely) by Euclidean balls
for all 1 <7 < n—1 and had shown that this would follow if Petty’s conjecture holds
true. Moreover, the Lutwak—Petty conjecture was confirmed in [36] when ¢ = 1 by
applying the following instance of the class reduction technique, first observed in
the context of Petty’s conjecture by Schneider and later extended by Lutwak.

Proposition 1.1 ([36], [50]) If1 <i<n—1 and K CR" is a convex body whose
dimension s at least i + 1, then

Vin (LK) _ Vin(I17K)
Vir(K)" 7 Vi (LK)
with equality if and only if 2K and K are homothetic.

Note that Proposition 1.1 implies that if minimizers of V;,;(IL;K)/Viy1(K)" do
exist, then they must be translates of solutions to the fixed-point problem

K = aK (1.1)

for some o > 0. When ¢ = n — 1, minimizers of V,,(ITK)/V,,(K)"! do exist due to
affine invariance and ellipsoids are solutions to (1.1). However, it is well known that
the projection body map IT also admits a large class of polytopal solutions to (1.1)
which were completely classified by Weil [61]. This is in stark contrast to the case
i = 1, where Schneider [49] showed that IT? K is homothetic to K if and only if K
is a ball. Thus, after establishing the existence of minimizers for V5(I; K)/V5(K),
Lutwak [36] concluded that they are precisely the Euclidean balls.

While the fixed-point problem (1.1) can be resolved easily for ¢ = 1, it is a much
harder problem for ¢ > 1 (cf. Section 6). However, a breakthrough was achieved
by Ivaki [25, 26| recently, who proved that there exists a C? neighborhood of the
unit ball B", where, for 2 < i < n — 2, Euclidean balls and, for i = n — 1, ellipsoids
are the only solutions to (1.1). The case i = n — 1 of Ivaki’s results can also be
deduced from an independent stronger theorem of Saroglou and Zvavitch [47] about
iterations of IT which also confirms Petty’s conjecture in a C? neighborhood of the
unit ball.




The main goal of this article is to generalize [vaki’s results on local solutions of
(1.1) to a large class of Minkowski valuations. A Minkowski valuation on the space
K™ of convex bodies in R" endowed with the Hausdorff metric is a map ® : K" — K"
such that

OK)+P(L)=P(KUL)+P(KNL)

whenever K U L is convex and addition on K" is the usual vector addition. Scalar
valued valuations have long been at the center of convex and integral geometry (see,
e.g., 24, 8, 18, 29, 33]). Their systematic study was initiated by Hadwiger [21],
whose characterization of the intrinsic volumes as the continuous rigid motion
invariant scalar valuations is one of the most famous results in valuation theory.

First results on Minkowski valuations were obtained in 1974 by Schneider [48].
However, they became the focus of increased attention only after the seminal work
of Ludwig [31, 32| on Minkowski valuations intertwining affine transformations.
For example, Ludwig established a characterization of Minkowski’s projection body
map as the unique continuous translation invariant Minkowski valuation which is
contravariant with respect to volume preserving linear transformations.

The contributions of several authors (see, e.g., [1, 10, 11, 17, 34, 55, 60])
show that Minkowski valuations compatible with affine transformations often form
convex cones generated by finitely many maps. In contrast, Minkowski valuations
intertwining rigid motions form an infinite dimensional cone, containing, e.g.,
the projection bodies of arbitrary degrees. The efforts to obtain an analogue of
Hadwiger’s theorem for Minkowski valuations (see [28, 53, 54, 56, 57]) culminated
in the recent work of Dorrek [12] who established the following spherical convolution
(see Section 2) representation under the additional assumption of homogeneity.
Throughout, a map ® : K™ — K" is said to have degree i if ®(A\K) = N'®(K) for all
K € K and A > 0. (By a result of McMullen, any translation invariant continuous
valuation that is also homogeneous must be of integer degree i € {0,...,n}.)

Theorem 1.2 ([12]) If &; : K" — K" is a continuous translation invariant
Minkowski valuation of degree 1 < i < n — 1 which commutes with SO(n), then
there exists a unique SO(n — 1) invariant f € L*(S"') with center of mass at the
origin such that for every K € K",

W®K, ) = Si(K,-) * f. (1.2)

The measures S;(K,-), 1 <i<n—1, on S*! are the area measures of order i
associated with K (see Section 2 for definition). We call the function f in (1.2)
the generating function of ®;. While a complete classification of all such generating
functions has not yet been obtained, it is known that for any ¢, we may take f in
(1.2) to be the support function of an arbitrary body of revolution L € K". In
this case, we say that ®; is generated by L. If, in addition, the boundary of L is
a C? submanifold of R" with everywhere positive Gaussian curvature, we call ®; a
C?% regular Minkowski valuation. If ®; K = {o} for all K € K", we call ®; trivial.
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Over the past 15 years, it has become more and more apparent that several
classic inequalities involving projection bodies (of arbitrary degree) hold, in fact, for
the entire class, or at least a large subclass, of Minkowski valuations intertwining
rigid motions (see, e.g., [5, 7, 20, 23, 43, 53|). Among the first results in this
direction, it was proved in [53] that if &; : K" — K" is a non-trivial continuous
translation invariant Minkowski valuation of degree 1 which commutes with SO(n)
and is monotone w.r.t. set inclusion, then V5(®1K)/V2(K) is minimized, among
K € K" with non-empty interior, precisely by Fuclidean balls. This generalized
not only Lutwak’s inequality for IT; but also strongly relied on the class reduction
technique which, in this case, was shown in [53] to imply that the minimizers
must be translates of the solutions to the fixed-point problem ®?K = aK for some
a > 0. The latter had previously been solved under the assumption of monotonicity
by Kiderlen [28], who showed that balls are the only solutions.

Our first goal is to establish the following extension of the Lutwak—Petty class
reduction from Proposition 1.1 to all monotone homogeneous Minkowski valuations
intertwining rigid motions (for the degree 1 case, see also [53]).

Proposition 1 Let 1 <i<n—1 and &, : K" — K™ be a non-trivial monotone and
translation invariant Minkowski valuation of degree i which commutes with SO(n).
If K € K™ has dimension at least i + 1, then

Vie1 (9, K Vig (P2K
+1( ) 2 +1( 7 ) (13)

Vi (K)" 7 Vi (8K
with equality if and only if ®?K and K are homothetic. Moreover, if ®; is Cy regular
and balls are the only solutions to the fized-point problem ®?K = oK for some
a >0, then Vi1 (9:;K)/Viy1(K) is minimized precisely by FEuclidean balls.

Let us emphasize how Proposition 1 suggests a new approach towards Petty’s
conjecture that has the advantage of introducing higher regularity and therefore,
in particular, eliminates possible polytopal solutions of the associated fixed-point
problems. In order to describe this approach, first note that in [53] it was shown that
every continuous Minkowski valuation ®,,_; intertwining rigid motions of degree
n — 1 which is even (that is, ¢, 1K = ®,_1(—K) for all K € K") is generated by
a body of revolution L € K" and, thus, is monotone (cf. Section 3). Consequently,
by Proposition 1, choosing suitable even Minkowski valuations ®,_; generated by
(sufficiently) smooth bodies L € K™ approximating the segment — the generating
body of IT — and showing that the only solutions to ®2 | K = aK are Euclidean
balls, would confirm Petty’s conjecture (at least, up to equality conditions). The
fundamental difference to the original class reduction approach is that for Minkowski
valuations ®,_; generated by bodies L of, say, class C%, ®,_1K and, therefore,
®2_, K will also belong to the class C2 for all K € K™. In particular, the possible
minimizers of V,,(®,_1K)/V,(K)"' must also be of class C?.



With our main theorem, we generalize Ivaki’s results [25, 26] about solutions
to the fixed-point problems II? K = «K locally around balls to all sufficiently
regular even Minkowski valuations intertwining rigid motions of a fixed degree
i €{2,...,n—1} (the case i = 1 having been globally settled by Kiderlen [28]).

Theorem 1 Let 2 < i < n—1and &; : K" — K" be a C’i reqular translation
invariant even Minkowski valuation of degree i which commutes with SO(n). Then
there exists € > 0 such that if K € K™ has a C? support function and satisfies

(i) |h(vK + z,-) — h(B",-)|lc2sn-1) < € for some v >0 and x € R",
(ii) ®?K = aK for some o > 0,
then K must be a Euclidean ball.

In Section 6 we will in fact prove a more general result, Theorem 6.1, than
Theorem 1. It provides sufficient conditions on the generating function f € L'(S"™1)
of a general continuous even Minkowski valuation ®; intertwining rigid motions, to
conclude that in a neighborhood around the ball, the only solutions to the fixed-
point problem ®?K = oK are Euclidean balls. These conditions are stated in terms
of the spherical harmonic expansion of f and are easily checked to be satisfied by
the support function of the segment. In this way, we generalize Ivaki’s results [25]
for projection bodies of order 2 < ¢ < n — 2. The case ¢ = n — 1 is not covered due
to affine contravariance of II, but Ivaki’s proof [26] relies on similar techniques.

In order to prove Theorem 1, we confirm that the conditions on generating
functions contained in Theorem 6.1 are satisfied by support functions of convex
bodies of revolution of class C%. This boils down to a novel spectral gap theorem of
independent interest for spherical convolution operators generated by such support
functions which we obtain in Section 5. Moreover, we also discuss in Section 6 that
when n > 4 and 2 <7 < n — 2, the conditions from Theorem 6.1 are satisfied for
even Minkowski valuations generated by generalized zonoids of revolution.

2. Background material

In the following we first recall basic facts about convex bodies, mixed volumes,
and area measures. Next, we collect the required material from harmonic analysis,
in particular, about the spherical convolution of measures and its relation to the
theory of spherical harmonics. In the final part of this section, we recall the
definition of Frechét derivatives and state a useful version of the inverse function
theorem. General references for the material of this section are the monographs
by Gardner [13], Schneider [51], and Groemer [16], as well as the celebrated
exposition [22] on the inverse function theorem by Hamilton.



First recall that each K € K" is uniquely determined by its support function
hMK,z) =max{z-y:y € K}, v € R" which is (positively) homogeneous of degree
one and subadditive. Conversely, every function on R" with these two properties is
the support function of a unique body in K. In particular, a function h € C?*(R")
which is homogeneous of degree one is the support function of a convex body K € K™
if and only if its Hessian D?h(u) is positive semi-definite for all u € S"~1.

For K, L € K", their Minkowski sum is given by K+ L = {z+y: 2z € K,y € L}
and its support function by A(K + L,-) = h(K,-) + h(L,-). Moreover, for every
¥ € SO(n) and y € R, we have

h(VK,x) = h(K,9 'x) and MK +y,x)=h(K,z)+z-y (2.1)

for all z € R™. Next, recall that the Hausdorff distance d(K, L) of K, L € K" can
be expressed by d(K, L) = ||h(K, ) —h(L, )|/, where || - || denotes the maximum
norm on C(S"™1). Moreover, K C L if and only if h(K,-) < h(L,-), in particular,
h(K,-) > 0 if and only if o € int K.

A body K € K™ is said to be of class C¥ if its boundary hypersurface 0K is a
C* submanifold of R” and the map nx : 9K — S"~! that maps a boundary point
to its unique outer unit normal is a C* diffeomorphism. Equivalently, K € K" is of
class C¥ if h(K,-) € C*(R™) and the restriction of the Hessian D?h(K,-)(u) to u*
is positive definite for every u € S 1.

By a classical result of Minkowski, the volume of a Minkowski linear combination
MK+ -+ N\, K,,, where Ky, ..., K,, € K" and \{,...,\,, > 0, can be expressed
as a homogeneous polynomial of degree n,

m

VimK 4+ AnK) = > V(G KGN, A (2.2)

where the coefficients V(Kj,, ..., K;,) are the mized volumes of K, ..., K;, which
depend only on Kj ,...,K;, and are symmetric in their arguments. Moreover,
mixed volumes are translation invariant, Minkowski additive, monotone w.r.t. set
inclusion in each of their arguments, and V (K7, ..., K,) > 0 if and only if there are
segments [; C K;, 1 < i < n, with linearly independent directions.

For K,L € K" and 0 < i < n, let V(K][i], L[n — i]) denote the mixed volume
with ¢ copies of K and n — ¢ copies of L. The ith intrinsic volume of K is given by

Vi) = =

n

,>V(K[z’],IB%”[n — 1),

Rp—i \ 1

where k,, denotes the m-dimensional volume of B™.
Associated with an (n — 1)-tuple of bodies Kos,..., K, € K" is a finite Borel

measure S(Ks, ..., K,,-) on S""! the mized area measure, such that for all K; € K",
1
V(Kl,...,Kn):—/ MK, u)dS(Ks, ..., K, u). (2.3)
n S§n—1
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For K € K™ and 0 < i < n— 1, the measures S;(K,-) := S(K[i],B"[n—1—1],-)
are called the area measures of order ¢ of K. The measure S,,_1 (K, -) is also known
as the surface area measure of K. If K has non-empty interior, then, by a theorem of
Aleksandrov—Fenchel-Jessen (see, e.g., [51, p. 449]), each of the measures S;(K, ),
1 <1< n—1, determines K up to translations. The centroid of every area measure
of a convex body is at the origin, that is, for every K € K™ and alli € {0,...,n—1},

/ udS;(K,u) = o.
Sn—1

Minkowski’s existence theorem states that a non-negative Borel measure p on S"~!
is the surface area measure of some K € K" with non-empty interior if and only if
@ is not concentrated on a great subsphere of S*~! and has centroid at the origin.
If K € K™ has a C? support function, then each measure S;(K,-), 0 <i<n-—1,
is absolutely continuous w.r.t. spherical Lebesgue measure. To make this more

precise, let us recall the notion of mixed discriminants. If A, ..., A,, are symmetric
real k X k matrices and A\, ..., \,, > 0, then
det(M Ay + -+ AnAm) = > D(Aj, . AN, Ay, (2.4)
Flrefn=1
where the coefficients D(A4;,,..., A;,) are the mized discriminants of A;,, ..., A;,
which depend only on A;,...,A; and are symmetric and multilinear in their

arguments. Clearly, D(A,..., A) = det(A) for any symmetric k& x k& matrix A.
Moreover, D(BA;, ..., BAy) = det(B)D(Aq, ..., Ag),

D(A.B,....B)= ! tx(cof(B)A) (2.5)

for any symmetric k£ X k matrix B, and if Ay,..., Ay are positive semi-definite,
then D(Ay,...,A;) > 0. Finally, if Ky,...,K, ;1 € K" have support functions
hi,...,hn_1 € C*(R"), then the density of S(K7,..., K, 1,-) is given by

s(Ky,...,Kuy_1,u) =D(D?hy(u), ..., D*hp_1(u)), ueS" (2.6)
In particular, for K € K™ with support function h € C?(R"), we have
Sn_1(K,u) = det D*h(u), u€S" ' (2.7)

Motivated by (2.6) and (2.7), we frequently use in subsequent sections the notation
s(hi,... hn_1,"), Sn_1(h,-), ... instead of s(Ky,..., K, 1,"), sn_1(K,u), etc.

An origin-symmetric convex body Z* € K" whose support function has an
integral representation of the form

h(Z", u) = / lu - v| dp(v), ue S, (2.8)
Sn—1

with a (unique) even signed measure p on S*! is called a generalized zonoid. If y is
non-negative, then (2.8) always defines a support function and the bodies obtained
in this way are the origin-symmetric zonoids. (see, e.g., [51, Chapter 3.5]).
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We turn now to the background material on spherical harmonics. To this end,
let Ag denote the spherical Laplacian on S"~! and recall that it is a second-order
uniformly elliptic self-adjoint operator. We write H}! for the vector space of spherical
harmonics of dimension n and degree k and denote its dimension by
n+2k—2(n+k—2

N(n, k) =

n— 2

= O(k"? : 2.
Y ) O(k"™%) as k — ¢ (2.9)

Spherical harmonics are (precisely) the eigenfunctions of Ag, more specific, for
Y, € H}}, we have

The spaces H}' are pairwise orthogonal subspaces of L?(S"~!). Moreover, the
Fourier series f ~ > 77 m.f converges to f in L? for every f € L*(S"'), where
e+ L2(S™™') — HP denotes the orthogonal projection. Letting P € C([—1,1])
denote the Legendre polynomial of dimension n and degree k, we have

N(n,k
(e f)(v) = % (u) Pl (u-v)du, vesS (2.11)
n Sn—1

where w,, denotes the surface area of B™ and integration is with respect to spherical
Lebesgue measure. Since the orthogonal projection 7y is self adjoint, it is consistent
to extend it to the space M(S"™1) of signed finite Borel measures by

N(n, k)

Wn

() == [ P vdun), ves
It can be shown easily that m,p € H} for all & > 0 and that the formal Fourier
series p ~ Y oo [ uniquely determines the measure p.

Throughout, we use € € S™ ! to denote a fixed but arbitrarily chosen pole
of S"7! and write SO(n — 1) for the stabilizer in SO(n) of &. In the theory of
spherical harmonics, a function or measure on S*~! which is SO(n — 1) invariant is
often called zonal. Clearly, zonal functions depend only on the value of u - €. The
subspace of zonal functions in H} is 1-dimensional for every £ > 0 and spanned by
u v+ Pl(u-e). Since the spaces H} are orthogonal, it is not difficult to show that
any zonal measure u € M(S"!) admits a series expansion of the form

p S M g o), (219)
where .
o] = wos / R0 (- )7 i) (2.13)

Here, we have used cylindrical coordinates u = te + /1 — t2v on S"! to identify
the zonal measure p with a measure i on [—1, 1]. If i is absolutely continuous with
density f w.r.t. spherical Lebesgue measure, we write aj[f ] instead of aj[u].
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For the explicit computation of integrals of the form (2.13) the following Formula
of Rodrigues for the Legendre polynomials is often useful:

e e e e O N T
g kT (2L 4 k) dt ‘ '
It is clear from (2.14) that the derivative of a Legendre polynomial is itself a
Legendre polynomial of higher dimension. Indeed,
d k(k+n—2)
—pr S S
dt * () = n—1
There are several functional equations satisfied by the Legendre polynomials. One
of the most noted is the following second order differential equation:

PI2(1). (2.15)

(1- t2)jt2 PI(t) — (n — 1)%13:(75) 4 k(k +n— 2)PM(t) = 0. (2.16)

In fact, this equation completely determines P’ up to a constant factor.
Next, let us recall the well known Funk-Hecke Theorem: If ¢ € C([—1,1]) and
Ty : M(S"1) — C(S™ 1) is defined by

(Top)(w) = [ o(u-v)du(v), ueS", (2.17)

S§n—1
then the spherical harmonic expansion of Tyu is given by

Top~ > ap[d] mo, (2.18)
k=0

where the numbers a[¢] are given by (2.13) and called the multipliers of T.

Integral transforms of the form (2.17) are closely related to the convolution
between functions and measures on S"~ 1. In order to recall its definition, first note
that the convolution o * 7 of signed measures o, 7 on the compact Lie group SO(n)
can be defined by

f()d(o=T) / / f(nf)do(n)dr(6), f e C(SO(n)).
SO(n)

By identifying S"~! with the homogeneous space SO(n)/SO(n — 1), one obtains
a one-to-one correspondence of C(S"™1) and M(S"™ 1), respectively, with right
SO(n — 1) invariant functions and measures on SO(n), respectively. Using this
correspondence, the convolution of measures on SO(n) induces a convolution
product on M (S 1) (for more details see, e.g., [53]). For this spherical convolution,
zonal functions and measures play a particularly important role. Let us therefore
denote by C(S"' &) the set of continuous zonal functions on S"~!. Then, for

pe M, feC(S"e), and n € SO(n), we have
s £)00) = [ £ dut) (2.19)



Note that, by (2.19), we have (9u)* f = d(u* f) for every 9 € SO(n), where Ju
is the image measure of y under ¥ € SO(n). Moreover, from the identification of a
zonal function f on S"~! with a function f on [—1,1], (2.13), and (2.19), we obtain

Alf) = [ J@)PE-wd (2.20)

and the Funk—Hecke Theorem implies that
e f o Sl f]mp (2.21)
k=0

Hence, convolution from the right induces a multiplier transformation. It is also
easy to check from (2.19) that the convolution of zonal functions and measures is

Abelian and that for all u,7 € M(S"™!) and every f € C(S"!,e),
| e pdrt = [ e i dutw). 222
s S

n—1 n—1

Examples 2.1
(a) The cosine transform C: M(S" ') — C(S"™1) is defined by

Cu(u) = /s 71\u vl dp(v) = (ux|e- . |)(u), ue S (2.23)
Using the Formula of Rodrigues, the multipliers a}[C] := al[|e - .|] of the

cosine transform can be easily computed to

n—z 1-3---(k—3)
C = (-1)"7 2 2.24
ailC] = (=1) > m+1)(n+3)---(k+n-—1) (2:24)
for even k and a}[C] = 0 for k odd.

(b) Noting that |e- .| = h([—€, €], -), we consider as a generalization of (a) integral

transforms generated by generalized zonoids of revolution. Indeed, for a
(suitable) signed zonal measure pu on S™7! let Tzu : M(S"1) — C(S*1)
be defined by

Touo =o0*h(Z",-) =0cx|e- .| *xpu=Cox*pu, (2.25)

where we have used (2.8) and the commutativity of the convolution of zonal
measures. Hence, the multipliers a}[Z*] := a}[h(Z",-)] of Tzu are given by

ay[2"] = ai[Clag[p]. (2.26)
(c¢) Generalizing now (b), we define for an arbitrary body of revolution L € K",
the integral transform T, : M(S"™!) — C(S"™!) by
Tro=o0xh(L,-).
As in (b), we denote its multipliers by a}[L] := a}[h(L, -)].
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In the final part of this section, we discuss the required material from functional
analysis. First, let H$(S"™!) denote the Sobolev space of even functions on S"~!
with weak (covariant) derivatives up to order s in L*(S"') endowed with its
standard norm || - ||gs. Then, by a classical result of Strichartz [58],

[e.e]

e = (LK) | mefl7 (2.27)

k=0
for f € H:(S"'). Therefore, if a convolution transform T, : L*(S*~!) — L*(S" 1)
is generated by a zonal measure p, that is, T\, f = f * p, satisfying

ap[p] = O(k™°) as k — oo

1f]

for some integer p > 0, then for a suitable constant C?

n,0’
TS lreve < Gl f Nl s, (2.28)

for all f € H:(S"1). Thus, if f € H5(S"™!), then T, f € H:Te(S"™1).
We also recall a special case of the well known Sobolev embedding theorem for
compact manifolds (see, e.g., [6, Chapter 2]). It states that the embedding

H:(S" Y Cc (st (2.29)

is continuous whenever n < 2s — 3.

Next, let X and Y be normed spaces and U C X be an open subset of X.
A function f : U — Y is called Fréchet differentiable at x € U, if there exists a
bounded linear operator df(z) : X — Y, the Fréchet derivative of f at x, such that

If(z +h) = f(z) —df(@)h]ly
IAllx—0 [7]lx
Note that if X and Y are finite dimensional, then the Fréchet derivative of
f coincides with the usual derivative, represented in coordinates by the Jacobian

of f. Moreover, Fréchet derivatives satisfy many of the basic properties of the usual
derivative such as linearity and the product and chain rule.

=0.

Examples 2.2

(a) It was shown in [41] that the restriction of the cosine transform to continuous
functions on S"~! defines a bounded (and, hence, continuous) linear operator
C:C(S™') — C?*(S™!). This follows from explicit expressions for the first
and second (Fréchet) derivatives of Cf, when the latter is considered as a
1-homogeneous function on R™\{0}:

<ﬂCfﬂx)=u/ sen(u - o)uf (u) du,

S§n—1

d%Qﬂ@)zﬁ% w & wf () du

Sn—1n gLl
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(b) Suppose that L € K" is a body of revolution of class C%. Restricting the
integral transform Ty, defined in Example 2.1 (c), to continuous functions
on S"~!  defines a bounded linear operator Ty : C(S"™!) — C?*(S"1). To
see this, we compute the first and second derivatives of the 1-homogeneous
extension of Ty f to R"\{0},

Trf(z) = /Snlh(L(u)7 x) f(u) du. (2.30)

Here, L(u) denotes the rotated copy of L whose axis of symmetry is u € S" 1.
From (2.30), it is immediate that

ATLH@) = [ V(L. ) @) fw) d

Sn—1

PIA) = [ D), )w)f () do

(c¢) Let Xy,...,X,, and Y be normed spaces and let T : X; x --- x X, = Y be
a multilinear map which is bounded, that is,

[T (z1, .., 20)|ly < Cllollx, -« [|2a] x,

for some C' > 0 and all x1 € X4,...,x, € X,,. Then T is Fréchet differentiable
on X; X ---x X, and

n
dT(z1, .. xn) (U1, .oy uy) = ZT(Q;l, ey D1y Uk, Tty - - -5 L)
k=1

for all x1,u; € Xq,...,2,,u, € X,.

We require the following version of the inverse function theorem for Banach
spaces, where we call a function f defined on a subset U of a normed space
X mapping to a normed space Y continuously differentiable if it is Fréchet
differentiable on U and df is continuous as a function from U x X to Y.

Theorem 2.3 ([22, Theorem 5.2.3]) Let X be a Banach space, U C X an open
subset, Y a normed space, and suppose that f : U — Y 1is continuously differentiable.
If £ € U and df(x) is invertible, then f is a local diffeomorphism at x.

3. Isoperimetric Inequalities

In the following we first give the proof of Proposition 1. In the second part of
this section we show that V5(®;K)/V2(K) is minimized by Euclidean balls for every
continuous non-trivial Minkowski valuation ®; of degree 1 compatible with rigid
motions. This extends previous results from [53], where an additional assumption
of (weak) monotonicity was required.

12



In order to prove Proposition 1, recall that for 1 <¢ <n—1and K,L € K"
having dimension at least 7 + 1, we have

V(L, K[i],B"[n—i—1))"*" > V(L[i+1],B"[n—i—1))V(K[i+1],B"[n—i—1])" (3.1)

with equality if and only if K and L are homothetic. This is a well known
consequence of the Aleksandrov—Fenchel inequality, where the equality cases are
known (see, e.g., [51, Chapter 7]).

Proof of Proposition 1. By a classical result of McMullen [42], the translation
invariance and monotonicity of the Minkowski valuation ®; imply that it is
continuous. Let f € L*(S"!) be its (zonal) generating function. Since we assume
®; to be non-trivial, there exists K € K" such that ®;K is not a singleton.
Consequently, the mean width w(®;K) is strictly positive, that is,

0 < w(®K) = = /S (@ ) du = 2 (S, = f)() du

W«n wn Sn—1

Hence, by (2.22), (2.20), and the fact that BJ'(t) = 1,

0 </S 71(52-(K, ) f)(u) du :/S 71(1 « f)(u) dS;(K,u) = ag[f]nV (K][i], B"[n — i]).
Thus, af[f] > 0. Moreover, by homogeneity and translation invariance, ®;B(r, z)
for an arbitrary ball B(r,z) of radius r > 0 and center x € R", is given by

®;B(r,z) = r'®;B" = r'aj[ f]B". (3.2)

In order to establish inequality (1.3), we first need to show that its right hand
side is well defined, that is, dim ®; K > i + 1 for every K € K" whose dimension
is at least 7 + 1. To this end, first assume that ¢ = n — 1. Then, by (3.2) and our
assumption of monotonicity of ®,,_1, it follows that ®,,_; K has non-empty interior
for every full dimensional K € K.

Let now 1 < i < n — 2 and for a subspace E € Gr;;1,, denote by B(E) the
? + 1 dimensional unit ball in E. By the translation invariance, monotonicity, and
the fact that ®; commutes with SO(n), it suffices to show that dim ®;B(F) > i+ 1
for some E € Gri11,. By considering rotations that leave E* pointwise fixed, it
follows that pp®;B(E) = rg¢,B(E) for some rg ¢, > 0, where pg : R* — E denotes
the orthogonal projection. If rg ¢, > 0 for some E € Gr;41 5, then the claim follows.

If, on the other hand, pp®;B(E) = {o} for all E € Gr;;1,, then, by the
monotonicity of ®;, it follows that ®;K C E* for every convex body K C E
and all £ € Grj}1,. Moreover, by considering rotations that leave E pointwise
fixed, we have ®;K = rf 4 B(E") for suitable 7§, > 0 and every K C E and
E € Grit1,. However, if K € K" contains the origin and dim K = i, then, since
1 < n — 2, there exist distinct F, E € Grit1,, such that K C E and K C E. Thus,

O K =rppBEY) =rf o B(EY).

13



Clearly, this is possible only if ;K = {o} for every i dimensional K € K". But it
was shown in [52, Lemma 2.5] that this implies that ®; is trivial, a contradiction.
Hence, if K has dimension at least ¢ + 1, then so does ¢, K.

Next, note that by (2.22), we have

V(@ K, ®K[i], B"[n — i — 1]) = ~ / WK, u) dSy(®:K, )
Sn—l

n
1
= —/ (Si(®; K, ) = f)(u) dS;(K,u)
n S§n—1
= V(2K K[i], B"[n — i — 1))

for every K € K". If dim K > i + 1, then combining this with (3.1), yields

Vi (0K V(QIK, K[i], B"[n —i — 1))

Vipr (K V(K[i + 1], B n — i — 1])i+!
V(OIK[i+1],B"n—i—1]) Vi (PIK)
~ V(K[i+1],Brn—i—1])  Vi(K)

with equality if and only if ®?K and K are homothetic, which, by rearranging
terms, proves (1.3).

Assume now that f = h(L,-) for some body of revolution L € K" of class
C? and that balls are the only solutions to the fixed-point problem ®?K = oK.
Then, by the first part of the proof, only for balls ;(K) = Vi1 (®;K)/Viy1(K)
can attain a minimum among bodies K € K" of dimension at least ¢« + 1. Hence,
it remains to show that ¢; actually attains a minimum on this set. To this end,
let my = min,egn—1 h(L,v) and note that my > 0, since L is of class C%, and
mp, = mp ) for every u € S"~'. Hence, by (2.30),

MO K, u) =TpS;(K,-)(u) = /Snlh(L(u),v) dS;(K,v) > mynV (KIi],B"[n —i])

for every v € S"! and all K € K" of dimension at least i + 1. Consequently, we
have ®; K O mynV (K[i], B"[n — i])B" and, thus, there exists ¢,; > 0 such that

, Vi(K)+t

i(K) > mi e, i———7

1/} ( ) = L ) ‘/H—l(K)Z

for all K € K™ of dimension at least i + 1. For 2 < i < n — 1, it was proved in [15],
and for ¢ = 1, it is a classical fact (cf. also [15]) that there exists ¢,; > 0 such that

Vi(K)" > € D(K)Viga (K)™ (3.4)

for all K € K", where D(K') denotes the diameter of K. Combining (3.3) and (3.4)
with the isoperimetric inequality between consecutive intrinsic volumes (that is, the

special case L = B" of (3.1)), now yields b, ; > 0 such that
Ui K) > mi b, DK ) Vi (K) ™77 (3.5)
for all K € K™ with dim K > i+ 1.

(3.3)

14



Let K; € K" be a sequence of bodies of dimension at least ¢ + 1 such that
Yi(K;) — inf{y;(K) : K € K", dimK > i+ 1}. By the translation and scaling
invariance of ¢;, we may assume that K; contains the origin and that D(K;) =1
for every j € N. Hence, by Blaschke’s selection theorem (see, e.g., [51, Section 1.8])
K admits a convergent subsequence. For simplicity let us assume this sequence to
be K; itself and let K denote its limit. If dim K < 4 + 1, then V;1;(K) = 0 and,
hence, lim;_,o Vi4+1(K;) = 0. Thus, by (3.5), we have

1

inf | ¥i(K) = lim 9;(K;) > m by Jim Vi () 75T = oo,

dim K>i+1

which is clearly a contradiction. Hence, K has dimension at least i + 1 and, thus,
Y; attains a minimum at K. [ |

Let us make two remarks on the assumptions of Proposition 1. First note that if
the monotone Minkowski valuation ®@; is generated by a function f € L'(S"!) such
that f > my > 0, then the statement still holds true, just replace my, in the proof
by my¢. (This part of the proof was a refinement of arguments taken from [24].) We
have chosen to state Proposition 1 in the introduction with the assumption of C’i
regularity as this is the novel aspect of our proposed new approach towards Petty’s
conjecture. Second, note that the assumption of monotonicity was used only to
conclude that ®; maps bodies of dimension at least ¢ + 1 to such bodies. It is an
open problem whether this is true for all merely continuous non-trivial Minkowski
valuations intertwining rigid motions. However, since a Minkowski valuation ®;
generated by a (non-zero) convex body L € K", satisfies

h(P;K,v) = TpSi(K,-)(v) =nV(L(v), K[i],B"[n —i—1])

for every K € K™ and v € S, it follows that such ®; is not only monotone but
maps bodies of dimension 7 + 1 to bodies with non-empty interior.

While the assumption of monotonicity was critical in our proof of Proposition 1
and in the determination of minimizers of V5(®,K)/V2(K) in [53], we will show in
the second part of this section, that for the latter it can be dropped altogether. To
this end, recall that the second order differential operator [,,, defined by

U,h=h+

1
Agh
15

N —
for h € C?*(S"!), relates the support function h(K,-) of a convex body K € K"
with its first-order area measure S;(K,-) by

O.h(K, ) = Si(K, ), (3.6)

where (3.6) has to be understood in a distributional sense if h(K-) is not C?. From
the definition of [J,, and (2.10), we see that for h € C(S"') and every k > 0,

(L-k)(k+n—1)_

n—1
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In particular, [J,, acts as a multiplier transformation and since such operators clearly
commute, we note for later quick reference that, by (2.21) and (3.7), we have

T;0, = 0,T;. (3.8)

After these preparations, we are now in a position to determine the minimizers of
Vo(P1 K)/Va(K) without any monotonicity assumption.

Theorem 3.1 Let ®; : K" — K™ be a non-trivial continuous translation invariant
Minkowski valuation of degree 1 which commutes with SO(n). If K € K", then

Vo (P:B")

Va(®1K) > BACDR

V(K. (3.9)

Proof. Let f € S"! be the generating function of ®;. As in the first part of the
proof of Proposition 1, it follows that af[f] > 0, since ®; is non-trivial. Thus, by
(3.2), we have Vo(®B")/V5(B") = ag[f]*>. Consequently, we want to show that
Vo(®1K) — al[f]*Va(K) > 0 for all K € K™ or, equivalently, that

V(®,K[2],B"[n —2]) — ag[f*V(K[2],B"[n — 2]) > 0. (3.10)
To see this, note that, by (2.3), (3.10) is equivalent to
/g _lh(cblK, u) dS; (P K, u) — ag[f]Q/S _lh(K, u) dS;(K,u) >0
which, by (3.6) and Theorem 1.2, in turn is equivalent to
/S TyOah(K, ) O T 0K, ) ag[f]2/S A(K,)OLh(K, ) 2 0.

Using now (3.8), it follows that we need to show that

/Sn_lh(K N0.((T;0,)* — ag[f)?1d) h(K, ) > 0.

holds for all K € K™. Clearly, this follows if we prove that the multiplier transform
E = 0,(T;0,)* — af[f]1d) is positive semi-definite, which means that all its
multipliers are non-negative. To see this, note that, by (3.7), af[E] = 0, a}[E] =0
and, a}[0,,] < 0 for all £ > 2. Hence, it remains to show that

|ag[T¢0n]| < aglf] (3.11)
holds for all &£ > 2. But this was proved by Schneider in [48, Lemma 4.12]. [ |

The proof of Theorem 3.1 shows that equality in (3.9) among bodies K € K"
with dim K > 2 holds precisely for balls as long as inequality (3.11) is strict for all
k > 2. Kiderlen [28] showed that this is the case if ®; is monotone.
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The above proof also allows to show the following stronger version of inequality
(3.9) if @y is generated by a convex body L € K™ (first established by Saroglou and
Zvavitch [47] for I1;),

agl/1?
(n— 17

V(9K [2],B"[n—2]) > V(K[2],B"[n—2])+
for all K € K". This is an immediate consequence of Theorem 5.5 below which
implies that the operator

E = ~O,((n — D*(T;0,)° - ag[f’ld — n(n — 2)ag[{*mo)

is positive semi-definite.

4. Auxiliary Results

In the following we denote by 81’2 the subset of C*(S" 1) consisting of all h for
which D?h > 0 or, equivalently, 81’2 is the set of all support functions of convex
bodies in K" of class C%. It is not difficult to see that Sﬁ’z is an open convex
cone in C?*(S"7'). Our goal in this section is to compute the Fréchet derivatives
of iterations ®!* (that is, the composition of ®; with itself m times) for sufficiently
regular Minkowski valuations ®; of degree 7 intertwining rigid motions when they
are considered as operators on S,

®;(h) = si(h,-) * f, he ST,

where f € L'(S"!) denotes the generating function of ®;. This will turn out to be
easy as soon as we compute the Fréchet derivatives of the area measure densities
si(h,-) on 81’2. The Fréchet derivatives of @ then follow from basic properties of
derivatives: linearity and the chain rule. A first step towards this is contained in
the following proposition.

Proposition 4.1 The (multilinear extension of the) mized area measure density
map s : C*(S"71) x -+ x C%(S"71) — C(S"1), given by

s(hi,...,hu_1,-) = D(D*hy, ..., D*h,_1),

18 Fréchet differentiable with derivative

1

ds(h'h R h’n—la ')(glv s 7gn—1) - S(hb R hk—l?.Qk’a hk+17 R h’n—la )

1

3
|

b
Il

fO?“ hl,. . .,hn_l,gl, o o I~ 02(81171).
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Proof. Since the mixed discriminant D is a bounded multilinear map with respect
to a fixed norm (say the Frobenius norm || - ||g), there exists a ¢ > 0 such that

DA, Ap) S c[lAdle - - [[Anallr (4.1)

for all (n—1) x (n—1) matrices Ay, ..., A, 1. Substituting D?hy(u), ..., D*h,_1(u)
in (4.1) for u € S"~ !, we obtain

|S(h1,h2,...,hn,1,U)’S;CHZ)2h1(U)HF"‘HZDth,1<U)HF. @LQ)
Taking the supremum in (4.2) and noting that there exists ¢ > 0 such that

sup ||D2h(u)||p < c|lhllezen-1y

ueSn—1

for all h € C?(S" '), we conclude that s is a bounded multilinear map from
C%(S™1) x -+ x C*(S™!) to C(S™'). The claim now follows from an application
of Example 2.2 (c). |

For the following immediate consequence of Proposition 4.1, we write hgn for
the support function of B".

Corollary 4.2 For 1 <i<n—1, the (extension of the) area measure density map
s;: C*(S"™') — CO(S™™Y), given by

si(h,-) = s(h[i], hgn[n — i — 1],-) = D(D?h[i],1d[n — 1 —i]),
18 Fréchet differentiable with derivative
dsi(h,-)g = iD(D?*g, D*h[i — 1],1d[n — 1 — i])
for all h,g € C*(S™71).

Proof. Define J : C*(S"™!) — C*(S" 1) x---xC?*(S"™1), by Jh = (h[i], hgs[n—i—1]).
Then, clearly, J is Fréchet differentiable with derivative dJ(h)g = (g[i],0[n —i — 1))
for all h, g € C*(S"!). Since s; = s o J, the chain rule implies that

dsi(h,-)g = ds(Jh, )dI(h)g = ds(h[i], hga[n — i — 1], -)(g[i], 0[n — i — 1]).
Thus, by Proposition 4.1,
dsi(h,-)g = is(g, h[i — 1], hga[n —i — 1],-) = iD(D?*g, D*h[i — 1],1d[n — 1 — i)
for all h,g € C?(S"1). |

We are now in a position to compute the Fréchet derivative of 7" on Sﬁ’2 for
every m > 1. In order to simplify expressions, we sometimes normalize ®; such that
®;B" = B" or, equivalently, a?[f] = 1 for its generating function f € L'(S"').
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Corollary 4.3 Let 1 <i<n—1 and ®; : K" — K" be a continuous translation
invariant Minkowski of degree i which commutes with SO(n). If the convolution
transform Ty : C(S"1) — C*(S"™') is bounded for the generating function f €
LY(S™Y) of ®;, then O is Fréchet differentiable on ST for every m > 1 with
deriwative given for m =1, by

d®;(h)g =i T;D(D?*g, D*h[i — 1],Id[n — 1 — i]), (4.3)
and for m > 1, recursively by
A" (h)g = d®;(®;(h))d®}" ' (h)g (4.4)
for all h € 8% and g € C*(S™Y). In particular, if ®;B" = B", then
d®}" (hen)g = (10, Tf)™g (4.5)

for allm > 1 and g € C*(S"71).

Proof. In order to see (4.3), note that ®; = Tf o s;. Since we assume Ty to be a
bounded linear map, we have dT;(h)g = T;g for all h € C(S"1),g € C*(S" ).
Therefore, (4.3) follows from the chain rule and Corollary 4.2.

The recursive expression (4.4) for d®}* is a direct consequence of the chain
rule. Finally, to see (4.5), we evaluate (4.3) at hg» and use (2.5) and the fact that
tr D?g = (n — 1)0,g, to obtain

for all g € C?(S"™1) (the second equality is just (3.8)). Hence, by our assumption
that (I)thBgn = th, (44) y1€1dS

A} (hgn)g = AD;(hgn )dP) ™ (hgn)g = i 0, Tp AP (hgn)g,
for all g € C?*(S"!) and (4.5) follows by induction. |

5. Spectral Gap

In this section we conclude our preparations for the proof of our main result,
by establishing a new spectral gap for the multiplier transform T; generated by
an origin-symmetric body of revolution L € ™. To this end, we first collect some

classical facts about the relative extremals of Legendre polynomials.
Proposition 5.1 ([59, Section 7.8]) Let vp[1],...,v7[[5]] denote the successive
relative mazima of |P(t)| as t decreases from 1 to 0. Then the following holds:

(i) 1>vp[l] > vp[2] > -+ > vp[[E] for all k > 2;

(ii) for every r > 1, we have vi[r] > vi [r] for all k > 7+ 1.
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As a first simple consequence of Proposition 5.1, we note the following (probably
well known) universal lower bound for Legendre polynomials.

Corollary 5.2 If k > 2 is even, then for every t € [—1,1],

1
P(t) > — .
QO
Proof. By the Formula of Rodrigues (2.14), P is given by
nt? — 1

n—1"

Pl (t) = (5.1)

Thus, an elementary computation yields

Hence, by Proposition 5.1 we have for k > 2,
1

n—1

for all ¥ = 2,..., [£]. In particular, if k is even, then (5.2) and the fact that the

2
relative extremals of P} alternate signs imply that —v}[1] is the global minimum

of P on the real line. This together with (5.2) yields the desired inequality. |

=vy[1] > v [1] > v r], (5.2)

The next lemma provides explicit conditions for a sufficiently regular function
n [—1,1] to give rise to a support function of a convex body of revolution in R™.

Lemma 5.3 Suppose that ¢ € C*([—1,1]). Then h € C(R"), defined by

hx) = 4 117l ¢(H H) for all x # o,

0 for x = o,
is the support function of a convex body of revolution Ky € K" if and only if
B —td(H) >0 and  (1—)6"(t) + 6(t) — t8(1) > 0
for all t € [—1,1]. Moreover, K is of class C3 if and only if these inequalities are
strict for all t € [—1,1].
Proof. We first show that for u € S"~1,

D?h(u) = (¢(u-e) = (u-e)¢(u-€))pye + ¢ (u-€)(p,2€ ® p,2€), (5:3)

where p,. = Id — u ® u denotes the orthogonal projection onto the hyperplane u™.

To see this, we compute the first partial derivatives of h at a non-zero x € R",

5@ =0 (57 1o ¢ (1) (o= o) (54)
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Differentiating (5.4) to find the second order derivatives, yields

oo () Rl GOIEi)
e () (- 5) (- )

and, hence, we obtain the desired result.
By (5.3), the hessian D?h at u € S"™! can be written as

D*h(u) = gi(u-e)Id —u®@u— v @) + go(u-&)v @,

where g1(t) = 6(t) — t6/(t), ga(t) = (1 — £2)6"(t) + () — t6/(1) for all ¢ € [—1,1],
and

Pyl € Pul€
v = —

Clperell /T (u-e)2
This yields an explicit spectral decomposition of D?h(u), where the eigenvalues are
g1(u - &) with multiplicity n — 2, g2(u - €) and 0 with multiplicity 1. The eigenspace
of the eigenvalue 0 is the line spanned by u corresponding to the fact that D?h(u)
is the Hessian of a homogeneous function and, thus, orthogonal to u. [

The following consequence of Lemma 5.3 is crucial for the proof of our spectral
gap result.

Proposition 5.4 Let k > 2 and I}, J! C R denote the intervals of all X and v,
respectively, for which

ha(u) =1+ AP (e - u) and  s,(u)=1+~P](e-u)

are the support function of a convex body Ky € K™ and the density of the surface
area measure of a convex body K., € K", respectively. Then

1 n—1 1
|- 4 =1,
CE R E=) - k=D k-n) T [ ’u;;[ld
and the inclusion for I} becomes equality for k = 2 and vy[1] = ﬁ Moreover, for

k=2, Ky is of class C5 if only if X € int I3.

Proof. In order to simply notation, we write in the following P instead of P.
According to Lemma 5.3, A € I} if and only if for all ¢ € [—1,1],

14+ A(P(t)—tP'(t)) >0 (5.5)

and

L+ A ((1=t*)P"(t)+ P(t) — tP'(t)) > 0. (5.6)

21



Now note that, by (2.15), P'(1) = k(k +n —2)/(n — 1) and, therefore,

p(1) - Py = - B UEE L)

Hence, by (5.5), if A € I, we must have
(k—1)(k+n—-1)

n—1

1—-A > 0.

Rearranging we obtain the upper bound for I}
On the other hand, let ¢y be the minimizer of P in [—1,1]. Since ¢, is a critical
point, the derivative of P at t, vanishes. Hence, evaluating (2.16) at ¢, yields

(1= 2)P"(to) = —k(k +n — 2) P(ty). (5.7)

Combining (5.6) and (5.7), yields the lower bound for I}'. Explicit computation
when k = 2 using (5.1) shows that the bounds are optimal in this case.

Now we proceed to compute the interval J;'. Here, we just need to check for
which vales of v the condition on Minkowski’s theorem are satisfied. Note that the
measure defined by the density 1 + vP(u - €) is centered at zero by orthogonality
of Legendre polynomials of different degrees. Thus we just need to check when
1+~P(e-u) >0 for all u € S"~!. This happens if and only if

—1 -1 1

_— =1 and < — = .
~ maxp_q, P 7= min;_y 4 PP vp[1] -

Finally, we are in a position to state and prove our new spectral gap theorem
which is not only critical to establish Theorem 1 but might also be of independent
interest in convex geometry and valuation theory.

Theorem 5.5 Suppose that L € K" is origin-symmetric and SO(n — 1) invariant.

Then .
ag[L]

k—Dn+k—1)

|ak[L]] <

for every k > 2 and

ag| L]
nL < 0
|CL2[ ]|—n+17

where this inequality is also strict if L is of class C%.

Proof. Clearly, we may assume that L is not a singleton and, hence, that ag[L] # 0.
We know that S, _1(K,-) * h(L,-) defines a support function for every K € K".
We now choose K = K., such that its surface area measure has a density of the
form s,(u) = 1+ ~yP(e-u), u € S !, where ~ is in the interval J}' computed in
Proposition 5.4. Then it follows that

Sn-1(Ky, ) * h(L, ) = ag[L] + ag[LIy By (e - )
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is the support function of a convex body in K™ and, hence, by Proposition 5.4, we
must have va[L]/ag[L] € I} for every v € J}! or, equivalently,

ag (L]
ag[L]
Hence, if a}[L] is positive, then, by (5.2),
a}[L] (n— 1)vp[1] 1
L S Dhon D S DG n 1)

for every k > 2 with strict inequality in the right hand inequality for £ > 2. On the
other hand, if a}[L] is negative, then

JrC I, (5.8)

gl 1
ag[Llvg[l] = (k(k+n—2) = D[]
or, equivalently,
|ai [L]] 1

@] SkE+n—2 -1
Since k(k+n —2) —1 > (k — 1)(k +n — 1), this proves the inequalities of the
theorem. If L is of class C%, the same arguments yield the claim for k = 2, if we
can show that T, maps surface area measure densities of convex bodies to support
functions of C3 convex bodies, since in that case I} in (5.8) can be replaced by
int /3 and both I3 and JJ are known precisely.

It remains to show that when D?*(Tys, (K, -))(u) is considered as a linear map
on ut, then det (D?(Tzs, 1(K,-))(u)) > 0 for all w € S" ! and K € K" with
continuous surface area measure density. Let Ay = inf, ,esn—1 u=D?*h(L,-)(v)u > 0
denote the smallest (non-zero) eigenvalue of D?h(L,-) on S"~!. Then it follows from
Example 2.2 (b) and the log-concavity of the determinant that

det (D*(Tpsp-1(K, ))(u))ﬁ = det ( D?h(L(v), ) (u)8,_1(K,v) dv> o

Sn—1
2/<MDWMWNM&%¢Kmm
Sn—1
> ALS(K) > 0,
where S(K) = S,,_1(K,S"!) denotes the surface area of K. |

6. Proof of the main result

We are finally in a position to prove our main result. The ideas and techniques
of Ivaki [26] are the basis for the proof of the following more general, but also more
technical version of Theorem 1.
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Theorem 6.1 Let 2 < i< n—1and ®, : K" — K™ be a continuous translation
invariant even Minkowski valuation of degree i which commutes with SO(n) and
suppose that its generating function f € L'(S"') satisfies the following conditions:

(1) The convolution transform T; is a bounded map from C(S"1) to C*(S"1),
(2) for all k> 2,

ag[f] n—1
k—D(k+n-1) i °

lak[f1] <

(3) for some integer o > 2,
ap[f] = O(k™9) as k — oo.

Then there exists € > 0 such that if K € K™ has a C* support function and satisfies
(i) |h(vK +x,-) — h(B",-)||c2@gn-1) < € for some v >0 and v € R",
(i) ®?K = aK for some a > 0,

then K must be a Fuclidean ball.

Proof. Without loss of generality, we may assume that ®; is non-trivial and (as the

first part of the proof of Proposition 1 shows) that we may normalize ®; such that
®,B™ = B". Next, note that if K satisfies (ii), then it must satisfy

K = B, K (6.1)

for suitable f3,, > 0 and all integers m > 1. Taking the mean width on both sides
of (6.1) yields

(@K
TS
Hence, using the projection my to Hf, (6.1) becomes in terms of support functions,

B Jon1 (P K u) du moh(P?M K, -)

M@TE ) = Jonr R(EK ) du K, ) = moh(K, )

(6.2)

WK, ") (6.3)

for all m > 1. In the following, let Sﬁ’i denote the subset of even functions in the
open cone S}? C C2(S"~1). For m > 1, we define F, : S'2 — C2(S""1) by
~ m®"(h)

Fulh) = 027(h) = B2

h. (6.4)

Here, C%(S"!) is the subspace of even function in C?*(S"7!). Clearly, F,, maps
constants (that is, support functions of origin-symmetric balls) to zero. Our goal is
to show that in a neighborhood of hg~, constants are the only zeros of F,, for some
m > 1. Equivalently, we need to show that G,, : S72 — C?(S""!), defined by

Gm(h) = Fin(h) + moh, (6.5)

has only constant functions as fixed points.

24



Since any zero h of F,, is mapped to a constant by G,,,, Gn(h) = moh = G, (moh),
it will suffice to show that G,, is a local diffeormorphism around hg-. In order to
apply the inverse function theorem, Theorem 2.3, for this purpose, we first compute
the Fréchet derivative of F,,, at hg~». Using basic properties of the Fréchet derivative,
we obtain

AF, (h)g = ddn(hyg — () (d(ﬂoéf’”)(h)g - 7ro<1>§m(h)7rog) ,

7T0h 7T0h (Woh)2

for all h € S72 and g € C2(S"1). Since ®?™(hpa) = hgn and mohg = 1, it follows
that

dF,(hgn)g = d@?m(th)g —qg— d(woq)?m)(hm)g + mog. (6.6)

Since my is linear and bounded, the chain rule, followed by an application of
Corollary 4.3, yields

A(mo®;™) (hn)g = mod @™ (hgn)g = (1 0,T)*™g = i*™moyg,

where for the last equality, we have used that aj[f] = 1, by our normalization of
®;, and af[,] = 1, by (3.7). Substituting in (6.6) and using again Corollary 4.3,
we obtain

dF(hen)g = (i Dan)2m9 —9- (iQm — 1)mog (6.7)

for all ¢ € C?(S"'). Next, we want to use (6.7) to determine the kernel of
dF,(hge). Indeed, we claim that
ker dF,, (hgn) = Hy. (6.8)

To see this, first note that, by (6.7) and the fact that af[f] = 1 and «f[0,] = 1, we
have on one hand that modF,,(hg«)g = 0 for all g € C?(S™1). On the other hand,
by (6.7) and (3.7), we have for every k > 1,

_ 2m _ 2m
mdfmww)g:(fm“ 2k) @k +n 1) a;w]?m—l) g (6.9)

(n— 1)

for all g € C?(S™™1). Applying Parseval’s identity, we obtain

o7 el = 3 T 1) gl

k=1

for all g € C%(S*!). By assumption (2) on the multipliers a}[f], all the leading
coefficients of this sum are non-zero. Thus, g € ker d.F,,(hg~) if and only if morg = 0
for all £ > 1. Consequently, ker dF,,(hgn) = H{. In particular, it follows that dgG,,
is injective in a neighborhood of hgn.
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In order to prove surjectivity of dG,, at hg», it suffices, by (6.5) and (6.7), to show
that for each h € C?(S"™1) such that moh = 0, there exists a unique g € C*(S"!)
with mgg = 0 such that

(i0,T4)*"g — g = h. (6.10)

By assumption (3), we have

lim (1~ 24)2" (2% + n — 1) a3 [ fP" = 0.

k—o00

Combining this with (2), we conclude that the series

00 m m —1
Z(Z'Qm(l_%)z L askm?m—l) mih

= (n = 1)

convergences to an even function ¢ € L*(S"'). Define ¢ = (¢0,Ty)*"¢ — h.
From (2.28) and the conclusion following it together with (3) and the fact that

ar|d,] = O(k?), we deduce that (i3, T;)?m¢ € HZ™ 2 (S"1). Thus, by (2.29),
(i0,Tp)*¢ € CZ(S"H)
provided that m > 4(";:32) and, hence, g € C?(S"!). Finally, by construction, g
satisfies the desired equation (6.10).
By Theorem 2.3 applied to the map G,,, there exists a C? neighborhood B, of

hgn, where G, is a diffeomorphism. Thus, if K € K™ has C? support function and
satisfies (i) and (ii), then

Gm(h(K, ")) = Fu(h(K, ")) + moh(K, ) = moh(K, ) = Gn(moh(K,-)).

Moreover, since

1
(B )~ moh(K. ) < = [ 1= b, 0) du < [H(B, ) = B, ey
Hence, moh(K,-) € B.. Since G,, is bijective on B., we have that h(K,-) = moh(K,-)
and so K is a ball. [ ]

Before we show how Theorem 1 can be deduced from Theorem 6.1, we want to
make a couple of remarks about the above proof. First, note that the assumption
that ®; is even was crucial since there is no analogue of Strichartz’ result (2.27) for
general functions on S"~! (as far as the authors are aware). Second, the arguments
in the proof of Theorem 6.1 also hold when ®? in the fixed point assumption (ii) is
replaced by ®;. Finally, we note that the additional iterations ®?™ for m > 1 are
not required if f is sufficiently regular, for example, when f is smooth.

Let us show now how Theorem 1 follows from Theorem 6.1 using Theorem 5.5
almost effortlessly.
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Proof of Theorem 1. By Theorem 6.1, it suffices to show that if L € K" is an
origin-symmetric body of revolution of class C%, then the convolution transform
T}, satisfies the conditions (1), (2), and (3) from Theorem 6.1. However, (1) was
already proved in Example 2.2 (b) and (2) is the content of Theorem 5.5.
In order to show (3), note that, by (2.20), (2.10), and the fact that the spherical

Laplacian Ag is self-adjoint,

TIL) = L Asgh(L Pl(e d

Gl = g L AL @R e v du

Hence, by the Cauchy—Schwarz inequality,

n 1 Wn,
lap[L]| < ﬁ”WHASh(L’ M2 < oo

Consequently, by (2.9), we obtain the desired asymptotic estimate

n+2

ap[L] = O(k_T> as k — oo. .

We state one more consequence of Theorem 6.1 which shows that C% regularity
can be relaxed when ®; is generated by a generalized zonoid of revolution.

Corollary 6.2 Letn > 4,2 < i< n-—2, and ®; : K" — K" be a continuous
translation invariant even Minkowski valuation of degree © which commutes with
SO(n). If ®; is generated by generalized zonoid of revolution Z* € K", then there
exists € > 0 such that if K € K™ has a C* support function and satisfies

(i) |h(vK + z,-) — h(B",-)|lc2@sn-1) < € for some v >0 and x € R",
(ii) ®?K = aK for some o > 0,
then K must be a Euclidean ball.

Proof. By Theorem 6.1, it suffices to show that the convolution transform T ;.
satisfies the conditions (1), (2), and (3) from Theorem 6.1. Condition (2) is again a
consequence of Theorem 5.5 since ¢ < n—2. Thus, it remains to show that conditions
(1) and (3) are satisfied. To this end, first note that, by (2.25), Tz = CoT,,.

In order to show that T z. satisfies (1), we identify the even signed zonal measure
pon S"1 with an even signed measure ji on [—1,1] and use the fact (see, e.g., [28])
that for any f € L*(S"™'), T,f can be written in the form

T, (u) = / RS da),  wes
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where R; denotes the generalized spherical Radon transforms defined by

Rif(u) = ! /s f (tu + \/T)ﬁ%) dv.

wn72 n—1mnqL

Thus, Tzuf = f_ll CR.fdu(t). Since i is even, Ry = Id, R_; = —Id, and we
know from Example 2.2 (a) that C satisfies condition (1), it suffices, by the uniform
boundedness principle, to prove that CR; satisfies (1) for all ¢ € (—1,1). To see
this, we use the fact (see, e.g., [28]) that for all ¢ € [—1, 1],

ap[R4] = P (1),
combined with the classical asymptotic estimate (see, e.g., [59, p. 172])
Pl(t) = arccos(t)_nT_z O(k_nT_Q> as k — oo

for all t € (—1,1). From this and the multipliers of the cosine transform (2.24), it
follows that a}[CR| = a}[Cla}[R:] = O(k™") as k — oco. Hence, by the smoothing
property (2.28) and the Sobolev embedding (2.29), the operators CR; are bounded
from L*(S"!) — C*(S" ') for all t € (—1,1) as long as n > 4.

In order to prove that Tz. satisfies (3), note that a}[Tz.] = a}[Cla}|u].
Therefore, by (2.20) and the fact that |P}'| <1,

@R Tzl = lullevO (K™5*)  as k= oc,

where ||pflrv = p(S"71) + 7 (S"71) < oo. u

We conclude the article with the remark that if : = n — 1 and Z* is generated
by a non-negative and non-discrete measure p, then the statement of Corollary 6.2
holds true by (essentially) the same arguments as given above.

Acknowledgments The authors were supported by the Austrian Science Fund
(FWF), Project number: P31448-N35.

References

[1] J. Abardia and A. Bernig, Projection bodies in complez vector spaces, Adv. Math. 227 (2011),
830-846.

[2] S. Alesker, Continuous rotation invariant valuations on convex sets, Ann. of Math. 149

(1999), 977-1005.

[3] S. Alesker, Description of translation invariant valuations on convex sets with solution of P.
MecMullen’s conjecture, Geom. Funct. Anal. 11 (2001), 244-272.

[4] S. Alesker, Introduction to the theory of valuations, CBMS Regional Conference Series in
Mathematics 126, American Mathematical Society, Providence, RI, 2018.

28



S. Alesker, A. Bernig, and F.E. Schuster, Harmonic analysis of translation invariant
valuations , Geom. Funct. Anal. 21 (2011), 751-773.

T. Aubin, Nonlinear analysis on manifolds. Monge-Ampére equations, Fundamental
Principles of Mathematical Sciences 252, Springer, New York, 1982.

A. Berg, L. Parapatits, F.E.Schuster, and M. Weberndorfer, Log-Concavity Properties of
Minkowski Valuations, Trans. Amer. Math. Soc. 370 (2018), 5245-5277.

A. Bernig and J.H.G. Fu, Hermitian integral geometry Ann. of Math. 173 (2011), 907-945.

K.J. Boroczky, Stronger versions of the Orlicz—Petty projection inequality, J. Differential
Geom. 95 (2013), 215-247.

K.J. Boroezky and M. Ludwig, Minkowski valuations on lattice polytopes, J. Eur. Math. Soc.
(JEMS) 21 (2019), 163-197.

A. Colesanti, M. Ludwig, and F. Mussnig, Minkowski valuations on convex functions, Calc.
Var. Partial Differential Equations 56 (2017), 29 pp.

F. Dorrek, Minkowski endomorphisms, Geom. Funct. Anal. 27 (2017), 466-488.

R.J. Gardner, Geometric tomography, Second ed., Cambridge University Press, Cambridge,
2006.

A. Giannopoulos and M. Papadimitrakis, Isotropic surface area measures, Mathematika 46
(1999), 1-13.

P. Gritzmann, A characterization of all loglinear inequalities for three quermassintegrals of
convex bodies, Proc. Amer. Math. Soc. 104 (1988), 563-570.

H. Groemer, Geometric applications of Fourier series and spherical harmonics, Encyclopedia
of Mathematics and its Applications 61, Cambridge University Press, Cambridge, 1996.

C. Haberl, Minkowski valuations intertwining the special linear group, J. Eur. Math. Soc. 14
(2012), 1565-1597.

C. Haberl and L. Parapatits, The centro-affine Hadwiger theorem, J. Amer. Math. Soc. 27
(2014), 685-705.

C. Haberl and F.E. Schuster, General L, affine isoperimetric inequalities, J. Differential
Geom. 83 (2009), 1-26.

C. Haberl and F.E. Schuster, Affine vs. Fuclidean isoperimetric inequalities, Adv. Math.
356 (2019), 106811, 26 pp.

H. Hadwiger, Vorlesungen tiber Inhalt, Oberfiiche und Isoperimetrie, Springer, Berlin, 1957.

R.S. Hamilton, The inverse function theorem of Nash and Moser, Bull. Amer. Math. Soc. 7
(1982), 65-222.

G.C. Hofstétter and F.E. Schuster, Blaschke—Santald inequalities for Minkowski and Asplund
endomorphisms, arXiv:2101.07031.

G.C. Hofstatter, P. Kniefacz, and F.E. Schuster, Affine Quermassintegrals and Minkowski
valuations, preprint.

M.N. Ivaki, The second mized projection problem and the projection centroid conjectures, J.

Funct. Anal. 272 (2017), 5144-5161.

M.N. Ivaki, A local uniqueness theorem for minimizers of Petty’s conjectured projection
inequality, Mathematika 64 (2018), 1-19.

M.N. Ivaki, Iterations of curvature images, Mathematika 66 (2020), 640-648.

M. Kiderlen, Blaschke- and Minkowski-Endomorphisms of convex bodies, Trans. Amer. Math.
Soc. 358 (2006), 5539-5564.

D.A. Klain and G.-C. Rota, Introduction to geometric probability, Cambridge University
Press, Cambridge, 1997.

29



[30]

[43]
[44]
[45]
[46]
[47]
(48]
[49]
[50]
[51]
[52]
[53]

[54]

A. Koldobsky, Fourier Analysis in Convex Geometry, Math. Surveys Monogr. 116, American
Mathematical Society, Providence, RI, 2005.

M. Ludwig, Projection bodies and valuations, Adv. Math. 172 (2002), 158-168.
M. Ludwig, Minkowski valuations, Trans. Amer. Math. Soc. 357 (2005), 4191-4213.

M. Ludwig and M. Reitzner, A classification of SL(n) invariant valuations, Ann. of Math.
172 (2010), 1219-1267.

M. Ludwig, Minkowski areas and valuations, J. Differential Geom. 86 (2010), 133—161.

E. Lutwak, On a conjectured projection inequality of Petty, Contemp. Math. 113 (1990)
171-182.

E. Lutwak, On quermassintegrals of mized projection bodies, Geom. Dedicata 33 (1990) 51—
58.

E. Lutwak, Selected affine isoperimetric inequalities, in: Handbook of Convex Geometry,
vols. A, B, North-Holland, Amsterdam, 1993, pp. 151-176.

E. Lutwak, Inequalities for mized projection bodies, Trans. Amer. Math. Soc. 339 (1993),
901-916.

E. Lutwak, D. Yang, and G. Zhang, L, affine isoperimetric inequalities, J. Differential Geom.
56 (2000), 111-132.

E. Lutwak, D. Yang, and G. Zhang, Orlicz projection bodies, Adv. Math. 223 (2010), 220—
242.

Y. Martinez—Maure, Hedgehogs and zonoids, Adv. Math. 158 (2001), 1-17.

P. McMullen, Valuations and Euler-type relations on certain classes of convex polytopes,
Proc. London Math. Soc. 35 (1977), 113-135.

L. Parapatits and F.E. Schuster, The Steiner formula for Minkowski valuations, Adv. Math.
230 (2012), 978-994.

C.M. Petty, Isoperimetric problems, Proc. Conf. Convexity and Combinatorial Geometry,
University of Oklahoma, 1971, pp. 26—41.

C. Saroglou, Volumes of projection bodies of some classes of convex bodies, Mathematika 57
(2011), 329-353.

C. Saroglou, On the shape of a convex body with respect to its second projection body, Adv.
in Appl. Math. 67 (2015), 55-74.

C. Saroglou and A. Zvavitch, Iterations of the projection body operator and a remark on
Petty’s conjectured projection inequality, J. Funct. Anal. 272 (2017), 613-630.

R. Schneider, Equivariant endomorphisms of the space of convex bodies, Trans. Amer. Math.

Soc. 194 (1974), 53-78.

R. Schneider, Rekonstruktion eines konvexen Korpers aus seinen Projektionen, Math. Nachr.
79 (1977), 325-329.

R. Schneider, Geometric inequalities for Poisson processes of conver bodies and cylinders,
Results in Math. 11 (1987), 165-185.

R. Schneider, Convexr Bodies: The Brunn—Minkowski Theory, Second ed., Encyclopedia of
Mathematics and its Applications 151, Cambridge University Press, Cambridge, 2013.

R. Schneider and F.E. Schuster, Rotation equivariant Minkowski valuations, Int. Math. Res.
Not. (2006), Article ID 72894, 20 pages.

F.E. Schuster, Convolutions and multiplier transformations of convex bodies, Trans. Amer.
Math. Soc. 359 (2007), 5567-5591.

F.E. Schuster, Crofton measures and Minkowski valuations, Duke Math. J. 154 (2010), 1-30.

30



[55]
[56]
[57]
[58]
[59]
[60]

[61]

F.E. Schuster and T. Wannerer, GL(n) contravariant Minkowski valuations, Trans. Amer.
Math. Soc. 364 (2012), 815-826.

F.E. Schuster and T. Wannerer, Even Minkowski valuations, Amer. J. Math. 137 (2015),
1651-1683.

F.E. Schuster and T. Wannerer, Minkowski valuations and generalized valuations, J. Eur.
Math. Soc. (JEMS) 20 (2018), 1851-1884.

R.S. Strichartz, L, estimates for Radon transforms in Buclidean and non-Euclidean spaces,
Duke Math. J. 48 (1981), 699-727.

G. Szeg6, Orthogonal polynomials, Fourth edition, American Mathematical Society,
Providence, R.I., 1975.

T. Wannerer, GL(n) equivariant Minkowski valuations, Indiana Univ. Math. J. 60 (2011),
1655-1672.

W. Weil, Uber die Projektionenkorper konvexer Polytope, Arch. Math. 22 (1971), 664-672.

Oscar Ortega Moreno Franz E. Schuster
Vienna University of Technology Vienna University of Technology
oscarortem@gmail.com franz.schuster@tuwien.ac.at

31



