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Abstract. Lutwak’s volume inequalities for polar projection bodies of all
orders are generalized to polarizations of Minkowski valuations generated by
even, zonal measures on the Euclidean unit sphere. This is based on analogues
of mixed projection bodies for such Minkowski valuations and a generalization
of the notion of centroid bodies. A new integral representation is used to single
out Lutwak’s inequalities as the strongest among these families of inequalities,
which in turn are related to a conjecture on affine quermassintegrals. In the
dual setting, a generalization of volume inequalities for intersection bodies of
all orders by Leng and Lu is proved. These results are related to Grinberg’s
inequalities for dual affine quermassintegrals.

1. Introduction

The Petty projection inequality is a central result of the Brunn—Minkowski
theory. It is an affine isoperimetric inequality established by Petty [51] in 1972
that relates the volume of a convex body to that of its polar projection body
(see below for definitions). This now classical result is considerably stronger than
the Euclidean isoperimetric inequality and still has significant impact on current
research. Recently, for example, various generalizations of the projection body
operator (see, e.g., [1, 43, 44]) and the Petty projection inequality have been
investigated extensively (see, e.g., [6, 22, 43, 44| for extensions to the L, and
Orlicz-Brunn-Minkowski theories and [65, 67| for extensions to non-convex sets).
In [33], Lutwak established a version of Petty’s inequality for projection bodies
of all orders, the Lutwak—Petty projection inequalities. Most recently, the Petty
projection inequality has been generalized to Minkowski valuations generated by
even, zonal measures on the unit sphere by Haberl and the second author [23].

A theory for star bodies, dual to the Brunn—Minkowski theory for convex bodies,
has its origin in the work of Lutwak [36]. One of its central inequalities is the
Busemann intersection inequality [7], which relates the volume of a star body to
that of its intersection body. Intersection bodies were first introduced by Lutwak
in [37] and ever since a number of authors has contributed to the research on the
duality between projection and intersection bodies (confer [15, 18, 57] for more
details). Recently it was shown by Lu and Leng [27] that inequalities analogous to
the Busemann intersection inequality also hold for intersection bodies of all orders.

In this article we establish generalizations of the Lutwak—Petty projection
inequalities and the Leng—Lu intersection inequalities to certain classes of
Minkowski valuations and radial Minkowski valuations, respectively. To this end,
we generalize notions and techniques of Lutwak [33] and from the recent article [23].

1



Let K™ denote the space of convex bodies (that is, compact, convex sets) in R”
endowed with the Hausdorff metric and let ' denote its subspace of bodies with
non-empty interior. Throughout we shall assume that n > 3. The Euclidean unit
ball in R"™ will be denoted by B" and the unit sphere by S*~!. The support function
of K € K" is defined by h(K,u) = max{u-x: v € K}, u € S !, and determines
K uniquely. We denote the i-th intrinsic volume of K by V;(K) and the i-th
quermassintegral by W;(K) fori = 0,...,n. For K € K containing the origin in its
interior, its radial function is defined by p(K,u) = max{\ > 0: \u € K}, u € S" !,
and its polar body is the convex body K* = {x e R": -y <1 for all y € K}.

A map ®: K" — K" is called a Minkowski valuation if

OK +®L =D(KUL)+®(KNL),

whenever K U L € K™ and addition on K" is Minkowski addition. First studied
by Schneider [55, 56], it was Ludwig in 2002, who coined their name and
started a systematic investigation of Minkowski valuations which intertwine linear
transformations [28, 29]. The most important examples of Minkowski valuations
for this article are the projection body maps of order i € {1,...,n — 1}, defined by

h(ILK,u) = Vi(K|u"), wuweS"

The maps II;: K" — K" are translation invariant, i-homogeneous, and SO(n)
equivariant (that is, they commute with rotations). Recently, continuous Minkowski
valuations with these properties have been investigated by a number of authors (see,
e.g., [14, 25, 58, 60—63]), which has led to a series of discoveries, extending known
results for projection bodies. As main example, we mention the possibility to prove
geometric inequalities for this class of Minkowski valuations [2, 4, 48, 59, 61].
The Petty projection inequality states that for the operator I := I1,,_;, a convex
body K € K" is a maximizer of the volume product V,,(IT* K)V,,(K)" ! if and only
if K is an ellipsoid. (Here and henceforth, we write II* K instead of (IIK)*.) It was
recently generalized to a large class of Minkowski valuations in [23]. More precisely,
let ;1 be an even measure on S"~! (all measures will be assumed non-trivial) which
is zonal, that is, SO(n — 1) invariant, and recall that u uniquely generates a zonoid
of revolution Z#() (see Section 3), where &€ € S™™! is the direction of its axes of
symmetry. Define the continuous Minkowski valuation ®* : " — K" by

h(P" K, u) :/ h(ZM(u), vk (z)) dH"  (z), ueS" (1.1)
oK
where vi(z) denotes the outer unit normal to K at its boundary point x and
integration is with respect to (n — 1)-dimensional Hausdorff measure. It is not
difficult to see that ®* intertwines rigid motions and is (n — 1)-homogeneous (see
Section 3 for details). More importantly, it was proved in [23] that each ®* gives
rise to the following sharp isoperimetric inequality which refines the Euclidean
isoperimetric inequality; the classical projection body operator (up to a factor) and
Petty’s projection inequality, respectively, are obtained by taking p to be discrete:

2



Theorem 1.1 ([23]) Suppose that ju is an even, zonal measure on S"~'. Among
convex bodies K € K" the volume product V,,(®**K)V,(K)"! is mazimized by
Fuclidean balls. If 1 is not discrete, then Euclidean balls are the only mazimizers.
If v is discrete, then K is a maximizer if and only if it is an ellipsoid.

In 1985 Lutwak [33] showed that the Petty projection inequality can be used
to obtain similar volume inequalities for polar projection bodies of all orders which
strengthen the classical isoperimetric inequalities between the volume and the
intrinsic volumes of a convex body. Even more general, he proved that an analog
of the Petty projection inequality holds for polars of mized projection bodies. These
operators originate from a polarization of II under Minkowski linear combinations
and were first discovered by Siiss [64] and later studied systematically by Lutwak
(33, 34, 38, 40|. Although such polarizations do not exist for general Minkowski
valuations (as was shown in [49]), their existence was proved in [59] for translation
in- and SO(n)-equivariant Minkowski valuations of degree n — 1. In particular, for
each ®* there exists a continuous operator

n—1

—f
O K" x - x K" — K",

symmetric in its arguments such that for Ky, ..., K,, € K" and Ay,...\,, > 0,

P'MKL A+ AnKm) = Y Ay A PG, K. (1.2)

i1yein_1=1

When p is discrete, this reduces to the classical mixed projection bodies (up to a
factor). As is common, we write ®!'K instead of ®*(K[i],B"[n —i — 1]).

Our first result is a volume inequality for polars of the mixed operators &
generalizing Lutwak’s mixed projection inequalities (obtained, when p is discrete).

Theorem 1.2 Suppose that j is an even, zonal measure on S*™"1. Among convex
bodies K1, ..., K,_1 € K} the volume product

Vn(q)#’*(Kb ceey anl))vn(Kl) e Vn<Kn71) (1-3)

1s maximized by Euclidean balls. If u is not discrete, then FEuclidean balls are the
only maximizers. If u is discrete, then Ky, ..., K, 1 are maximizers if and only if
they are homothetic ellipsoids.

The proof of Theorem 1.2 relies on the equivalence of Theorem 1.1 to a
generalization of the Busemann—Petty centroid inequality (discovered for II by
Lutwak [35]). The centroid body of a convex body K € K can be defined by

/Kh([—u,u],x) dr, wes. (1.4)

h(TK,u) = T (E)

Here, K} denotes the set of convex bodies containing the origin in their interiors.

3



The Busemann—Petty centroid inequality states that K € K is a minimizer of
the volume ratio V,,(I'K)/V,,(K) if and only if K is an ellipsoid centered at the
origin. This was already conjectured by Blaschke and first proven by Petty [52],
who deduced it by reformulating Busemann’s random simplex inequality [7]

Lutwak [33] showed that the Busemann—Petty centroid inequality can be used to
extend Petty’s projection inequality to mixed projection bodies. The approach for
proving our results makes use of Lutwak’s techniques for generalized centroid bodies
I'* from [59], defined by replacing the segment [—u, u] in definition (1.4) by zonoids
ZM(u) generated by an even, zonal measure 4 on S*1. In particular, we establish
an analogue of the Busemann—Petty centroid inequality for these operators:

Theorem 1.3 Suppose that i is an even, zonal measure on S*~1. Among convex
bodies K € K the volume ratio V,(I'"K)/V,(K) is minimized by Euclidean balls
centered at the origin. If p is not discrete, then centered Euclidean balls are the only
mainimazers. If u is discrete, then K 1s a minimizer if and only if it is an ellipsoid
centered at the origin.

In [23], also an L, analogue of Theorem 1.1 was obtained, generalizing the
L, Petty projection inequality of Lutwak, Yang, and Zhang [43]. In Section 4,
we generalize the L, Busemann-Petty centroid inequality of Lutwak, Yang, and
Zhang [43] to a large class of L, Minkowski valuations by proving an L, analogue
of Theorem 1.3.

As an important special case of Theorem 1.2 we note that the volume product
V(@ K)V,(K), i =1,...,n—2, is maximized precisely by Euclidean balls. This
is a generalization of the Lutwak—Petty projection inequalities from [33] (obtained
when @' = TI;) and, like these inequalities, their generalizations strengthen the
classical isoperimetric inequalities between the volume and quermassintegrals. More
precisely, when p is normalized such that ®*B"™ = [IB", we have

I{nJrl

KK < (@K < W (K),
n—1
where k,, = V,,(B™). These inequalities interpolate between the isoperimetric

inequalities for the volume and the quermassintegrals W,,_; and the Lutwak-Petty
projection inequalities, which are the special cases when p is a multiple of spherical
Lebesgue measure and the case when g is discrete, respectively.

As observed by Lutwak [34], the Lutwak—Petty projection inequalities also follow
from the Petty projection inequality and volume inequalities for mixed bodies (see
Section 6 for details). However, there is more to be gained by reviewing them in
yet another light. In [23] it was shown that the Petty projection inequality is the
strongest among the family of inequalities from Theorem 1.1. More precisely, if p
is normalized such that ®*B" = IIB", then

V(@ K) < Vo (II'K). (1.5)



The significance of this observation lies in the fact that the large family of Euclidean
inequalities from Theorem 1.1 is dominated by the only affine invariant one. As
follows from a characterization of the projection body map as the only translation
in- and SL(n) contravariant Minkowski valuation by Ludwig [29].

We give an alternative proof for the sharp upper bound of V,,(®!"*K)V,(K)" by
using the techniques from [23] to identify the Lutwak—Petty projection inequalities
as the strongest members of this family. We also show that the volume of the polar
projection body of order 7 is dominated by a corresponding affine quermassintegral
which, in turn, is an affine invariant. For 1 <i <n —1 and K € K, Lutwak [36]
defined the affine quermassintegrals by

Kn

—1/n
Api(K) = — (/G Vi(K|E)™ dVi(E)> : (1.6)

Ri

where we denote by Gr,,; the Grassmannian of i-dimensional linear subspaces of R"

and by v; the Haar probability measure on Gr,, ;.
Theorem 1.4 If ju is an even, zonal measure on S*~ such that u(S"™') = L and

2
K e Ky, then for1 <1 <mn—2,

n+1
Va(@K) < Vu(IGK) < 2 A, y(K) ™", (1.7)

n—1

Note that Theorem 1.4 combined with the Lutwak—Petty projection inequalities
directly implies our generalization of the latter and, moreover, relates our results
to an important conjecture by Lutwak [36] on the relation between the volume and
the affine quermassintegrals of a convex body (see Section 2).

A star body is a compact starshaped set (with respect to the origin) with positive
continuous radial function. The set of all star bodies in R" is denoted by &) and
endowed with the radial metric. For i = 1,...,n — 1, the i-radial combination of
two star bodies K, L € S8 is the star body whose radial function satisfies

p(K+iL,-)" = p(K, )"+ p(L, - )"

The addition +; is usually called radial addition and +,_; is called radial Blaschke
addition. A radial Minkowsk: valuation is a map U: S — S satisfying

UK F, VL =U(KUL) ¥, U(KNL).

A systematic investigation of such valuations has been started in [24, 30, 59], with
the most important example given by the intersection body map. For L € §”, the
intersection body is the unique star body IL defined by

p(IL,u) = Vo1 (LNut), ueS



The fundamental Busemann intersection inequality states that a star body L € S
is a maximizer of the volume ratio V;,(IL)/V, (L)' if and only if L is an ellipsoid
centered at the origin. It was first proved by Busemann for convex bodies [7] and
later extended by Petty [52] to all star bodies.

A more recent result on intersection bodies is a generalization of the Busemann
intersection inequality by Leng and Lu [27] to i-intersection bodies. For L € S,
r>0,and 1 <7 <n—2, the ¢th intersection body I;L can be defined via a Steiner
type formula for the intersection body,

n—1

I(L+rB") =) ( )r"‘l‘iIiL.
1=0

Leng and Lu proved (combine Lemmas 3.2 and 3.3 with (3.9)) that for 1 <1i < n—2,

a star body L € 8" is a maximizer of the volume ratio V,,(I,L)/V,(L)" if and only

if L is a Euclidean ball centered at the origin.

The final aim of this paper is to show that the Busemann and Leng-Lu
intersection inequalities can be generalized similar to Theorem 1.1 and our
generalized Lutwak—Petty projection inequalities, respectively. To this end, we
introduce radial Minkowski valuations W” associated to an even, zonal measure 7
on S"~! which lies in the image of the Radon transform (see Section 5 for details).
These maps are (n—1)-homogeneous, SO(n) equivariant and dual to the Minkowski
valuations ®*. They generalize the intersection body map and also satisfy the
Steiner type formula (see Sections 2 and 6 for details),

n—1
] 1 |
V(LB = ("Z )r"—l—’\lf;L.

i=0
Our analogue of Theorem 1.4 for the valuations U™ can be stated as follows.

Theorem 1.5 If 7 is an even, zonal measure on S*' such that 7(S*™1) = Kk,
and L € S, then for 1 <1 <n—1,

7L

Vo(UTL) < Vo (LL) < Z LA, (L) (1.8)

&

Here, A,_; denotes the dual affine quermassintegrals defined by

1
Ap_i(L) = % (/ V(LN E)" dz/i(E)) . (1.9)
% Gry, i
Introduced by Lutwak, they were later investigated by Gardner [19], Grinberg [21],
and, more recently, by Paouris et al. [11-13].
Apart from generalizing the Busemann and Leng—Lu intersection inequalities,
Theorem 1.5 shows that all these inequalities follow from Grinberg’s [21] affine
isoperimetric inequalities for the dual affine quermassintegrals (cf. Section 3).
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2. Background material

In this section we first recall for quick later reference basic notions and
inequalities for convex bodies and their dual counterparts for star bodies. In the
second part, we collect a few facts about Radon transforms on Grassmannians and
convolutions of spherical functions. As general references, we recommend the book
by Schneider [57] for the first and the article [60] for the second part of the section.

A classical result of Minkowski states that the volume of a Minkowski linear
combination \{ K1 +- - -+ \,, K, of convex bodies K1, ..., K,, € K" with coefficients
Aty ...y A > 0 can be expressed as a homogeneous polynomial of degree n,

VimK 4+ A K) = > V(G KA A (2.1)
J1yeeerin=1
where the coefficients V(Kj,,..., K}, ), called mized volumes of Kj,,..., K;, , are
symmetric in their indices and depend only on Kj ,..., K, . For 0 < ¢ < n, the
mixed volume with n — i copies of K and ¢ copies of the Euclidean unit ball B", is
abbreviated by W;(K) = V(K[n — ¢],B"[i]) and called the ith quermassintegral of
K. The ith intrinsic volume V;(K) of K is defined by

finiVi(K) = (:L) Wi (K).

For Ky,..., K, 1 € K", there is a uniquely determined finite Borel measure on
S"=! the mized area measure S(Ki, ..., K, 1, -), such that for every K € K",

1
V(Kl,...,Knl,K):—/ h(K,U)dS(Kl,...,anl,U). (22)
n Sn—1
We again abbreviate S;(K, -) = S(K[i], B"[n—i—1], - ) and also note that S;(B", -)
coincides with spherical Lebesgue measure for every 0 < ¢ < n — 1. The measure
Sn—1(K, -) is called the surface area measure of K € K™ and satisfies

(u) dS,—1(K,u) = fvg(x)) dH () (2.3)
S oK
for each f € C(S"™!). Note that the Gauss map vx : ' K — S"~! is defined on the
subset 0’ K of those points of 0K that have a unique outer unit normal and, thus, is
defined H" ! a.e. on OK. By Minkowski’s existence theorem, a non-negative Borel
measure g on S is the surface area measure of some convex body K € K" if and
only if 1 is not concentrated on any great subsphere of S" ! and has its centroid at
the origin (see, e.g., [57, Theorem 8.2.2]).
Since, for Ki,...,K,_; € K, the mixed area measure S(Ki,...,K, 1, )
satisfies the assumptions of Minkowski’s existence theorem, one can define the
associated mized body [Ki, ..., K, 1] € K" by

S i (K1 Ena], ) = S(Ky, .o K1, ). (2.4)



Mixed bodies are merely determined up to translations and were first defined by
Firey [17] and later systematically investigated by Lutwak [34], who also showed
that, for K € K7 and every 0 < i < n—1, the mixed body [K], := [K[i], B"[n—1—1]|
satisfies the volume inequality

Va([K])" ™ = w7 V(K (2.5)
with equality if and only if K is a ball.

In subsequent sections we frequently compute the volume of a convex body
K € K7, either by using a special case of (2.2) or by integration in polar coordinates

with respect to spherical Lebesgue measure,

1 1
V(K = / B, w) dSy 1 (K, u) = / o(Kou) du.  (26)
Snfl Snfl

n n

The most powerful inequality for mixed volumes is the Aleksandrov—Fenchel
inequality (see, e.g., [57, Section 7.3]). However, we merely require the following
two of its many consequences: For Ki,..., K, € K, we have

V(Ky,...,K,)" > Vo (Ky) - VoK) (2.7)
with equality if and only if K7, ..., K,, are pairwise homothetic. For K € K7 and
0<i<j<n-—1, we have

Wi(E)" ™" = ki Wi(K)" (2.8)
with equality if and only if K is a ball.

Next, recall that for 0 < ¢+ < n and K € K}, the affine quermassintegral is
defined by

Kn

—-1/n
A i(K) :=—< / 'vi<K|E>—"dui<E>) .

Ri

We supplement this definition by setting Ay(K) := V,,(K) and A, (K) = k,. While
introduced by Lutwak [36], the fact that the A; are indeed affine invariant was
first proved by Grinberg [21]. However, it was again Lutwak who formulated the
following major open problem.

Conjecture 2.1 ([36]) For0<i<j<n and K € K,
Ai(K)™ > KLV (K)™

Conjecture 2.1 was confirmed recently in an asymptotic form by Paouris et
al. [11, 50]. Moreover, it is known to be true in the case ¢ = n — 1, where it
is equivalent to the Petty projection inequality, and in the case ¢+ = 1, where it
follows from the celebrated Blaschke—Santalo inequality. The latter states that for
an origin-symmetric body K € K7,

V(K)o (K*) < K2 (2.9)
with equality if and only if K is an ellipsoid.
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For A\i,...,\, > 0, the radial linear combination M\ K;+ --- + \nK,, of the
star bodies K, ..., K,, € 8} is defined by

From the polar coordinate formula for volume, it follows easily that

VimK F - FAKn) = > N VK, K,
iyedin=1
where the coefficients V (K i1y .-, K,) are called dual mized volumes and given by

~ 1
V(Ky,...,K,) = ﬁ/ p(Ky,u) - p(Ky,, u) du.
S§n—1

As for mixed volumes, we use the abbreviation W;(L) = V(L[n — i],B"[i]) for the
ith dual quermassintegral which was shown by Lutwak [31] to satisfy
WD) =2 [ VLA E)d(E)
Ri J g,
Recall that for L € & and 0 < ¢ < n, the dual affine quermassintegrals are
given by

Kn

A,_i(L) = P (/G Vi(LNE)" dz/i(E)) ' .

We also supplement this definition by Ag(L) = V,,(L) and A,(L) = k,. Since by
Jensen’s inequality W;(L) < A;(L), the following affine isoperimetric inequality is
significantly stronger than the Euclidean inequalities between volume and the dual
quermassintegrals: For L € §)' and 0 < 7 < n, we have

Ap_i(L)" < KWV (L) (2.11)

with equality if and only if L is a centered ellipsoid. This was first proved by
Busemann and Straus [9] and, independently, by Grinberg [21] and was later
extended to bounded Borel sets by Gardner [19]. Grinberg also proved that the
fln,i are indeed invariant under volume-preserving linear transformations. The case
of (2.11) when i = n — 1 is precisely the Busemann intersection inequality.

Next we recall a few basic definitions and facts from the L, Brunn-Minkowski
theory and its dual which originated from the seminal work of Lutwak [41, 42]. To
this end suppose that p > 1 and that K,L € K. For t > 0, the L, Minkowski
combination K +,t- L € K", first defined by Firey [16], is given by

WK +pt-L, - = h(K, )+ th(L, - ).
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In [41], Lutwak introduced the L, mized volume V,(K, L) and proved that for each
K € K there exists a unique Borel measure on S"~!, the L, surface area measure
Sp(K, -) of K, such that for each L € K7,

n V(K 4, t- L) — Vo (K) 1/ )
V(K L) = Jim, . -/ h(Lw)? dSp(K u). (2.12)

Note that the L; surface area measure Sq(K, -) coincides with the surface area
measure S,_1(K, -) (and differs from the first order area measure (K, )).
The L, dual mized volume V_,(K, L) of K,L € 8 can be defined by

V(K L) = / (K, u)™ (L, u)  du. (2.13)

It satisfies the L, dual Minkowski inequality
Vop(K, L) > V,(K)" /v, (L), (2.14)
with equality if and only if K and L are dilates (see [57] for more information).

We turn now to the convolution of measures on S"~!. In particular, we are
interested in convolutions with zonal measures, that is, SO(n—1) invariant measures
on S"~1, where SO(n — 1) is the subgroup of SO(n) stabilizing a fixed pole € € S"~*.
First, recall that the convolution o %y of signed measures o, ;1 on SO(n) is given by

/So(n)f(ﬁ) d(o * p)( / / f(nd) do(n) du(6), f € C(SO(n)).

In other words, o % u = m,(oc ® p) is the pushforward of the product measure o ®
by the group multiplication m : SO(n) x SO(n) — SO(n).

Since S"! is diffeomorphic to the homogeneous space SO(n)/SO(n — 1), there
is a natural identification between functions and measures on S ! and right
SO(n — 1) invariant functions and measures on SO(n). Using this correspondence,
the convolution of measures on SO(n) induces a convolution product of spherical
measures as follows: If 7 : SO(n) — S"°!, 7(n) = ne, denotes the canonical
projection, then the convolution of measures 7, on S*~! is defined by

Tx V= mm,(r"'T @ V),

where 7, and 7" denote the pushforward and pullback by 7, respectively.

Note that for signed measures 7,v on S"! and every ¥ € SO(n), we have
(97) * v = J(7 * v) and that spherical convolution is associative.

For the convolution of a function h € C'(S"!) and a measure o on S"~! with a
zonal measure j on S" ! and a zonal function f € C(S"1), respectively, we have
the following simpler expressions:

(e = [ hdut) and N = [ fortwdow. (219
Sn= Sn—
where for n € SO(n), we write m(n) = 77 € S"!. An important consequence of
(2.15) is the fact that the convolution of zonal measures on S*~! is Abelian.

10



We conclude this section, by recalling a few basic facts about Radon transforms
on Grassmannians. For 1 < ¢ # j < n —1 and F € Gr,;, we denote by Grii
the submanifold of Gry,;) consisting of all E' € Gr,; that contain (respectively are
contained in) F. The Radon transform R;;: L*(Gr,;) — L*(Gr, ;) is defined by

(Ri; [)(F) = f(B)dv; (E),  F € Gy, (2.16)

F
Grnﬂ-

where v!” is the unique invariant probability measure on Grf; ;- The Radon transform
R; ; is a continuous linear operator with adjoint given by R, ;, that is,

/G (Bij f)(F)g(F) dv;(F) = ; F(E)(Rjig)(E) dvi(E) (2.17)
for f € L*(Gr,;) and g € L*(Gr, ;).

For f € L*(Gr,;), we denote by f+ € L?*(Gr,, ;) the function defined by
fH(E) = f(Et). With this notation we have

(Rijf)" = Ry—in—if". (2.18)

For1<i:<j<k<mn-—1,wealsohave R;, = R, o R; j and Ry ; = R;; 0 IRy ;.

For (even) f € L*(S™'), the spherical Radon transform R := Ry, | = R, 11
can be written in the following simpler form which also relates it to the spherical
convolution discussed above,

(Rf)(u) = - (V) dAgn-1nur (V) = (f % Agn-102 ) (1), u € S™ (2.19)

where Agn-11:1 denotes the uniform probability measure concentrated on S*~!net.

3. Minkowski valuations

In the following we collect several well known facts and prove new auxiliary
results concerning Minkowski valuations and their L, generalizations. More
specifically, we mainly consider Minkowski valuations generated (in different ways)
by even, zonal measures on S*!.

We first recall two integral representations for the support function of projection
bodies of order 1 <7 <mn — 1 given, for K € K" and v € S"!, by (cf. [20])

Rn—1

R iaVi(K| ) (u). (3.1)

hmmno:%/ - o] dSi(K, v) =

Sn—1 1

Combining the first integral in (3.1) for the case ¢ = n — 1 with the definition of
mixed bodies (2.4), we arrive at the following relation

K =I[K],.
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In order to discuss more general Minkowski valuations (generated by even, zonal
measures), recall that for p > 1, each even measure y on S"~! determines (uniquely
when p is not an even integer) an origin-symmetric convex body Z& € K" by

h(Z5, u)P = / lu-vPdu(v), ueS" .
S§n—1
The class of bodies obtained in this way constitutes precisely of the origin-
symmetric L, zonoids (see, e.g., [57, Chapter 3.5]). When p = 1, L, zonoids are
simply called zonoids and we use Z* instead of Zj'. If u is zonal, then we indicate
the bodies axis of symmetry by writing Zl’;(é) rather than Z8' and we have

h(Z8(e), u) = /

Sn—1

lu - vP du(v) = /SO( | lu - pel? di(o), (3.2)

where ji := 7*p is the pullback of p under the projection 7 : SO(n) — S,

We denote the rotated copy of Zf(e) whose axis of symmetry is v € St by
Zh(v). If 6, € SO(n) is any rotation such that v = 0,€, then, by (3.2), the support
function of Z&(v) is given by

_ _1 -1 o
W) = 200w = [ e, 00, ol i),
Letting ji, := c,#p denote the pushforward of g under the conjugation map
co(¢) =V, this can be written simply as

Mz 0y = [ ool din(o). 3.3
SO(n)

Note here that the SO(n—1) invariance of p implies that /i is SO(n — 1) bi-invariant

and, consequently, fi, is well-defined (that is, it is independent of the choice of 6,).

We also note that, since ZX(v) is a convex body of revolution, h(Zk(v),u) is a

function of u - v, and thus, for any u,v € S*7!,

h(Z8(v),u) = h(Z5(u),v). (3.4)

We return now to the Minkowski valuations ®* : K" — K" defined by (1.1)
in the introduction, where yu is again an even, zonal measure on S*~!. Using the
notions from Section 2, we can rewrite (1.1) as

h(P*K, -) :/ h(Z*(v), ) dS,—1(K,v) = Sp_1(K, ) x h(Z"(e), - ). (3.5)
Sn—l

Note that if u is discrete, then, since u is even and zonal, it must be a multiple of

the sum of two Dirac measures J; + d_z. Hence, Z#(e) is a dilate of the segment

[—e,e] and ®* a multiple of the projection body map II. The following lemma

(which was critical for the proof of Theorem 1.1) shows that also for general p,

there is a connection between ®# and II.
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Lemma 3.1 ([23]) If 1 is an even, zonal measure on S"!, then
WO K, ) — 2 / WK, du) ditn(d),  ue S,
SO(n)
for every K € K.

Using (3.5) and the notion of mixed area measures, we arrive at the following
integral representation for the mixed Minkowski valuations ®* defined by the
polarization formula (1.2),

h(®*(Ky, ..., Ky1),u) = / h(Z*(v),u)dS(Kq,. .., Ky_1,v) (3.6)
S§n—1
for u € S, In particular, for the bodies ®*'K := ®*(K[i],B"[n — i — 1]) we have

h(PY K, u) = / h(Z"(v),u) dS;(K,v), wueS" (3.7)
Sn—1

Note again that if p is discrete, then ®f =~ TII,. Moreover, as the following

generalization of Lemma 3.1 shows, the bodies /'K are related to II;K in the

same way ®* is related to II. Its short proof is similar to that of Lemma 3.1, but

because of its importance for us, we include it for the readers convenience.

Lemma 3.2 If i is an even, zonal measure on S"' and 1 <i <n — 1, then

B(OM K, u) = 2 / WILK, ¢u) djin(6), u € S™, (3.8)
SO(n)
for every K € K.

Proof. By (3.7), (3.4), and (3.3), we have
H = . = . 0 :
watscn) = [z vas o = [ [ - onldino) s

Sn—1
Thus, by Fubini’s theorem and (3.1), we arrive at the desired relation (3.8). |

Next, we turn to centroid bodies. FExtending the definition given in the
introduction to star bodies, recall that, for L € S,

1 1 el
h(T'L,u) = A /L |u- x| de = CESAT)] /Sn1|u “v|p(L,v)" tde  (3.9)

for u € S"~!. The Minkowski valuation I' : K? — K" was generalized in [59] to
include the large class of SO(n) equivariant Minkowski valuations I'*:

Definition. Suppose that ju is an even, zonal measure on S"~'. For L € 8", we
define the convex body I'*L € K7 by
1
h(IT*L,u :—/h M), z)dx, ueS" 3.10
( >Vn(L)L(<>) (3.10)

13



Using integration in polar coordinates to rewrite (3.10), we obtain

1

ML) = D)

/Sn_l h(Z*(u),v)p(L, v)"* dv. (3.11)

The final part of this section is devoted to L, Minkowski valuations. For p > 1,
an operator ®: K — K7 is called an L,-Minkowski valuation if

(K UL) +, (K NL) = (K) +, d(L),

whenever K UL € K?. While prominent examples of L, Minkowski valuations were
known for quite some time, their systematic investigation began with the work of
Ludwig [29] and was continued, e.g., in [26, 46, 47].

The most important examples of L, Minkowski valuations are the L,, projection
and the L, centroid body maps. For K € K} and p > 1, the L, projection body of
K was first defined in [43] by

h(II, K, u)? = an,p/ lu-vPdSp(K,v), ueS" !,
Sn—1

where the constant a,, is chosen such that II,B" = B" (cf. [43]). When p = 1,

we have II; K = s, IIK. The fundamental affine isoperimetric inequality for

L, projection bodies is the following L, analogue of Petty’s projection inequality
established by Lutwak, Yang, and Zhang.

Theorem 3.3 ([43]) For 1 < p < o0, a convex body K € K" is a mazximizer of the
volume product V,,(IL5 K)PV,,(K)" P if and only if K is an ellipsoid centered at the
oTigIn.

An L, extension of the Minkowski valuations ®* was introduced in [23] as
follows: For an even, zonal measure p on S" ' and p > 1, the L, Minkowski
valuation @£ : K7 — K7 is defined by

h(Pp K, u)? = /Sn_l h(Z8(u),v)P dSp(K,v), u€ S (3.12)
As in the case p = 1, if p is discrete, then ®f = II,. Consequently, the following
theorem generalizes Theorem 3.3.

Theorem 3.4 ([23]) Suppose that 1 < p < oo and that p is an even, zonal measure
on S"~'. Among convex bodies K € K} the volume product V,,(®h* K )PV, (K)"P is
mazimized by origin-symmetric Euclidean balls. If u is not discrete, then such balls
are the only maximizers. If p is discrete, then K is a maximizer if and only if it is
an ellipsoid centered at the origin.

14



For a star body L € S} and p > 1, the L,, centroid body of L, introduced in [45],
is the convex body defined, for v € S"~!, by

1 1
h(T L,u”:—/ u-xpda::—/ w-v|Pp(L,v)" P dv. (3.13
Colo =gy J o = Gy oo P e (319)
Note that as a map from K7 to K7 the operator I'y, is an L, Minkowski valuation.
The L, Busemann—Petty centroid inequality states the following (see also [10, 22]).

Theorem 3.5 ([43]) For 1 < p < o0, a star body L € S" is a minimizer of the
volume ratio V,(I'pL)/V, (L) if and only if L is an ellipsoid centered at the origin.

Similarly to the L, generalization of the maps ®#, we now define an L, extension
of the operators I'*:
Definition. Suppose that u is an even, zonal measure on S*™'. For L € 8" and
p > 1, we define the conver body I'y L € K by

1
Va(L)

h(TGL,u)P = /Lh(Zg(u), ) dr, ueS . (3.14)

Note that for p = 1, we have Ty = T'*, and that if p is discrete, then e =T
By integrating in polar coordinates, we can rewrite (3.14) to

o P _ 1 2. v)P )P dv U n—1
h(DEL, u)P = (n+p)Vn(L)/S h(Z¥(u), v)Pp(L,0)" P dv, uwe S, (3.15)

which enables us to prove the following analogue of Lemma 3.1 for the maps I'f.

n—1

Lemma 3.6 Ifp > 1 and p is an even, zonal measure on S, then
hrpLy = [ L uP di9), we S (3.16)
for every L € S

Proof. By (3.15), (3.4), and (3.3), we have

1

h(I'SL,u)P = ————— - pul|Pp(L,v)" P dji,(¢) dv.
( P ,U) (n—l—p)Vn(L) /gnl éo(nlv (bu’ p( 71)) M <¢) v

Thus, by Fubini’s theorem and (3.13), we arrive at the desired relation (3.16). W

As was shown in [43], Theorems 3.3 and 3.5 are equivalent, in the sense that one
can be deduced from the other in a few lines. In Section 5, we show that Theorem 3.4
is equivalent to the following generalization of the L, Busemann-Petty inequality.

Theorem 3.7 Suppose that 1 < p < co and that p is an even, zonal measure on
St Among star bodies L € S} the volume ratio V,(ThL)/V,,(L) is minimized by
origin-symmetric Euclidean balls. If p is not discrete, then such balls are the only
minimizers. If u is discrete, then L is a minimizer if and only if it is an ellipsoid
centered at the origin.
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4. Radial Minkowski valuations

This final preparatory section is devoted to radial Minkowski valuations. We
first recall some basic facts about intersection bodies before we define a new class
of radial Minkowski valuations which are related to Lutwak’s intersection bodies in
the same way that the Minkowski valuations ®* are related to projection bodies.

First defined by Zhang [66], the radial function of intersection bodies of order
1<i<n-—1isgiven, for L € 8" and u € S*!, by

p(LiL,u) = ’i"*an,mVQ(L N-H)(u) = /<;n1/ p(L,v)" dAgn-1pyr (V). (4.1)
i Sn—1
While, by (4.1), the maps I; : S — S are all SO(n) equivariant radial Minkowski
valuations, Ludwig [30] characterized Lutwak’s intersection body map I :=1,_; as
the only SL(n) contravariant such valuation.

Recall that a star body L € S} is said to belong to the class of intersection bodies
if there exists a (non-negative) Borel measure 7 on S"~! such that p(L, -) = Rr,
that is, for every f € C'(S"1),

/Sn_l p(L,u) f(u) du = / Rf (u) dr(u).

S§n—1

By (2.19) and (4.1), the range of the intersection body maps I; belongs to the class
of intersection bodies. In fact, it is not hard to show that the closure (in the radial
metric) of the range of I coincides with the class of intersection bodies. This is
completely analogous to the class of zonoids which coincides with the closure (in
the Hausdorff metric) of the range of II. Motivated by this fact and definition (3.5)
of the Minkowski valuations ®#, we now introduce the following class of SO(n)
equivariant radial Minkowski valuations:

Definition. Suppose that 7 is an even, zonal measure on S"~'. For L € 8", we
define the star body V"L € 8] by

p(OTL, ) =p(L, )" % Rt =p(L, - )" " % T % Agn-1ngL. (4.2)

Note that we do not require in (4.2) that RT € C(S"~!) . However, if M7 () € S”
belongs to the class of intersection bodies and p(M7(€), - ) = R7, then (4.2) becomes

P L) = [ O (@), ol

which is completely analogous to (3.5). Also note that if 7 is discrete, then W™ = 1.

It follows from (2.10) that the radial Minkowski valuations U7 : S — S satisfy
the following Steiner type formula:
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For L € 8 and r > 0, we have
(L 1B = ni:l (” N 1) P
=0 ¢
where the radial functions of the star bodies W7 L € S are given by
p(UIL, ) =p(L, ) * Rr. (4.3)

Clearly, the maps W7 : 8" — S” are continuous and SO(n) equivariant radial
Minkowski valuations for each 1 <7 < n — 1. Moreover, they satisfy the following
dual analogue of Lemma 3.2.

Lemma 4.1 If 7 is an even, zonal measure on S* ! and 1 <i <n —1, then

p(ViL,u) =

/ p(LL, pu) d7,(¢), u €S
SO(n)

Rn—1
for every L € S”.

Proof. Since the convolution of zonal measures is Abelian, we obtain from (4.2),
(2.19), (4.1), and (2.15),

1
p(ULoe) = —— [ pLow)dr(e) = —— [ p(LLnie)dr(o),
Kn—1 Jsn-1 Kn—1 Jso(n)
where ne = u. Using 7, = ¢, #7, the desired relation follows. |

5. Proof of the main results

In this section we collect the proofs for all our main results from the introduction
as well as Theorem 3.7 and two additional inequalities not stated before.

Theorems 1.2 and 1.3 will turn out to be simple consequences of the following
inequality of independent interest (the case for discrete p is due to Lutwak [33]).

Theorem 5.1 Let i be an even, zonal measure on S 1. If Ki,...,K,_1 € Kcr
and L € S, then

V(L) < (n+ 1" V(K. .., Kuy, DPL)" V(O (K, . . ., K1) (5.1)

with equality if and only if L is a dilate of ®**(Ky,..., K, 1).
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Proof. By (2.2), (3.11), Fubini’s theorem, and (3.6) we have on one hand
n(n+ DV, (L)V(Ky,...,K,—1,'"L)

_ / / W(Z(0),u) dS(Ky, . .., Koy, v) p(L, )™ du
Sn— 1 Sn— 1

:/ WO (K, ..., K 1),1) p(L,w)™ du.
Sn— 1

On the other hand, applying Holder’s inequality with p = (n+1)/nand g =n+1
to the functions

f(u) = h(P*(Ky,. .., Knq),u)"1 p(L,u)",

g(u) = h(PH(Ky, ..., K1), u) »tT

yields

([ otrarad)™ < ([ n@ g ot an)

/ h(@”(Kl,...,Kn_l),u)_”du.
S§n—1

Hence, by (2.6) and the fact that p(K*, -) = 1/h(K, -) for K € K, we obtain the
desired inequality (5.1).

In order to prove the equality conditions for (5.1), note that equality in the
Holder inequality (for positive continuous functions) holds if and only if fP is a
constant multiple of g?. For the functions f and g defined above this means

p(L, ) =cp(P"*(Ky,..., K1), -)
for some ¢ > 0, that is, L is a dilate of ®**(Ky,..., K, 1). [ |
After these preparations we are now able to give the proof of Theorem 1.3. In

fact, we establish a more general form that holds for all star bodies (and not merely
convex bodies as stated in the introduction).

Theorem 5.2 Suppose that i is an even, zonal measure on S*~'. Among star
bodies L € S! the volume ratio V,,(T'*L)/V,(L) is minimized by Fuclidean balls
centered at the origin. If p is not discrete, then centered Fuclidean balls are the
only minimizers. If p is discrete, then L is a minimizer if and only if it is an
ellipsoid centered at the origin.

Proof. For discrete pu, the statement is just the Busemann—Petty centroid inequality.

Thus, we may assume that p is not discrete. Taking Ky = --- = K,,_1 = 'L in
Theorem 5.1, we obtain
V(L) < (n+1)" V,(IT*L)" V,(®**T*L) (5.2)
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with equality if and only if L is a dilate of ®**I'*L. Applying now Theorem 1.1,
yields

V(L) < (n41)" &2 W (THL) Vi, (**B™) (5.3)
with equality if and only if T'"L is a Euclidean ball (and since I'L is origin-
symmetric for every L € S”) which is centered at the origin and L is a dilate
of ®»*T*[. Consequently, equality holds in (5.3) if and only if L is a centered

Euclidean ball. To complete the proof, note that from a simple computation using
(3.2), (3.5), and (3.11), it follows that

B = 2%, 1 pu(S"HB" = (n + 1)k, T*B", (5.4)
which in turn implies that (5.3) can be rewritten to

Va(TrL) _ Va(IVB")
V(L) — VuBr) o

[ |
Next, we apply Theorem 5.1 to complete the proof of Theorem 1.2.
Proof of Theorem 1.2. Taking L = ®**(K, ..., K,_;) in Theorem (5.1), yields
1
V(Ky,...,K, 1, TFO*P*(Kq,..., K, 1)) = : 5.5
(K, L TR (K )= 55T (5.5

Combining now (5.5) with (2.7) and Theorem 5.2, we obtain
1 v, (T*B")
>
(n+1) = V,(B")

with equality if and only if K7, ..., K, 1 are homothetic ellipsoids if y is discrete and
Euclidean balls otherwise. In view of (5.4) this is precisely the desired inequality.

V(K7 -+ V(K1) Vo (PP (K, ... K1)

|

Note that for K3 = --- = K,_1 = K € K}, Theorem 1.2 simply reduces to
Theorem 1.1. The special case of Theorem 1.2, where K1 = --- = K; = K € K}
and K; .1 = --- = K,_1 = B", yields the following extension of the Lutwak—Petty

projection inequalities to the Minkowski valuations ®'. (It can also be obtained by
combining Theorem 1.1 with inequality (2.5), since ®'K = ®*[K], by (3.7) and
the definition of mixed bodies).

Corollary 5.3 Let 1 < i < n — 2 and suppose that i is an even, zonal measure
on S""1. Among conver bodies K € K" the volume product V,(®""K)V,(K)® is
maximized precisely by Euclidean balls.

When p is discrete in Corollary 5.3, we have ® = II;, and the result reduces to
the Lutwak—Petty projection inequalities. If p is a multiple of spherical Lebesgue
measure, then Corollary 5.3 becomes the classical inequality between volume and
the quermassintegral W,,_; (that is, the special case i = 0 and j = n — i of (2.8)).
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Also note that if we normalize p such that p(S*™') = 3 (so that ®/'B" = II,B"),
then, by (2.6) and Jensen’s inequality,

(I)M,*K —1/n 1 —1/n 1
(M) _ ( / BB K, 1) ™ du) < / B K, ) du.
K Nky Jen- NKp Jgn-1

But, by (3.7), Fubini’s theorem, and (2.2),

/ h(PY K, u du—/ / h(Z"(v),u) dudS;(K,v) = nk,1Wy_i(K).
S§n—1 §n—1 J§n—1

Combining this with Corollary 5.3, we obtain the chain of inequalities

n+1
Wi (K) > =2

n
Kn—1

Vo (O K) ™ > 5V, (K

This not only shows that Corollary 5.3 interpolates between the inequality between
V, and W,_; but also that for each Minkowski valuation @, Corollary 5.3
strengthens this classical isoperimetric inequality.

While the above argument identifies the classical inequality between V,, and W,, _;
as is the weakest instance of Corollary 5.3, we are now going to prove Theorem 1.4
which shows that the Lutwak—Petty projection inequalities is the strongest one and
that Conjecture 2.1 is in turn stronger than those.

Proof of Theorem 1.4. First recall that the normalization pu(S"1) = % ensures that
for discrete p, there is equality in the left hand inequality of (1.7). In order to prove
this inequality for general p, we use (2.6) and Lemma 3.2 to see that

1 1 o
V(@R ) = 1 / B(O8 K, u)"du = / (2 / WILK, du) dﬁu(qﬁ)) du.
n Jsn—1 n Jsn—1 SO(n)
Noting that u(S"™!) = ji,(SO(n , we can use Jensen’s inequality to obtain
Vo (@K / / R(IL K, ¢pu) " dji, () du. (5.6)
S§n—1

Since ®!" and II; as well as the polar map are all SO(n) equivariant, replacing K by
YK in (5.6), yields

V(@1 K /S / RO, 07 6u) " djin(6) du

By integrating both sides now with respect to the Haar probability measure on
SO(n) followed by an application of Fubini’s theorem, we arrive at

V(@8 K /SJO( /O( (LK, 9~ )" 49 djin(6) du

:—/ / h(IL K, Yu) ™" dv du,
. Jsn-1J380(n)
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where the last equality follows from the invariance of the Haar measure and the
fact that j1,(SO(n)) = 3. Finally, another application of Fubini’s theorem together
with (2.6), yields the desired inequality,

Vo (O K / / h(ILK, Yu) ™" du dd = / IIEK) dY = V, (I K).
SO(n) JSn—1

We turn to the proof of the right hand inequality of (1.7). First we use again
(2.6), followed this time by (3.1) and identity (2.18), to obtain

1 n

V(I K) = / h(ILK, u) ™" du = — / [(Rin 1 Vi(K|-)) ™" (u) du.
Sn— 1 n/’in_l Snfl

By definition (2.16) of R;,,_; and the fact that v/ is a probability measure, it follows

from Jensen’s inequality that (R;,—1Vi(K|-))™™ < R; ,—1Vi(K|-)~™. Consequently,

by also rewriting the integral over S"~! into an integral over Gr,, ;, we obtain

n

ﬁinﬁn /G (Rz‘,nqvi([q )7")L(F) dvi(F).

"infl I‘n71

Va(IFK) <

Finally, using the fact that L is self-adjoint, (2.17), and the fact that R,,_1,(1) =1
as well as definition (1.6), we arrive at the desired inequality,

KRy, e
V(I K) < / Vi(K|E) ™ dui(E) = " A, (K)™.
Kp-1 JGrn. Kp—1 -

We next show how to derive Theorem 3.7 from Theorem 3.4, following the
approach of [43].

Proof of Theorem 3.7. For discrete p, the statement is just the L, Busemann-Petty
centroid inequality, Theorem 3.5. Thus, we may assume that p is not discrete. By
(2.12) and (3.15), we have for K € K and L € S7,

Y dS, (K. u)
/Sn / B(ZE(w), 0 p(Ly )™ dv dSp(K, ).
12) o

f @k, and (2.13) yields

1
Vp(K,TUL) = / h(TEL, u
Sn—1

n(n+p)V,
Using Fubini’s theorem, definition (3.

WV (K.TL) = / W(®pK, v)p(L, 0)" P dv = V_p(L, D" K). (5.7)
S

n—1

Taking now K =T'fL, we obtain

Vo (ThL) = Vop(L, @4 T4L). (5.8)

(n+p)Va(L)
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Noting that

gn-1 1/p
oy = (“E0) g o s

Qn.p

an application of (2.14) followed by Theorem 3.4 to identity (5.8), yields the desired
inequality (as in the proof of Theorem 5.2),

Va(ThL) _ Va(TpB")
Va(L) = Va(B7)

along with its equality conditions. [

We remark that it is also not difficult to derive Theorem 3.4 from Theorem 3.7,
by taking L = ®,*K in (5.7), to obtain

2

(n+p)
and combining this with the L, Minkowski inequality and Theorem 3.7 (see [43]).

For p > 1 and L € 8] the pth moment of L is defined by

n=(/ qupdx)

Taking 4 to be spherical Lebesgue measure (or any multiple of it) in Theorems 5.2
and 3.7, we obtain the following well known L, moment inequality.

Vp (K, TEOE* ) = (5.9)

Corollary 5.4 Suppose that 1 < p < co. Among star bodies L € S} the ratio
I,(L)™ /V,(L)"P is minimized precisely by origin-symmetric Euclidean balls.

Noting that I'f L is an origin-symmetric convex body for every L € Sy, the
following generalization of the polar L, Busemann—Petty inequality from [45] is
an immediate consequence of a combination of Theorems 5.2 and 3.7 with the
Blaschke-Santalé inequality (2.9).

Corollary 5.5 Suppose that 1 < p < oo and let p be an even, zonal measure on
St Among star bodies L € S} the volume product V,,(Th*L)V, (L) is mazimized
by origin-symmetric Fuclidean balls. If p is not discrete, then such balls are the
only maximizers. If u s discrete, then L is a maximizer if and only if it is an
ellipsoid centered at the origin.

Using the approach from our proof of Theorem 1.4, we can also show that in the
large family of isoperimetric inequalities provided by Corollary 5.5, the strongest one
is the only affine invariant among them, the polar L, Busemann-Petty inequality.
This is a consequence of the following analogue of relation (1.5) for the maps I't*.

Theorem 5.6 If i is an even, zonal measure on S"~' such that u(S"') =1 and
L e S, then forp > 1,
Vo(TE*L) < V(TR L). (5.10)
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Proof. First note that the normalization p(S"~! = 1 was chosen such that there is
equality in (5.10) for discrete p. In order to prove (5.10) for general p, we use (2.6)
and Lemma 3.6 to obtain,

n—1

. 1 . B 1 oo —n/p
Vo(DB"L) = /S h(THL,u) " du = E/Snl (/So(nf)L(FpL, ou) duu(qb)) du.

Since p(S" 1) = 1,(SO(n)) = 1, Jensen’s inequality implies that

V(D4 L) /S/ L) i) du

Using that T'4* and I', are SO(n) equivariant, replacing K by 9K and integrating
both sides with respect to the Haar probability measure on SO(n) followed by
Fubini’s theorem, we obtain

V,(Te*L) / / / h(TpL, 9 pu) ™™ dV dji, () du
Sn=1 JSO(n) JSO(n)

= —/ / h(FpL,ﬁ‘ )" dv du,
1 Jsn=1J380(n)

where in the last equality we used the invariance of the Haar measure and the fact
that /1,(SO(n)) = 1. Applying again Fubini’s theorem and (2.6), we arrive at the
desired inequality,

(T2~ L) / / h(ITp L, u) " du dd = / V(9T L) d9 = V(T L).
sn-1 SO(n) -

Before we turn to our final proof, let us emphasize that it is an open problem
wether V,,(T4L) > V,(IpL) holds for every L € S, which would identify the
L, Busemann-Petty inequality as the strongest inequality among the inequalities
of Theorems 5.2 and 3.7.

Finally, we come to the proof of the dual analogue of Theorem 1.4.

Proof of Theorem 1.5. The normalization 7(S""!) = k,,_; ensures again that for
discrete 7, there is equality in the left hand inequality of (1.8). In order to prove
this inequality for general 7, we use (2.6) and Lemma 4.1 to see that

1 1 1 "
V(¥iL) = / (UL, )" du = / < / p(LL, du) dn(@) du.
sn—1 n Jsn=1 \ Fn—1 JSO(n)

Since 7(S"7!) = 7,(SO(n)) = k,_1, Jensen’s inequality implies that

V(U7 < /S / o(Li L, )" d,(6) du (5.11)

NKp—1
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Exploiting the SO(n) equivariance of W] by replacing L by JL in (5.11, followed
by integration with respect to the Haar probability measure on SO(n) and Fubini’s
theorem, yields

1
/ / / (L L, 9= du)" d do(6) du
NRn-1 Jsn—=1 J30(n) JSO(n)

1
= —/ / p(LL, 9 u)™ dv du,
. Jsn=1J80(n)

where the last equality follows from 7,(SO(n)) = k,_1 and the invariance of the
Haar measure. Using Fubini’s theorem one more time together with (2.6), we arrive
at the desired inequality,

1
Vo(UTL) < —/ / p(IiL,f}’lu)" dv du —/ Vo(OLL) dv =V, (I L).
n Jso(n) Jsn—1 SO(n)

In order to prove the right hand inequality of (1.8), we use (2.6) followed by
(4.1) and identity (2.18), to obtain

Va(W7L) <

n

Vo(LL) = l/ p(LL,uw)" du = fin—1 /Snl[(Ri’nlvi(L NN (w) du.

n Jgn-1 nK;'

Applying Jensen’s inequality to definition (2.16) of R;, 1, noting that v/ is a

probability measure, yields (R; ,—1V;(L N <)) < R;,—1Vi(L N -)". Thus, by also
rewriting the integral over S"~! into an integral over Gr,, 1, we arrive at

VL) < B [ (R VL ) (P ()

K/’L' I'n,1

Using now the fact that L is self-adjoint, (2.17), as well as R,_1,(1) = 1 and
definition (1.9), we obtain the desired inequality,

V,(LL) < “";f” /G Vi(L N E)" dvy(E) = “2=L 4, _,(L)".

G

Tn,g

From Theorem 1.5 and the Busemann and Leng-Lu intersection inequalities we
obtain the following consequence.

Corollary 5.7 Let 1 < i <n—1 and suppose that T is an even, zonal measure on
S"=1. Among star bodies L € S" the volume ratio V,,(VIL)/V,(L)" is mazimized
by Fuclidean balls centered at the origin. If i < n — 2, then such balls are the only
maximizers. If it =n — 1 and 7 is discrete, then L is a maximizer if and only if it
15 an ellipsoid centered at the origin.

Finally, note that by Theorem 1.5 all the inequalities of Corollary 5.7 are direct
consequences of the Busemann—Straus and Grinberg inequalities for the dual affine
quermassintegrals (2.11).
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