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Abstract. — The mathematical analysis of random phylogenetic networks via an-
alytic and algorithmic methods has received increasing attention in the past years.
In the present work we introduce branching process methods to their study. This
approach appears to be new in this context. Our main results focus on random level-
k networks with n labelled leaves. Although the number of reticulation vertices in
such networks is typically linear in n, we prove that their asymptotic global and local
shape is tree-like in a well-defined sense. We show that the depth process of vertices
in a large network converges towards a Brownian excursion after rescaling by n−1/2.
We also establish Benjamini–Schramm convergence of large random level-k networks
towards a novel random infinite network.

1. Introduction

Phylogenetic networks may be used to model the evolutionary history of species

that have undergone reticulate events [1], such as horizontal gene transfer (by which

genes are transferred across species) or hybrid speciation (by which lineages recom-

bine to create a new one) [2].

The application of phylogenetic networks in evolutionary biology motivates the

mathematical study of their number and shape, which has received increasing at-

tention in recent literature. See for example [3, 4, 5, 6, 7, 8, 9] and references given

therein. In the present work, we introduce branching process methods to their study.

This approach appears to be new in this context and makes a fine addition to the

current toolbox of analytic and algorithmic methods.

1.1. Asymptotic enumeration of level k-networks. — A binary rooted phylogenetic

network N on a finite non-empty set X of leaves may be defined as a simple rooted

directed graph with no directed cycles that satisfies the following constraints:

1. It’s unique root has indegree 0 and outdegree 2.

2. All non-root vertices are either tree nodes (indegree 1, outdegree 2), reticulation

nodes (indegree 2, outdegree 1), or leaves (indegree 1, outdegree 0).
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The leaves are bijectively labelled with elements of X. It will be notationally con-

venient to additionally admit the network consisting of a single labelled root vertex

with no edges.

There is an infinite number of such networks on a given set X. For this reason,

one restricts to subclasses for which this number is finite. We are going to focus on

level-k networks, with k denoting a fixed positive integer. Recall that a cutvertex

in a connected graph is a vertex whose removal disconnects the graph. Similarly,

a bridge is an edge whose removal disconnects the graph. A block (or 2-connected

component) is a connected induced subgraph that is maximal with the property of

having no cutvertices of its own. The reader may consult books on the foundation of

graph theory for further details [10]. We say the binary rooted phylogenetic network

N is a level-k network, if the following conditions are met:

1. Any block of N contains at most k reticulation vertices of N .

2. Any block of N with at least 3 vertices contains at least 2 vertices that are the

source of bridges of N .

Here we view directed edges as joining a source vertex to a destination vertex ac-

cording to its orientation. The second condition ensures that there are only finitely

many such networks on a given set X. In fact, their number satisfies the following

asymptotic expression:

Lemma 1.1. — The number N(k, n) of level-k networks on an n-element set satisfies

N(k, n) ∼ akn−3/2ρ−nk n! as n→∞(1.1)

for constants ak, ρk > 0 that only depend on k.

For k = 1 and k = 2 this was already shown by [5] via analytic methods, who

additionally calculated the involved constants, gave exact enumerating formulas,

studied unrooted networks, and proved limit theorems for the numbers of undirected

cycles and inner edges in random networks.

1.2. Global shape and limits of extremal parameters. — Note that each vertex v

in N may be reached from the root by following a directed path that only traverses

edges according to their orientation. There may be multiple such paths, and we

denote the length of a shortest path by h(v). Often, h(v) is called the depth of

height of v. The maximal height of vertices in N is denoted by H(N). We let |N |
denote the number of vertices of N .

Throughout this paper, we fix a positive integer k. For each integer n ≥ 2 we

let Nn be drawn uniformly at random among all level-k networks on the set [n] :=

{1, . . . , n}. If we order its vertices v0, . . . , v|Nn|−1 we may form the corresponding

height process (ht : 0 ≤ t ≤ |Nn|) by linearly interpolating the values hi := h(vi) for

0 ≤ i ≤ |Nn| − 1 and h|Nn| := 0. Of course, the height process depends on the order

we choose.
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Theorem 1.2. — We may couple Nn with an ordering of its vertices such that the

associated height process (ht : 0 ≤ t ≤ |Nn|) satisfies

(bkn
−1/2hs|Nn| : 0 ≤ s ≤ 1)

d−→ (e(s) : 0 ≤ s ≤ 1) as n→∞(1.2)

for a constant bk > 0 that only depends on k. Here (e(s) : 0 ≤ s ≤ 1) denotes

Brownian excursion normalized to have duration 1. The same limit as in (1.2) holds

if we form the height process using leaves only.

Questions concerning heights in various classes of random phylogenetic networks

were raised in [7, Sec. 7] and [3, Sec. 8].

We prove Theorem 1.2 by establishing a new relation between distances in the

random phylogenetic network Nn and distances in a Galton–Watson tree conditioned

on having n leaves. This allows us to apply invariance principles for the latter given

in [11, 12].

An immediate consequence of Theorem 1.2 is that

bkn
−1/2H(Nn)

d−→ sup
0≤s≤1

e(s).(1.3)

Likewise, a uniformly selected vertex (or a uniformly selected leaf) u of Nn satisfies

bkn
−1/2h(u)

d−→ e(r)(1.4)

with 0 ≤ r ≤ 1 denoting a random point of the unit interval [0, 1], selected indepen-

dently according to the uniform distribution. We may also obtain tail-bounds and

convergence of moments:

Theorem 1.3. — There are constants C, c > 0 such that for all x > 0 and n ≥ 2

P(H(Nn) > x) ≤ C exp(−cx2/n).(1.5)

Moreover, all higher moments in (1.3) and (1.4) converge.

Our main tool for proving Theorem 1.3 is a similar tail-bound by [13] for the

height of Galton–Watson trees conditioned to be large. Theorem 1.3 entails that the

moments converge in (1.3), yielding

bkn
−1/2E[H(Nn)]→ E

[
sup

0≤s≤1
e(s)

]
=
√
π/2(1.6)

and

bpkn
−p/2E[H(Nn)p]→ 2−p/2p(p− 1)Γ(p/2)ζ(p)(1.7)

for each integer p ≥ 2. Here Γ refers to Euler’s gamma-function, and ζ to Riemann’s

zeta-function. Compare with [13, Eq. (1.6)].

Instead of using lengths of shortest directed paths, we may also study the structure

of the undirected graph Gn underlying the network Nn. The graph distance from

the root to a vertex in this graph needs not coincide with the length of a shortest

directed path. It might be shorter. If we write H(Gn) for the maximal height with
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respect to the graph distance, then by construction H(Gn) ≤ H(Nn). Hence, the tail

bound of Theorem 1.3 also applies to Gn:

P(H(Gn) > x) ≤ C exp(−cx2/n).(1.8)

Moreover, if we let h(v) denote the graph distance of a vertex in Gn from the root

and construct the height process h for Gn accordingly, then it is clear from the proof

of Theorem 1.2 that there exists a constant b′k ≥ bk such that

(b′kn
−1/2hs|Gn| : 0 ≤ s ≤ 1)

d−→ (e(s) : 0 ≤ s ≤ 1)(1.9)

Likewise, the same convergence holds for the height process of the leaves. For k = 1

the constants b1 = b′1 agree, however for k ≥ 2 the expressions obtained for bk and

b′k differ.

Finally, we may also study the maximal length of a directed or undirected path

starting from the root in Nn. (As opposed to the maximal length of a shortest

directed or undirected path from the root to any vertex in Nn.) It is clear from the

proofs of Theorems 1.2 and 1.3 that (1.3), (1.5), (1.6), and (1.7) hold analogously

for these parameters, if we replace the constant bk by some constant b′′k > 0 for the

maximal length of a directed path, or by some constant b′′′k > 0 for the maximal

length of an undirected path.

The following theorem states that although pyhlogenetic networks are not trees,

their global shape is tree-like:

Theorem 1.4. — Let Gn be the graph underlying the random level-k phylogenetic

network Nn, let b′k > 0 be as in (1.9). Let µn denote either the uniform measure on

the vertices or on the leaves of Gn. Let (Te, dTe , µTe) denote the Brownian continuum

random tree. Then

(Gn, b
′
kn
−1/2dGn , µn)

d−→ (Te, dTe , µTe) as n→∞.(1.10)

in the Gromov–Hausdorff–Prokhorov sense.

The intuition behind Theorem 1.4 is that although Gn contains a linear number

of cycles, the global shape is tree-like as the cycles are so short (at most O(log n) in

circumference) that they contract to points when rescaling distances by n−1/2. Care

has to be taken that they nevertheless influence the global shape. A path between

two typical points in Gn traverses roughly
√
n cycles, and they distort the distance

on average by a stretch factor.

The Brownian continuum random tree (Te, dTe , µTe) was introduced and studied in

the series of pioneering papers [14, 15, 16]. In some sense, it’s a random “continuum”

tree with uncountably many points. Formally, it may be defined as the random

metric space Te corresponding to the random semi-metric

d(x, y) = e(x) + e(y)− 2 inf
min(x,y)≤t≤max(x,y)

e(t), x, y ∈ [0, 1](1.11)

on the unit-interval. The measure µTe is the push-forward of the uniform measure on

[0, 1] under the canonical surjection [0, 1] → Te. The Brownian continuum random

tree is universal in the sense that it describes the asymptotic geometry of a variety of
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different models of random graphs [17, 18, 19, 20], hence linking seemingly unrelated

models of random structures.

The notion of Gromov–Hausdorff–Prokhorov convergence was introduced in [21].

It allows us to assign a distance to a pair (X, dX , µX) and (Y, dY , µY ) of compact

metric spaces equipped with Borel probability measures. We refer the reader to [21,

Sec. 6] for a detailed introduction.

1.3. Local shape and additive parameters. — How does the vicinity of the root or

a random vertex (or random leaf) in Nn evolve as n becomes large? The frequencies

with which we observe given shapes converge, allowing us to describe the asymptotic

local shape of Nn via random networks having a countably infinite number of vertices.

In order to make this precise, we require some notation. For any integer ` ≥ 0

we may consider the restriction U`(·) that maps a pair of a phylogenetic network N

and one of its vertices v to the `-neighbourhood subnetwork U`(N, v) induced by all

vertices that may be reached from v via an undirected path of length at most `. That

is, all vertices that may be reached from v by crossing at most ` edges, regardless

whether we follow the direction of the edges or not. We consider the vertices of

U`(N, v) as unlabelled, and the edges as directed. If v is equal to the root vertex of

N we may simply write U`(N).

Theorem 1.5. — There is a random infinite level-k network N̂ such that

Nn
d−→ N̂ as n→∞(1.12)

in the local topology. Even stronger, for any sequence `n of positive integers satisfying

`n = o(
√
n) it holds that

dTV(U`n(Nn), U`n(N̂))→ 0.(1.13)

The limit (1.12) states that for each integer ` ≥ 0 and each finite directed vertex-

marked graph G it holds that

P(U`(Nn) = G)→ P(U`(N̂) = G).(1.14)

Thus, (1.13) is a much stronger statement, as it allows us to describe the asymptotic

shape of larger neighbourhoods of the root. The assumption `n = o(
√
n) is as general

as possible: Thm. 1.2 implies that for any constant but arbitrarily small ε > 0 the

convergence in (1.13) fails to hold for `n = bε
√
nc.

It is natural to also study what happens in the vicinity of a uniformly selected

vertex of Nn.

Theorem 1.6. — Let un denote a uniformly selected vertex of Nn. There is a

random infinite directed vertex marked graph N̂∗ such that

(Nn, un)
d−→ N̂∗ as n→∞(1.15)

in the local topology. Moreover, for any integer ` ≥ 0 and any finite directed unla-

belled vertex-marked graph G the number N`,G of vertices u in Nn with U`(Nn, u) = G
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satisfies

N`,G

|Nn|
p−→P(U`(N̂

∗) = G).(1.16)

Borrowing terminology from statistical physics, (1.15) may be called annealed

local convergence, and (1.16) quenched local convergence.

We might also wonder what happens in the vicinity of a uniform random leaf w of

Nn. Theorem 1.6 actually entails a local limit for the vicinity of w as well. Indeed,

it follows directly from Theorem 1.6 that

|Nn|
n

p−→ 1

P(marked vertex of N̂∗ is a leaf)
(1.17)

and

(Nn, w)
d−→ (N̂∗ | marked vertex of N̂∗ is a leaf).(1.18)

Likewise, it follows directly that the number N leaf
`,G of leaves whose `-neighbourhood

equals G satisfies

N leaf
`,G

n

p−→P(U`(N̂
∗) = G | marked vertex of N̂∗ is a leaf).(1.19)

Using general principles for locally convergent random graphs [22], Theorem 1.6

entails laws of large numbers for subgraph counts. That is, the number of copies

of some given finite graph in Nn concentrates at a constant multiple of n, with the

constant factor being given by the expected value of some functional of N̂∗. See [22,

Lem. 4.3] for details.

Notation. — Unless otherwise stated, all unspecified limits are taken as n → ∞.

The arrows
p−→ ,

d−→ , and
a.s.−→ denote convergence in probability, convergence in

distribution, and almost sure convergence. Equality in distribution is denoted by
d
= . The total variation distance between measures and random variables is denoted

by dTV. For a vertex v in a directed graph N its indegree refers to the number of

edges in N whose destination is v. The outdegree of v is the numberof edges in N

whose source is v. We will refer to a vertex w as a child of v if there is a directed

edge from v to w in N . In a rooted undirected tree we use the notions “outdegree”

and “child” as if all edges were directed as pointing away from the root.

2. A bijective encoding in terms of decorated trees

Throughout the following, we fix an integer k ≥ 1 and use the short term k-

network in order to refer to binary rooted phylogenetic level-k networks. The collec-

tion of k-networks on a given set X will be denoted by N [X]. Recall that we admit

the k-network consisting of a single labelled root vertex with no edges.

In [23, 24] a decompositions of level-k networks into smaller simple networks was

developed. In this section we explain how this leads to a blow-up procedure for the

random generation of k-networks.
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2.1. Level-k networks are blow-ups of decorated trees. — Let N be a k-network

and let v be a vertex of N with outdegree 2. We say the vertex v splits (or is

splitting), if N contains no vertex that may be reached via a directed path from

both children of v. That is, we cannot walk from each of its two children to the

same vertex by only crossing edges in accordance with their direction.

This terminology allows us to differentiate three types of k-networks:

1. The trivial k-network consisting of a single root vertex and nothing else.

2. k-networks where the root has outdegree 2 and splits.

3. k-networks where the root has outdegree 2 and does not split.

It is easy to describe a k-network N on a set X where the root has outdegree 2

and splits. N is obtained in a unique way by taking an unordered pair of k-networks

with disjoint leaf sets that partition X, and adding a root vertex that is the source

of two directed edges that point to the respective roots of these two k-networks.

Now, suppose that N is a k-network where the root has outdegree 2 and does not

split. Then it is contained in a unique block B with at least 4 vertices. Vertices

with indegree 1 and outdegree 1 in B are tree nodes of N , and hence the source

of a bridge of N whose destination lies outside of B. Likewise, vertices of B with

indegree 2 and outdegree 0 are reticulation nodes of N , and the source of a bridge

of N whose destination lies outside of B. Let S be the network obtained from B

by additionally adding these bridges and their destinations, which then correspond

precisely to the leaves of S. We say S is a simple network, and B is its core. Thus,

the network N may be obtained from the k-network S by identifying the leaves of

S with the roots of smaller k-networks. The leaf sets of the k-networks attached to

S in this way partition the set X into non-empty disjoint subsets. We may view the

leaf set of a k-network attached to a leaf of S as the label of the leaf. Thus, any

k-network N on a set X whose root does not split may be obtained in a unique way

by forming a partition M of X into non-empty subsets, choosing a simple k-network

S on M , and for each partition class C ∈M we identify the leaf of S labelled by C

with the root of a k-network on C.

Letting N(k, n), B(k, n) ≥ 0 denote the number of k-networks and simple k-

networks on a given n-element set, it follows by standard combinatorial tools [25,

26, 27] that the exponential generating series

N (z) :=
∑
n≥1

N(k, n)
zn

n!
and B(z) :=

∑
n≥2

B(k, n)
zn

n!

satisfy the equation

N (z) = z +
N (z)2

2
+ B(N (z)).(2.1)

Moreover, it also follows that to each k-network N on a set X of at least two

leaves we may associate a k-network head(N), which is either a simple network on

some partition (with non-empty partition classes) of X, or it is the cherry network

(consisting of a root with two children) on a 2-partition of X (with non-empty
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partition classes). The network N is obtained by identifying the leaves of its head

with the roots of the subnetworks on the corresponding partition classes.

Whenever one of these subnetworks is not the trivial network consisting of a single

leaf, it has a head-structure of its own and is constructed from this head structure

and even smaller subnetworks. We may proceed recursively in this way until only

trivial subnetworks are left. In this way, we may form a pair Λ(N) := (T, δ) of a

rooted unordered tree T whose leaves are labelled bijectively with the element of X,

and a function δ that assigns to each inner vertex v of T a head structure δ(v) as

its decoration. We say (T, δ) is a decorated tree. The formal definition is as follows:

1. If a network N is trivial, that is it consists of a single leaf and nothing else, we

let T be given by a rooted tree consisting of a single vertex (labelled like the

leaf of N). As T has no inner vertices, δ is the trivial function with an empty

domain.

2. If a network N has at least two leaves, it consists of the network head(N) with

some number ` ≥ 2 of (possibly trivial) subnetworks N1, . . . , N` attached to the

leaves of head(N). We let T be the tree whose root o has ` children, such that

the ith child is the root of the tree corresponding (recursively) to Ni. We set

δ(o) = head(N) and extend δ according to the decorations in Λ(N1), . . . ,Λ(N`).

Thus:

Lemma 2.1. — For each finite non-empty set X, the function Λ (= ΛX) is a bi-

jection between the collection N [X] of k-networks on X, and the collection P[X] of

pairs (T, δ), where T is a rooted unordered tree whose leaves are bijectively labelled

with the elements of X, and δ is a function that assigns to each inner vertex v of T

a head structure (that is, a cherry network or a simple network) on the children of

v (or equivalently the corresponding partition of X).

Lemma 2.1 identifies the combinatorial class of k-networks with a special case

of a class of Schröder-enriched parenthesizations. In general, if we have a class of

combinatorial structures where each structure has a“size”given by a positive integer,

we may form the corresponding class of Schröder-enriched parenthesizations. It is

the collection of all unordered rooted trees where each inner vertex has a decoration

given by a structure whose size agrees with the outdegree of the vertex. See [28] for

details. In the present case, the structures are the head networks, and the “size” of

a head network is its number of leaves.

The inverse Λ−1 function of Λ may be described as a blow-up procedure, that

maps a decorated tree (T, δ) to the network obtained by “blowing up” each inner

vertex v of T by its decoration δ(v). That is, we delete the edges between v and

its children, identify the root of δ(v) with v, and identify each child of v with the

corresponding leaf in δ(v).

2.2. A sampling procedure that uses simply-generated trees. — Let Pn be uni-

formly selected from the collection P[X] for X := {1, . . . , n}, n ≥ 2. Since,
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Λ−1 : P[X] → N [X] is a bijection, it follows that the k-network Λ−1(Pn) is dis-

tributed like the uniform k-network Nn on X. Hence we may assume without loss

of generality that

Nn = Λ−1(Pn).(2.2)

Letting H(k, i) ≥ 0 denote the number of head-networks with i leaves for all i ≥ 0,

and set

H(z) :=
∑
i≥2

H(k, i)

i!
zi = B(z) + z2/2.(2.3)

We refer to w := (H(k, i)/i!)i≥0 as a weight-sequence. For each set Y we let H[Y ] de-

note the collection of head-structures with leaves labelled bijectively by the elements

of Y . For ease of notation, we set

H[d] := H[{1, . . . , d}](2.4)

for all integers d ≥ 0.

A (planted) plane tree is a rooted ordered unlabelled tree. The children of any

of its vertices are endowed with a linear order. We refer the reader to [29, Sec.

1.2.2] for a detailed introduction to this type of trees. The following procedure,

formulated in [19, Lem. 6.7] for general Schröder enriched parenthesizations, allows

us to generate Pn from a random (weighted) plane tree with n leaves:

Proposition 2.2 ([19, Lem. 6.7]). — Set p0 = 1 and pi = H(k, i)/i! for all i ≥ 1.

The outcome (τn, δn) of the following procedure is distributed like Pn.

1. Generate a random plane tree τn with n leaves according to its distribution

P(τn = T ) = (
∑
P

∏
v∈P

pd+P (v)
)−1

∏
v∈T

pd+T (v)
,(2.5)

with the sum-index P ranging over the finite collection of plane trees with n

leaves, where each internal vertex has outdegree at least two.

2. For each inner vertex v of τn sample a head-structure

δn(v) ∈ H[d+τn(v)](2.6)

uniformly at random.

3. Choose a bijection σ between the set of leaves of τn and X uniformly at random,

and distribute labels to the leaves of τn accordingly.

Note that the decorated tree Pn is unordered, whereas in (τn, δn) the children of

any vertex are endowed with a linear order. If we forget about these linear orders,

we obtain a decorated unordered tree that is distributed like Pn. Note also that the

distribution of τn in (2.5) depends on the weight sequence w.
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3. Asymptotic enumeration

In this section we will prove Lemma 1.1 and identify τn as a critical Galton–

Watson tree conditioned on having n leaves.

The number of possible simple components in k-networks is infinite. However,

[23] developed a decomposition of simple networks in terms of so-called generators.

A generator is a directed multi-graph obtained from the core of a simple network by

contracting each vertex of the core with in-degree 1 and outdegree 1. Conversely,

simple networks are precisely the networks obtained by blowing up edges of gener-

ators into paths (that is, replacing the edge by a path with at least one edge), and

afterwards adding outgoing edges to all vertices with indegree 1 and outdegree 1,

and all vertices with indegree 2 and outdegree 0. However, care has to be taken

when a generator contains multi-edges, that is, pairs of vertices joined by exactly

two edges. In this case, for each such pair we have to blow-up at least one of the

two edges by a path with at least two edges.

For all i, j, ` ≥ 0 let G(k, i, j, `) denote the number of generators with the following

properties:

1. The number of vertices with indegree 2 is at most k.

2. There are i vertices with outdegree 0, labelled from 1 to i.

3. There are j edges that are not multi-edges, labelled from 1 to j.

4. There are ` pairs of multi-edges joining the same two vertices, and each pair

carries a unique label from 1 to `.

It follows that the series H(z) defined in Equation (2.3) satisfies

H(z) =
z2

2
+
∑
i,j,`≥0

G(k, i, j, `)

i!j!`!
zi

1

(1− z)j

(
z

1− z
+

z2

2(1− z)2

)`
.(3.1)

The total number of generators that contain at most k vertices with indegree 2

is finite, see [23, 24]. Consequently, it follows from (3.1) that there is a bivariate

polynomial f(z, w) 6= 0 with f(0, w) = 0 = f(z, 0) such that

H(z) =
z2

2
+ f(z, (1− z)−1).(3.2)

This crucial equation entails that H(z) has radius of convergence 1 and

lim
t↗1
H′(t) =∞.(3.3)

Let 0 < t0 < 1 be the unique point with H′(t0) = 1. Let ξ be a random non-negative

integer with distribution given by

P(ξ = `) =

p`t`−10 ` ≥ 1

1−
∑

i≥1 pit
i−1
0 ` = 0

.(3.4)

By the choice of t0, this is well-defined and

E[ξ] = H′(t0) = 1.(3.5)
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As t0 < 1, it follows that ξ has finite exponential moments. That is, there is an

ε > 0 such that

E[(1 + ε)ξ] <∞.(3.6)

Recall that a ξ-Galton–Watson τ is a random plane tree that starts with a single

root vertex and where each vertex receives offspring according to an independent

copy of ξ. Thus, if T is a plane tree with n leaves,

P(τ = T ) =
∏
v∈T

P(ξ = d+T (v)) = P(ξ = 0)ntn−10

∏
v∈T

pd+T (v)
.(3.7)

Thus, P(τ = T ) is equal to the product of P(τn = T ) and a factor that only depends

on n (and not on T ). Hence, τn is distributed like the result of conditioning τ on

the event that its number L(τ) of leaves is equal to n. That is,

τn
d
= (τ | L(τ) = n).(3.8)

Equations (3.5) and (3.6) allow us to apply a general result [24, Thm. 3.1] for the

number of leaves in a critical Galton–Watson tree, yielding

P(L(τ) = n) ∼

√
P(ξ = 0)

2πV[ξ]
n−3/2(3.9)

The probability generating function Z(z) := E[zL(τ)] for L(τ) satisfies the recursive

equation

Z(z) = zP(ξ = 0) +
∑
`≥1

P(ξ = `)Z(z)` = z(1−H(t0)/t0) +H(t0Z(z))/t0.(3.10)

Equation (3.5) entails that

t0 =
∑
i≥1

pit
i
0 > H(t0).(3.11)

Hence it follows from Equation (3.10) that

t0Z(z/(t0 −H(t0))) = z +H(t0Z(z/(t0 −H(t0)))).(3.12)

Equation (2.1) entails that N (z) = z +H(N (z)), hence

N (z) = t0Z(z/(t0 −H(t0))).(3.13)

In other words, it holds for all n ≥ 1

N(k, n) = P(L(τ) = n)t0(t0 −H(t0))
−n.(3.14)

Using (3.9), it follows that

N(k, n) ∼

√
P(ξ = 0)

2πV[ξ]
t0n
−3/2(t0 −H(t0))

−n(3.15)

This proves Lemma 1.1 for ak :=
√

P(ξ=0)
2πV[ξ] t0 and ρk = (t0 −H(t0))

−n.

4. The asymptotic global shape

In the present section we prove Theorems 1.2, 1.3, and 1.4.
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4.1. Preparations. — The following observation is easy, but we are going to use it

often enough to state it explicitly:

Proposition 4.1. — Let d ≥ 2 be an integer. Then the number of vertices |H| in

a head structure H ∈ H[d] is bounded by 2(d+ k).

Proof. — This follows from the fact that any simple network has at most k reticu-

lation vertices, and all other vertices either have outdegree 2 or 0:

We may build any simple network from a cherry network (consisting of a root

vertex with two children) step by step, where in each step we either add two children

to a leaf, or fuse two leaves together and add a single child to the newly created

reticulation vertex. (Please note that not every network created in this way is a

simple network.) The first kind of step increases the total number of vertices by

two and increases the number of leaves by 1. The second kind of step leaves the

total number of vertices invariant and decreases the number of leaves by 1. Letting

s1 and s2 denote the number of steps of kind 1 and 2, the resulting network has

V := 3 + 2s1 vertices and L := 2 + s1 − s2 leaves. Since we can have at most k

reticulation vertices, s2 ≤ k holds, and hence

2(L+ k) ≥ 2(2 + s1) ≥ V.

Since a head structure from H[d] has d leaves, it follows that it has at most 2(d+ k)

vertices.

We are also going to need a bound for the maximal outdegree of τn:

Proposition 4.2. — There is a constant C > 0 such that the maximal outdegree

∆(τn) of τn satisfies

∆(τn) ≤ C log n(4.1)

with a probability that tends to 1 as n→∞.

Proof. — Since P(ξ = 1) = 0, it follows that τn has (almost surely) no inner vertices

with outdegree 1. Consequently, the number |τn| of vertices of τn is bounded by the

number of vertices of a binary tree with n leaves, that is,

|τn| ≤ 2n− 1.(4.2)

Using (3.9), it follows that for any x > 0

P(∆(τn) > x) =
P(L(τ) = n,∆(τ) > x)

P(L(τ) = n)
(4.3)

≤ P(L(τ) = n)−12nP(ξ > x)

≤ O(n5/2)P(ξ > x).

By (3.6) it follows that there are constants C, c > 0 such that

P(ξ > x) ≤ C exp(−cx)(4.4)
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for all x > 0. Taking x = C ′ log n for a sufficiently large constant C ′ > 0, it follows

that

P(∆(τn) > C ′ log n)→ 0(4.5)

as n→∞.

4.2. Size-biased trees. — Since E[ξ] = 1, we may define the size-biased random

positive integer ξ̂ by

P(ξ̂ = i) = iP(ξ = i).(4.6)

For each integer ` ≥ 0, we define the size-biased Galton–Watson tree τ̂ (`) as a random

finite plane tree with a marked vertex having height `. For ` = 0, we let τ̂ (0) denote

an independent copy of the Galton–Watson tree with a marked vertex that coincides

with its root vertex. Inductively, we define τ̂ (`) for ` ≥ 1 as follows: Start with a

root vertex that receives offspring according to an independent copy of ξ̂. A child of

the root is selected uniformly at random and identified with an independent copy of

τ̂ (`−1). Each of the remaining children of the root gets identified with an independent

copy of τ , that is, a fresh independent copy for each remaining child.

Thus, the vertices of τ̂ (`) that receive offspring according to ξ̂ (as opposed to ξ)

together with the marked vertex of τ̂ (`) form a path of length ` from the root to the

marked vertex of τ̂ (`).

It is elementary to verify that for each finite plane tree T and each vertex v of T

with height ` it holds that

P
(
τ̂ (`) = (T, v)

)
=
∏
u∈T

P
(
ξ = d+T (u)

)
= P(τ = T ).(4.7)

Any locally finite rooted tree T may be decorated in a canonical random way by

choosing for each inner vertex v a decoration from H[d+T (v)] uniformly at random,

independently from the remaining decorations. Thus we may form canonical random

decorations (τ, δ) and (τ̂ (`), δ̂(`)). It follows from (4.7) that for any deterministic

decoration γ of T

P
(

(τ̂ (`), δ̂(`)) = (T, γ)
)

= P(τ = T )
∏

u∈T,d+T (u)>0

1

|H[d+T (u)]|
(4.8)

= P ((τ, δ) = (T, γ)) .

4.3. Heights in random networks. — We let the height hN (v) of a vertex u in a

network N be the length of a shortest directed path from the root of N to u. Using

the decorated trees (τ, δ) and (τ̂ (`), δ̂(`)), we are now ready to prove the following:

Lemma 4.3. — Let η denote the length of a shortest directed path from the root of

a uniformly selected network from H[ξ̂] to a leaf that is uniformly selected among its

ξ̂ leaves. With a probability that tends to 1 as n → ∞, any vertex v of τn has the

property, that the corresponding vertex u in Nn = Λ−1(Pn) satisfies

|hNn(u)− E[η]hτn(v)| ≤ n3/8.(4.9)
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Proof. — Let us take a closer look at the network Λ−1(τ̂ (`), δ̂(`)). The path v0, . . . , v`

from the root v0 of τ̂ (`) to its marked vertex v` corresponds to vertices u0, . . . , u`

in Λ−1(τ̂ (`), δ̂(`)). In particular, u0 coincides with the root of Λ−1(τ̂ (`), δ̂(`)). Every

path in Λ−1(τ̂ (`), δ̂(`)) from u0 to u` must pass through u1, . . . , u`−1 and is entirely

contained in the subnetworks corresponding to δ̂(`)(v0), . . . , δ̂
(`)(v`−1). The length

of a shortest directed path from u0 to u` is distributed like the sum η1 + . . .+ η` of `

independent copies η1, . . . , η` of η.

It follows from Equation (3.6) and Proposition 4.1 that η has finite exponential

moments, that is,

E[(1 + ε)η] <∞.(4.10)

for some ε > 0. Let η̃ := η−E[η]. It follows that there is a constant c > 0 such that

for all sufficiently small λ > 0

E[exp(λη̃)] ≤ 1 + cλ2 and E[exp(−λη̃)] ≤ 1 + cλ2.(4.11)

Using Markov’s inequality, it follows that for all x > 0

P(η1 + . . .+ η` − `E[η] > x) ≤ P

(
exp

(
λ
∑̀
i=1

(ηi − E[η])

)
> exp(λx)

)
(4.12)

≤ E [exp(λη̃)]`

exp(λx)

≤ (1 + cλ2)`

exp(λx)
.

Repeating the same argument for −η̃ instead of η̃, we arrive at

P(|η1 + . . .+ η` − `E[η]| > x) ≤ 2
(1 + cλ2)`

exp(λx)
.(4.13)

Taking x = n3/8 and λ = n−1/4, it follows that uniformly for all 1 ≤ ` ≤
√
n log n

P(|η1 + . . .+ η` − `E[η]| > n3/8) ≤ exp(−Θ(n1/8))(4.14)

for all ` ≥ 1.

The main result of [11] entails that the height of the tree τn admits a distributional

limit when rescaled by n−1/2. In particular, it is smaller than
√
n log n with a

probability that tends to 1 as n → ∞. Thus, the probability that a “bad” vertex

exists in (τn, δn) such that Inequality (4.9) fails is bounded by

o(1) +

√
n logn∑
`=1

P((τn, δn) contains a “bad” vertex with height `).(4.15)

We know by (4.2) that τn has at most 2n vertices in total. Critically applying

Equation (4.8) and using Inequality (4.14) and Equation (3.9), it follows that the
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sum in (4.15) may be bounded by

P(L(τ) = n)

√
n logn∑
`=1

P((τ, δ) contains a “bad” vertex with height `)(4.16)

≤ O(n3/2)

√
n logn∑
`=1

(2n)P(the marked vertex of (τ̂ (`), δ̂(`)) is bad)

≤ O(n5/2)

√
n logn∑
`=1

P(|η1 + . . .+ η` − `E[η]| > n3/8).

By Inequality (4.14), it follows that this upper bound may be further bounded by

O(n3 log n) exp(−Θ(n1/8)), which tends to zero as n → ∞. This completes the

proof.

For ease of notation, in everything that follows we will simply consider a vertex

v ∈ τn of the tree τN also as a vertex v ∈ Nn of the network Nn. This saves us from

repeatedly writing “the vertex of Nn that corresponds to v ∈ τn”.

Note that Nn is likely to have more vertices than τn. Each head structure δn(v) for

v ∈ τn may contribute a surplus of vertices that do not correspond to any vertices

of τn. These are precisely the non-root non-leaf vertices of δn(v). We will need

fine-grained information on the growth of the surplus:

Lemma 4.4. — Let v1, . . . , v|τn| denote the depth-first-search ordered list of vertices

of τn. For each head structure H let S(H) denote the number of surplus vertices of

H, that is, the number of non-root non-leaf vertices of H. Let κ denote the number

of surplus vertices of a uniform random head structure from H[ξ]. With a probability

that tends to 1 as n→∞, ∣∣∣∣∣∑̀
i=1

S(δn(vi))− `E[κ]

∣∣∣∣∣ ≤ n3/4(4.17)

holds for all 1 ≤ ` ≤ |τn|.

Proof. — Note that κ has finite exponential moments: ξ has finite exponential mo-

ments by (3.6) and any head structure from H[ξ] has at most 2(ξ + k) vertices by

Proposition 4.1. Hence κ ≤ 2(ξ + k), entailing that

E[(1 + ε)κ] <∞(4.18)

for some ε > 0.

Let κ1, κ2, . . . denote independent copies of κ. The finite exponential moments

property (4.18) allows us to argue analogously as for Inequality (4.13), yielding that

there is a constant c > 0 such that for all sufficiently small λ > 0 and all x > 0 and

integers ` ≥ 1

P(|κ1 + . . .+ κ` − `E[κ]| > x) ≤ 2
(1 + cλ2)`

exp(λx)
.(4.19)
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Taking x = n3/4 and λ = n−1/2, it follows that uniformly for all 1 ≤ ` ≤ 2n

P(|κ1 + . . .+ κ` − `E[κ]| > n3/4) ≤ exp(−Θ(n1/4)).(4.20)

Recall that τn has at most 2n vertices by Inequality (4.2). Hence the probability

that there is a “bad” integer 1 ≤ ` ≤ |τn| for which (4.17) fails is bounded by

P(L(τ) = n)−1
2n∑
m=n

m∑
`=1

P(|τ | = m, ` is “bad”)(4.21)

Let ξ1, ξ2, . . . denote independent copies of ξ, and for each i ≥ 1 let H(ξi) be uni-

formly selected from H[ξi]. Thus, S(H(ξ1)), S(H(ξ2)), . . . are independent copies

of κ.

The depth-first-search ordered outdegrees of τ may be described by (ξ1, . . . , ξL)

with L denoting the first integer for which
∑L

i=1(ξi − 1) = −1. The decorations

(δ(v))v∈τ may be described by H1, H2, . . .. Thus the event that |τ | = m and that `

is “bad” implies that ∣∣∣∣∣∑̀
i=1

S(Hi)− `E[κ]

∣∣∣∣∣ > n3/4(4.22)

Using (4.20) and (3.9), it follows that the upper bound (4.21) may be bounded

further by

Θ(n3/2)2n2 exp(−Θ(n1/4)).(4.23)

This bound tends to zero as n→∞. Hence the proof is complete.

We are now ready to prove Theorems 1.2, 1.3, and 1.4.

Proof of Thm. 1.2. — Let v1, . . . , v|τn| denote the depth-first-search ordered list of

vertices of τn, which we will also consider as vertices of Nn = Λ−1(Pn). For each

1 ≤ i ≤ |τn| let si denote the size of the surplus S(δn(vi)) and let vi,1, . . . , vi,si denote

the vertices of the surplus. Thus,

(u1, . . . , u|Nn|) := (v1, v1,1, . . . , v1,s1 , . . . , v|τn|, v|τn|,1, . . . , v|τn|,s|τn|)(4.24)

is an ordering of the vertices of Nn.

There is a constant C > 0 such that with a probability that tends to 1 as n→∞,

it holds for all 1 ≤ i ≤ |τn| and all 1 ≤ j ≤ si that

|hNn(vi)− hNn(vi,j)| ≤ C log n.(4.25)

To see this, note that the difference of distances in (4.25) is bounded by the number

of vertices |δn(vi)| of the head structure δn(vi). By Proposition 4.1, this is at most

2(d+τn(vi) + k). by Proposition 4.2 this may be further bounded by

2(d+τn(vi) + k) ≤ 2(∆(τn) + k) = O(log n).

Hence (4.25) holds with high probability for all i and j.
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Note further that for each 1 ≤ r ≤ |Nn| there is a unique index 1 ≤ i(r) ≤ |τn|
such that either ur = vi(r) or ur = vi(r),j for some 1 ≤ j ≤ si(r). By Inequality (4.25)

it follows that

|hNn(ur)− hNn(vi(r))| ≤ C log n(4.26)

holds for all 1 ≤ r ≤ |τn| with a probability that tends to 1 as n→∞. By Lemma 4.3

and the triangle inequality, it follows that

|hNn(ur)− E[η]hτn(vi(r))| ≤ O(n3/8).(4.27)

Furthermore, Lemma 4.4 (where S(δn(vi)) corresponds to the notation si here)

implies that with probability tending to 1 as n→∞

||Nn| − (1 + E[κ])|τn|| ≤ n3/4(4.28)

and for all 1 ≤ r ≤ |Nn|

|r − (1 + E[κ])i(r)| ≤ O(n3/4).(4.29)

By the main result of [11], there is a constant b > 0 such that the height process

(hτn(vt|τn|) : 0 ≤ t ≤ 1) (with linear interpolation between values hτn(vi) for 1 ≤ i ≤
|τn|) satisfies

(bn−1/2hτn(vt|τn|) : 0 ≤ t ≤ 1)
d−→ (e(s) : 0 ≤ s ≤ 1)(4.30)

as random elements of the space of continuous function C([0, 1],R).

Now it comes all together: By (4.27), (4.28), (4.29), and (4.30) (and the fact

n ≤ |τn| ≤ 2n from (4.2)) it follows that

(bE[η]−1)n−1/2hNn(vt|Nn|) : 0 ≤ t ≤ 1)
d−→ (e(s) : 0 ≤ s ≤ 1).(4.31)

Thus, Equation (1.2) holds with

bk := b/E[η].(4.32)

Let w1, . . . , wn denote the depth-first-search ordered list of leaves of τn. Thus,

w1, . . . , wn also correspond to the leaves of Nn. The convergence

(bE[η]−1)n−1/2hNn(wtn) : 0 ≤ t ≤ 1)
d−→ (e(s) : 0 ≤ s ≤ 1).(4.33)

follows by analogous arguments, since the number of vertices between consecutive

leaves in the depth-first-search ordered list of vertices of τn may be controlled in an

analogous fashion as the surplus of the head structures, ensuring that

(bn−1/2hτn(wtn) : 0 ≤ t ≤ 1)
d−→ (e(s) : 0 ≤ s ≤ 1).(4.34)

This completes the proof of Theorem 1.2.

Proof of Theorem 1.3. — We want to show that there are constants C, c > 0 such

that for all x > 0 and n ≥ 2

P(H(Nn) > x) ≤ C exp(−cx2/n).(4.35)
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By (4.2) we know that |τn| ≤ 2n. By Proposition 4.1 it follows that the total

number |Nn| of vertices in Nn satisfies

|Nn| = 1 +
∑
v∈τn

(|δn(v)| − 1)(4.36)

≤ 1 + 2
∑
v∈τn

(d+τn(v) + k)

= 1 + 2(|τn| − 1) + 2|τn|k

≤ 4n(k + 1).

Consequently, H(Nn) ≤ 4n(k + 1).

Hence it suffices to show (4.35) for x ≤ 4n(k+ 1). Moreover, we may always take

C large enough (depending on c) so that C exp(−c) > 1, implying that (4.35) is

automatically fulfilled for all 0 < x <
√
n. Thus, it suffices to show the existence of

c, C > 0 such that (4.35) holds for all

√
n ≤ x ≤ 4n(k + 1).(4.37)

The main theorem of [13] establishes tail-bounds for the height of critical Galton–

Watson trees conditioned on having n vertices if the offspring distribution has finite

variance. In [19, Lem. 6.61, Eq. (6.41)] this result and further observations from [13]

were used to deduce the similar bounds for blow-ups of such trees. By [12], [19, Sec.

6.1.7] we can view a Galton–Watson tree conditioned on having n leaves as a blow-

up of a different Galton–Watson tree conditioned on having n vertices, allowing us

to apply [19, Lem. 6.61, Eq. (6.41)] to deduce that there are constants c1, C1 > 0

such that for all x > 0 and n ≥ 1

P(H(τn) > x) ≤ C1 exp(−c1x2/n).(4.38)

Let ε > 0 be given. We will choose a suitable value for ε later on. Inequality (4.38)

entails that

P(H(τn) > εx) ≤ C1 exp(−c1ε2x2/n).(4.39)

A vertex of Nn with maximal height may either be a vertex that pertains to τn or

a vertex that lies in the surplus of some head structure. (The later case is possible

since we look at directed paths. Thus a vertex with maximal height in Nn is not

necessarily a leaf of Nn.) If such a vertex u lies in the surplus of some head structure

δn(v) for v ∈ τn, then

hNn(u) ≤ hNn(v) + |δn(v)|.

Hence, if hNn(u) > x, then hNn(v) > x/2 or |δn(v)| > x/2. It follows that

(4.40) P(H(τn) ≤ εx,H(Nn) > x)

≤ P(max
v∈τn
|δn(v)| > x/2) + P(H(τn) ≤ εx,max

v∈τn
hNn(v) > x/2).
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By Proposition (4.1) and Equation (4.3) it follows that

P
(

max
v∈τn
|δn(v)| > x/2

)
≤ P(∆(τn) > x/4− k)(4.41)

≤ O(n5/2)P(ξ > x/4− k).

Recall that by (4.37) we assumed that
√
n ≤ x ≤ 4n(k + 1). Hence, using Inequal-

ity (4.4) it follows that

P
(

max
v∈τn
|δn(v)| > x/2

)
≤ O(n5/2) exp(−Θ(x))(4.42)

≤ exp(−Θ(x))

≤ exp(−Θ(x2/n)).

In order to bound the probability for the event that simultaneously H(τn) ≤ εx

and maxv∈τn hNn(v) > x/2, we may argue identically as for (4.16) to obtain

P(H(τn) ≤ εx,max
v∈τn

hNn(v) > x/2) ≤ O(n5/2)

bεxc∑
`=1

P(η1 + . . .+ η` > x/2).(4.43)

Here η1, η2, . . . denote independent copies of η.

Setting ε := 1/(4E[η]), it follows that x/2−E[η]` ≥ x/4 for all 1 ≤ ` ≤ εx. Hence,

by (4.13), it follows that there is a constant c2 > 0 such that for all sufficiently small

λ (independent of ` and x) and all 1 ≤ ` ≤ εx

P(η1 + . . .+ η` > x/2) ≤ 2
(1 + c2λ

2)`

exp(λx/4)
≤ 2

(1 + c2λ
2)x/(4E[η])

exp(λx/4)
(4.44)

Choosing λ small enough, it follows that there are constants C2, c3 > 0 such that

P(η1 + . . .+ η` > x) ≤ C2 exp(−c3x).(4.45)

Recall that we assumed
√
n ≤ x ≤ 4n(k + 1) by (4.37), hence it follows from (4.43)

that

P(H(τn) ≤ εx,max
v∈τn

hNn(v) > x/2) ≤ O(n7/2) exp(−c3x)(4.46)

≤ exp(−Θ(x))

≤ exp(−Θ(x2/n)).

Combining (4.39), (4.40), (4.42) and (4.46), it follows that

P(H(Nn) > x) ≤ C3 exp(−c4x2/n)(4.47)

for some constants C3, c4 > 0 that do not depend on x or n.

Proof of Thm. 1.4. — We define η′ analogously to η, as the length of a shortest

undirected path from the root of a uniformly selected network from H[ξ̂] to a leaf

that is uniformly selected among its ξ̂ leaves. That is, the path may cross edges in

any direction, regardless of their orientation.
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Lemma 4.3 holds analogously for undirected paths. That is, interpreting the

vertices of τn as part of Gn,

sup
v∈τn
|hGn(v)− E[η′]hτn(v)| ≤ n3/8(4.48)

holds with probability tending to 1 as n → ∞. Here hGn(v) denotes the graph

distance dGn(o, v) from the root vertex o of Gn to the vertex v. Hence Thm. 1.2 and

all intermediate observations in its proof hold analogously for undirected paths, that

is,

(b′kn
−1/2hs|Gn| : 0 ≤ s ≤ 1)

d−→ (e(s) : 0 ≤ s ≤ 1)(4.49)

for

b′k := b/E[η′](4.50)

as n→∞.

Given two vertices v, w ∈ τn there is a unique path Q in τn that joins them in τn,

but there may be several different paths P in Gn that join v and w in Gn. However,

we know that the vertices and edges of P are always entirely contained in the head-

structures (δn(u))u∈Q. Let lca(u, v) denote the lowest common ancestor of v and w

in the tree τn. The distance dτn in the tree τn satisfies

dτn(v, w) = hτn(v) + hτn(w)− 2hτn(lca(u, v)).(4.51)

A similar statement holds for the distance dGn in Gn: If Pv and Pw are shortest

paths in Gn from v to the root o and from w to o, we may construct a shortest path

P from v to w by following Pv until we encounter for the first time a vertex v′ from

δn(lca(v, w)), walking from v′ to the analogously defined vertex w′ from δn(lca(v, w))

by a path that lies entirely in δn(lca(v, w)), and then following Pw (in its reverse

direction) from w′ back to w. This entails that

dGn(v, w) = hGn(v) + hGn(w)− 2hGn(lca(v, w)) +R(v, w)(4.52)

for an error term R(v, w) satisfying

|R(v, w)| ≤ 3|δn(lca(v, w))|.(4.53)

Recall that in Equation (4.24) we constructed a special ordering

(u1, . . . , u|Nn|) := (v1, v1,1, . . . , v1,s1 , . . . , v|τn|, v|τn|,1, . . . , v|τn|,s|τn|)(4.54)

of the vertices of Nn. Here v1, . . . , v|τn| is a depth-first-search ordering of the vertices

of τn, where, say, we always proceed along the left-most unvisited vertex. This way,

it holds for all 1 ≤ i ≤ j ≤ |Gn| that

hGn(lca(vi, vj)) = min
i≤r≤j

hGn(vr).(4.55)

By Proposition 4.1 and Proposition 4.2, it follows analogously as for (4.26) that

there is a constant C ′ > 0 such that

max
v∈τn
|δn(v)| ≤ 2(∆(τn) + k) ≤ C ′ log n(4.56)
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with a probability that tends to 1 as n → ∞. It follows from Equation (4.52) that

hence there is a constant C > 0 such that with a probability that tends to 1 as

n→∞ ∣∣∣∣dGn(ui, uj)−
(

hGn(ui) + hGn(uj)− 2 min
i≤r≤j

hGn(ur)

)∣∣∣∣ ≤ C log n(4.57)

for all 1 ≤ i ≤ j ≤ |Nn|. Multiplying both sides of (4.57) by b′kn
−1/2, Thm. 1.4 now

follows from (4.49) and the definition (1.11) of the metric of the Brownian continuum

random tree.

5. The asymptotic local shape

Using the notation from Section 4.2, we may set

(τ̂ , δ̂) := (τ̂ (∞), δ̂(∞))(5.1)

and

N̂ := Λ−1(τ̂ , δ̂).(5.2)

Here, by a slight abuse of notation, we use Λ−1 to denote the canonical extension

of the blow-up procedure Λ−1 (defined for finite decorated trees) to infinite locally

finite decorated trees. The infinite network N̂ is the local weak limit of Nn as n→∞:

Proof of Thm. 1.5. — General results for the local convergence of conditioned

Galton–Watson trees [30] imply that

τn
d−→ τ̂(5.3)

in the local topology. That is, for any fixed constant ` ≥ 0 the probability for the

`-neighbourhood of the root of τn to assume a given shape converges as n → ∞ to

the probability for the `-neighbourhood of the root of τ̂ to assume that shape.

By Skorokhod’s representation theorem we may assume that τ̂ , τ2, τ3, . . . are cou-

pled such that

τn
a.s.−→ τ̂ .(5.4)

This entails

(τn, δn)
a.s.−→ (τ̂ , δ̂).(5.5)

Hence

Nn = Λ−1(τn, δn)
a.s.−→Λ−1(τ̂ , δ̂) = N̂.(5.6)

This proves the local weak convergence in (1.6).

Kersting [31, Thm. 5] described the asymptotic shape of o(
√
n)-neighbourhoods

of critical Galton–Watson trees conditioned on having n vertices (if the offspring

distribution has finite variance). Using a transformation from [12, 28], it follows that

this also holds for Galton–Watson trees conditioned on having n leaves, yielding

dTV(U`n(τn), U`n(τ̂))→ 0(5.7)
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for any sequence `n of positive integers satisfying `n = o(
√
n). Consequently, we

may assume that τ̂ , τ1, τ2, . . . are coupled such that

U`n(τn) = U`n(τ̂)(5.8)

holds with a probability that tends to 1 as n→∞. Consequently, we may construct

the decorations in such a way that

(U`n(τn), (δn(v))v∈U`n (τn)) = (U`n(τ̂), (δ̂(v))v∈U`n (τ̂))(5.9)

holds with a probability tending to 1 as n→∞. This entails that

U`n(Nn) = U`n(Λ−1(τn, δn)) = U`n(Λ−1(τ̂ , δ̂)) = U`n(N̂)(5.10)

again holds with probability tending to 1 as n → ∞. This implies Equation (1.13)

and completes the proof.

The surplus vertices of the head structures influence the location of a uniformly

selected vertex. To take them into account, we form the tree Tn by colouring the

vertices of τn blue and adding to each vertex v ∈ τn additional S(δn(v)) red children.

We define T in same way by adding the surplus vertices of (τ, δ) as red children at

the appropriate vertices, making T a two-type Galton–Watson tree with offspring

distribution (ξ, κ), with κ defined as in Lemma 4.4. (This makes ξ and κ depen-

dent on each other.) A uniformly selected vertex un of Nn hence corresponds to a

uniformly selected vertex of Tn.

By a general result [32, Thm. 3] for conditioned multi-type Galton–Watson trees,

there is a random 2-type tree T̂ ∗ such that

(Tn, un)
d−→T̂ ∗(5.11)

in the local topology as n → ∞. The tree T̂ ∗ has a marked vertex with a finite

number of descendants, and an infinite number of ancestors, each having a random

finite number of descendants in total. (This agrees with the intuition that most

vertices of Tn are far from the root and have few descendants.) We may assign

random decorations δ̂∗(v), v ∈ T̂ ∗ in the same way as before (for δ, δn, and δ̂),

allowing us to define the infinite network

N̂∗ := Λ−1(T̂ ∗, δ̂∗).(5.12)

The network N̂∗ describes the asymptotic shape of the vicinity a random vertex of

Nn, similarly as N̂ describes the vicinity of the fixed root vertex of Nn:

Proof of Thm. 1.6. — Applying Skorokhod’s representation theorem to (5.11), we

may assume that T̂ ∗, (T2, u2), (T3, u3), . . . are coupled such that

(Tn, un)
a.s.−→T̂ ∗.(5.13)

This entails

((Tn, un), δn)
a.s.−→ (T̂ ∗, δ̂∗).(5.14)

Hence

(Nn, un) = (Λ−1(Tn, δn), un)
a.s.−→ N̂∗.(5.15)
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This proves the local weak convergence in (1.15).

In order to prove the quenched convergence in (1.16), note that stating (1.16) to

hold for all ` ≥ 1 and all vertex-marked graphs G is equivalent to stating that the

random probability measure L((Nn, un) | Nn) given by the uniform measure on the

|Nn| many vertex-marked versions of Nn satisfies

L((Nn, un) | Nn)
d−→L(N̂∗),(5.16)

with L(N̂∗) denoting the deterministic law of N̂∗. Now, [32, Thm. 3] ensures such a

quenched limit for the uniform measure L((Tn, un) | Tn) on the |Tn|-many (= |Nn|
many) vertex marked versions of Tn, with the deterministic limit measure given by

the law L(T̂ ∗) of T̂ ∗. That is,

L((Tn, un) | Tn)
d−→L(T̂ ∗).(5.17)

Using the Chernoff bounds, this implies such a limit for the decorated versions:

L(((Tn, un), δn) | Tn)
d−→L(T̂ ∗, δ̂∗).(5.18)

The limit (5.16) now follows from (5.18) by applying the blow-up procedure Λ−1

and the continuous mapping theorem. This completes the proof.
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