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Abstract
Various combinatorial classes such as outerplanar graphs and maps, series-parallel graphs,
substitution-closed classes of permutations and many more allow an encoding by so-called enriched trees, which are rooted Cayley trees with additional structure on the offspring of each
node. Under conditions that are satisfied by all aforementioned examples we develop a uniform
sampling procedure for enriched trees running in expected linear time. The key ingredient of our
sampler is a representation of enriched trees in terms of Galton-Watson trees, for which efficient
samplers were developed by Devroye in [19]. Additionally, our method allows us to construct
expected linear time samplers for Galton-Watson trees having exactly n (out of ≥ n total) nodes
with outdegree in some fixed set, implying uniform generation for many combinatorial classes
such as dissections of polygons.
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Introduction and Main Results

Suppose we are given a combinatorial class C, that is, a countable set equipped with a size function
|·| : C → N0 such that Cn := {C ∈ C : |C| = n} is finite for all n ∈ N0 . A sampler for C is a set of
rules involving random decisions whose output is an element C ∈ C following some given probability
distribution. The development of efficient samplers, or equivalently, the efficient random generation
of combinatorial objects, is an active and prominent research area with widespread applications.
There is a plethora of results and techniques, many of which address specific problems and develop
ad hoc methods, and others that create universal techniques that are applicable in various situations.
Let us start right away with an important case that is very well understood and also directly
relevant to the results that will be derived here. Let ξ be a random non-negative integer. We create
a tree T by starting with a single vertex and attaching to it a number of vertices/children distributed
like ξ. Subsequently, we repeat this procedure for every newly created vertex independently. This is
the well-known Galton-Watson tree with offspring distribution ξ, and by conditioning T to have size
n we obtain a random variable Tn taking values in the class of trees with n vertices. For example,
if we choose ξ to follow a Poisson distribution with mean one, then the distribution of Tn is just the
uniform distribution on the class of all rooted (Cayley) trees with n vertices. In [15] and improving
upon many previous results addressing special cases (for example [1, 2] and [14, Ch. XIII.5]) or
having a worse running rime [19], Devroye presented a general algorithm for sampling Tn that
runs in expected linear time when ξ has finite variance. So, this fundamental case is from today’s
viewpoint very well understood.
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Probably the first systematic approach that applies to a broader setting is the recursive method
by Nijenhuis and Wilf [29] that can be applied to combinatorial structures defined by specific
recursive decompositions. The original method, although quite broad in applicability, was rather
inefficient and thus was developed further and improved in several works [22, 13], where eventually
samplers with almost linear average time and space complexity were developed. However, all these
results are limited to classes that do not allow in general the powerful operation of substitution, that
is, constructions in which atoms (like vertices or edges in a graph) are replaced by other objects; this
limits the applicability of the method to only moderately complex combinatorial classes. Moreover,
all variants of the recursive method require (at least) quadratic preprocessing time.
The recursive method is best suited for exact-size sampling, where we fix, for example, the
size of the object that we want to sample in advance. This paradigm was relaxed in the seminal
paper by Duchon, Flajolet, Louchard and Schaeffer [19], allowing samplers to generate objects with
varying target size that may be distributed over the whole of N. The so-called Boltzmann sampling
paradigm developed in that paper is inspired from methods in Physics and postulates to generate
objects from the entire class C with probability proportional to x|C| /|C|! for C ∈ C, where x > 0
is a predefined control parameter; this is a kind of maximum entropy distribution imposed on C.
Boltzmann samplers have many advantages: their complexity is (for combinatorial specifications)
linear in the size of the generated object, in many cases we have good control of the output size by
tuning x, and their description is simple and intuitive. For all these reasons the paper [19] ignited a
whole new line of research, where substantial extensions and improvements of Boltzmann samplers
were proposed, including the approximate-size linear time sampler for planar graphs [24], PólyaBoltzmann extensions for unlabelled structures [23, 10], multi-parametric samplers [7, 4], numerical
procedures for approximating the values of the generating functions [33] and many more [8, 9, 35].
In this article we combine the world of Devroye – linear time sampling of conditioned GaltonWatson trees – with the world of Boltzmann sampling to assemble efficient linear time samplers
that are applicable to a broader spectrum of combinatorial classes. Concretely, the classes that
we can treat follow a unified representation in terms of enriched trees [32, 37, 38]. Before giving a
formal definition later, let us mention a few concrete examples that fall within our scope, for most
of which there are no (linear-time) samplers yet.
Example 1.1. Our approach allows us to treat in a unified setting the following classes:
1. connected series-parallel graphs;
2. connected outerplanar graphs and (weighted) maps;
3. Galton-Watson trees conditioned on the number of vertices whose degree lies in a given set
and otherwise no restriction on the size;
4. subcritical substitution-closed classes of permutations;
5. cographs (with expected runtime being linear in the output size);
6. level-k phylogenetic networks.
The approach taken in this work makes it possible to develop new or to improve all (with
the notable exception of outerplanar maps [11]) existing samplers for these examples. For instance,
there is no known sampler for series-parallel graphs, and the state-of-the-art sampler for outerplanar
graphs [10] runs in expected time O(n2 ). Moreover, the sampler for 3. in the example can be used
to sample from classes that are in bijection to these objects, for example dissections of polygons.
Finally, in [3], among other results, a superlinear uniform sampler for substitution-closed classes
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of permutations with a finite number of excluded patterns is presented. Here we will show how to
sample from these classes in (optimal) linear time as a consequence of a more general result.

1.1

Main Result: Linear-Time Sampling of Enriched Trees

When measuring the running time/complexity of an algorithm we always assume that we operate
under the so-called RAM model of computation. This is a widely used approach, followed also in
Devroye’s paper [15], to establish complexity results that are independent of the actual machine on
which the algorithm is executed. In this model we assume that we operate a hypothetical computer
called the Random Access Machine under the following conditions, see for example [36, Ch. 2]:
1. Basic logical and arithmetic operators like {if, call} and {+, −, ×, ÷} take one time step.
2. Loops and subroutines are not basic operators and count as the composition of many singlestep operators.
3. Each memory access takes exactly one step.
4. A number drawn uniformly at random from (0, 1) can be generated in one step.
In particular, in this model real numbers can be stored without loss of precision, whereas in real
life one would need to think about the number of decimal places needed so as to not distort the
algorithm. In this setting we can already formulate a first consequence of our main result.
Theorem 1.2. Under the RAM model of computation, the samplers in Section 4 produce objects of
size n uniformly at random in expected time O(n) for all the classes in Example 1.1.
In particular, we develop linear-time algorithms for sampling series-parallel and outerplanar
graphs, as well as permutations from specific substitution-closed classes and trees with a given
number of leaves.
Towards the proof of Theorem 1.2 we will switch somehow our point of view and look at
combinatorial classes as special cases of so-called ’enriched trees’. Generally speaking, the enriched
tree viewpoint emphasizes that Galton–Watson trees take a special place among random recursive
structures. Specifically, we may sample a random recursive structure by sampling a size-constrained
Galton–Watson tree and adding local random ’decorations’ later. All classes listed in Example 1.1
are well-known to admit encodings of this form.
Before we present our main result we first need some preparations. Let R be a combinatorial
class. We always consider the labelled setting meaning that all atoms an object of size n is comprised
of bear a distinct label, typically in [n] := {1, . . . , n}. Any other finite set of labels U with |U | = n is
also admissible and we write R[U ] to emphasize that we consider objects in Rn relabelled according
to U .
With this notation at hand we may define the main class of objects that we shall study. The
class AR of R-enriched trees contains all rooted labelled unordered trees where the offspring set of
each vertex is enriched with an object from R. Let us make this more precise: Denote by A the
class of rooted Cayley trees, i.e., rooted labelled unordered acyclic connected graphs. We (slightly)
abuse notation and write v ∈ T ∈ A for the vertex in T bearing the label v. Let Pv be the label
set of the offspring of v, where by ’offspring’ we define the set of nodes that are connected to v and
are at the same time farther away from the root than v. We further define the outdegree d+
T (v) to
be |Pv |. Then AR contains all sequences of the form
(T, (Rv )v∈T ),

T ∈ A and Rv ∈ R[Pv ] for all v ∈ T.
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As we will see in Section 4, all classes in Example 1.1 (and many more) are (isomorphic to) enriched
trees for specific choices of R. Let us write in the sequel rk := |Rk | for k ∈ N0 and define the
generating functions
X rk
R(x) :=
xk and AR (x) := xR(AR (x)).
k!
k∈N0

The function AR (x) is indeed the generating function for AR , see e.g. [37]. Let ρR and ρAR be
the radii of convergence of R(x) and AR (x), respectively. Define, if it exists, the random variable
ξ with distribution
pk := P(ξ = k) :=

rk AR (ρAR )k
,
R(AR (ρAR ))k!

k ∈ N0 .

(1.1)

We also need the Boltzmann random variable ΓR(t) for 0 < t < ρR given by
P(ΓR(t) = R) =

tk
,
R(t)k!

R ∈ Rk , k ∈ N0 .

We now come to the most crucial part, namely the assumptions that we make for the class of
enriched trees that we consider.
Definition 1.3. We call a class of enriches trees tame if it has the following properties:
(A) ρR > AR (ρAR ).
(B) r0 > 0 and there exists k ≥ 2 with rk > 0.
(C) AR (ρAR ) and R(AR (ρAR )) are given, and pk can be computed in eo(k) steps for k ∈ N0 .
(D) For any 0 < t < ρR there exists a sampling procedure for ΓR(t) which runs in expected
constant time.
As we will see, the most critical and essential property is Assumption (A), which ensures that
(pk )k∈N0 is a probability sequence, that is, R(AR (ρAR )) < ∞, and that it is subcritical, in the sense
that AR (ρAR ) < ρR ; this will imply with well-known results by Janson [25] that pk has exponential
tails. Together with the mild and standard Assumption (B) this will guarantee immediately that
a Galton-Watson tree with offspring distribution ξ is non-trivial. Moreover, note that under the
RAM model of computation the determination of AR (ρAR )k /k! takes at most k steps, so that (C)
actually means that we need to be able to compute rk (which is in N0 ) in eo(k) steps. Further
AR (ρA ) and R(AR (ρAR )) being given means that we are able to compute these values beforehand.
Finally, (D) is a rather mild condition, since t < ρR and thus all moments of ΓR(t) exist; such
samplers can (usually) be designed from the general principles developed in [18, 10].
A milestone towards the proof of Theorem 1.2 is the following fact that we establish in Section 4.
Fact 1.4. For every combinatorial class C given in Example 1.1 there exists R such that C is isomorphic to AR , where AR is tame.
In Section 2 we present the backbone of our main result, namely a sampler generating an
instance of the random object An drawn uniformly at random from all objects in AR of size n.
Hence together with the next theorem Fact 1.4 guarantees that the linear time samplers claimed
in Theorem 1.2 do indeed exist.
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Theorem 1.5. Assume AR is tame. Then under the RAM model of computation the sampler in
Section 2 generates the R-enriched tree An in expected time O(n).
At this point we already anticipate that the algorithm generating An is structured as follows. We
first sample a Galton-Watson tree with offspring distribution ξ of size n using Devroye’s algorithm.
Subsequently, for each node we repeatedly call the sampling procedure ΓR(t) until an R-object
of the same size as the outdegree of the node at hand is produced. The latter step enhances the
offspring of each node with an additional structure leading to an R-enriched tree.

2

The Sampler

In this section we present the sampler for An that is needed in the proof of Theorem 1.5. We
briefly recall the construction of a Galton-Watson tree with offspring distribution ξ. We start with
a distinguished root to which a number of ordered children according to an independent copy of ξ
is appended. Repeat this procedure for any node which has not received any children yet or the
outcome of the copy of ξ was 0. The result is the arbitrarily sized unlabelled ordered rooted tree T
such that the distribution of its vertex-degrees is (pk )k≥0 . The corresponding size-constrained tree
is defined as Tn := (T | |T| = n) for n ∈ N. We use the notation that v ∈ T is some node in the
unlabelled ordered tree T . With this at hand, our sampler operates as follows.
Algorithm 2.1. (Uniform R-enriched tree of size n)
1. Generate the Galton-Watson tree Tn with offspring distribution ξ conditioned on having size
n as in [15].
2. For some A(ρAR ) < t0 < ρR repeatedly call for each v ∈ Tn the sampler ΓR(t0 ) until it
produces an object Rv of size d+
Tn (v).
3. Distribute labels in {1, . . . , n} uniformly at random and drop the ordering of the vertices
afterwards.
The last step requires some explanation: In Steps 1 and 2 we generate an object (T, (Rv )v∈T )
where T is an unlabelled ordered rooted tree of size n and Rv ∈ R[{1, . . . , d+ (v)}] for v ∈
T . The ordering of the offspring of v ∈ T corresponds to a canonical labelling of the vertices,
say (v, 1), . . . , (v, d+ (v)) so that we may see the object Rv as being labelled with elements from
{(v, 1), . . . , (v, d+ (v))} (simply consider the bijective mapping i 7→ (v, i) for i ∈ [d+ (v)]). Naming
the root o, the children of the root are hence labelled (o, 1), . . . , (o, d+ (o)), the children of the first
child of the root by ((o, 1), 1), . . . , ((o, 1), d+ (o, 1)) and so on. In particular the labels are all distinct
and by generating a uniform permutation of [n] we may canonically relabel the entire object with
labels in [n].
The next lemma, taken from [38], guarantees that Algorithm 2.1 produces an uniform object of
size n from AR .
Lemma 2.2 ([38, Lemma 6.1]). In distribution (Tn , (Rv )v∈Tn ) = An .
So, the proof of Theorem 1.5 boils down to validating that Algorithm 2.1 finishes in linear
time. This will be done in Section 3. Before we come to that, let us first have a closer look at
the implementation of Step 1 of Algorithm 2.1. Let ξ1 , ξ2 , . . . be iid copies of ξ. Define St :=
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1+
to

P

1≤i≤t (ξi − 1)

> 0 for all 1 ≤ t ≤ n. Then it is well known that Tn is isomorphic in distribution

(ξ1 , . . . , ξn )


 X


1≤i≤n



ξi = n − 1, St > 0 for all 1 ≤ t ≤ n − 1 and Sn = 0 .


(2.1)

Algorithm 2.3. ([15] Size-constrained Galton-Watson tree Tn with offspring distribution ξ)
1. Sample
Pthe multinomial random vector (N0 , N1 , . . . ) with parameters (n, p0 , p1 , . . . ) repeatedly
until 1≤i≤n iNi = n − 1.
2. Create a sequence of length n populated with Nj times j for 0 ≤ j ≤ n.
3. Randomly permute this sequence with each permutation equiprobable.
4. Shift the elements of the sequence cyclically until the condition in (2.1) is fulfilled.
For generating a multinomial vector in the first step [15] proposes a sub-routine depending on
binomial random variables.
Algorithm 2.4. ([15] Multinomial random vector (N0 , N1 , . . . ) with parameters (n, p1 , . . . ))
1. Let N0 = Bin(n, p0 ).
P
P
P
2. For i ≥ 1, if 0≤j≤i−1 Nj < n, let Ni = Bin(n − 0≤j≤i−1 Nj , pi /(1 − 0≤j≤i−1 pj ) and
otherwise set Ni = 0.
Then in [15] it is established that under the RAM model of computation the expected number
of steps taken by Algorithm 2.3 is O(n), provided that ξ has finite variance and that it takes one
step to generate an independent copy of ξ. Our setting, however, is slightly different as we do not
a priory know the entire vector (p0 , p1 , . . . ). We need to incorporate the time it takes to compute
this vector into the runtime of Step 1 of our Algorithm 2.1. Conveniently, it is sufficient to consider
(p0 , p1 , . . . ) truncated at K := max1≤i≤n ξi , the step at which Nj = 0 for all j > K in Algorithm
2.4 and hence the point in time after which pj for j > K is not needed anymore to finish Step 2.
Since ξ has finite exponential moments this will together with (C) turn out to preserve the linear
runtime.
Lemma 2.5. If AR is tame, the expected runtime of Algorithm 2.3 is O(n).

3

Proofs

We first state some facts about the distribution ξ defined in (1.1).
Lemma 3.1. We have E[ξ] = 1 and there exists ε > 0 such that E[(1 + ε)ξ ] < ∞.
This is a straightforward consequence of results about simply generated trees in [27]. Due to
space restrictions we shift the proof of Lemma 3.1 (which consists basically of adapting the notation
in [27] to our setup) to the Appendix. Define the span d by
d := max{d ≥ 1 : d | i whenever pi > 0}.
The following local central limit theorem holds for any distribution with finite variance, so in
particular in our intended application.
6

Lemma 3.2 ([27, Lemma 1.4.2]). Let ξ1 , ξ2 , . . . be iid copies of ξ and set Ξn = ξ1 + · · · + ξn . If
E[ξ] = 1 and σ 2 < ∞ it holds that
P (Ξn = n − 1) ∼ √

d
2πσ 2 n

,

n → ∞.

The probability that the sum hits a certain value is also maximized at its mean, so that we get
(see for example [25, Remark 13.2])
d + o(1)
,
P (Ξn = m) ≤ √
2πσ 2 n

m ∈ N.

(3.1)

With these considerations at hand we first prove Lemma 2.5 and then Theorem 1.5. In the
following let ξ1 , ξ2 , . . . be independent copies of ξ.
Proof of Lemma 2.5. Define
K := max ξi ,
1≤i≤n

τn := E[K]

 X

and ϕn := P
ξi = n − 1 .
1≤i≤n


According to [15] the expected time until Algorithm 2.4 finishes is O (1 + τn )/ϕn ) + O(n) if the
probabilities in (p0 , p1 , . . . ) are given. This runtime is split up into 1 + τn which is the expected
time until a multinomial vector (N0 , N1 , . . . , NKP
, 0, . . . ) in Step 1 is drawn and it takes on average
ϕ−1
rejections
until
a
vector
is
found
such
that
n
1≤i≤n iNi = n − 1. The expected time for Steps
2-4 is O(n).
In our setting we additionally have to take care of the computation time of (p0 , p1 , . . . , pK ) in
Step 1. Assumption (C) yields that there exists a non-negative sequence (fi )i∈N0 with fn → 0 as
n → ∞ such that the expected time to compute (p0 , p1 , . . . , pK ) is
 X
 X
X
fi ·i
e
=
E
P (K = m)
efi ·i .
(3.2)
m≥1

0≤i≤K

0≤i≤m

Let ε0 > 0 be fixed but arbitrary. Then there exists L ∈ N such that fi ≤ ε0 for all i ≥ L. Hence, if
m ≥ L there exists a constant C 0 > 0
X
X
X
0
efi ·i =
efi ·i +
efi ·i ≤ C 0 + (m − L)eε m .
0≤i≤m

0≤i≤L

L≤i≤m

If m < L the expression above is simply ≤ C 0 . In any case we obtain constants C > 0 and ε > 0
such that uniformly in m
X
efi ·i ≤ C · eεm .
0≤i≤m

ε0

Note that since is arbitrarily small (by choosing a larger L) the parameter ε can be chosen as
small as fits our needs as well. We proceed with the computation of (3.2) by the estimate
 X

X
fi ·i
E
e
≤C
P (K = m) eεm = CE[eεK ].
0≤i≤K

m≥1

Let t > 0 be such that E[etξ ] < ∞. The existence of such t is guaranteed by the finite exponential
moments of ξ stated in Lemma 3.1. We use the Log-Sum-Exp function estimate max1≤i≤n xi ≤
log(eαx1 + · · · + eαxn )/α for any (x1 , . . . , xn ) ∈ Nn0 and α > 0 to obtain the upper bound
E[eεK ] ≤ E[eε/t·log(exp(tξ1 )+···+exp(tξn )) ].
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We pick ε such that ε/t < 1/2. Then the Jensen inequality entails
E[eε/t·log(exp(tξ1 )+···+exp(tξn )) ] ≤ nε/t E[etξ ]ε/t = O(n1/2 ).
Hence the waiting time adapted to our setting is bounded from above by a constant times
1 + τn + O(n1/2 )
.
ϕn
Since in particular the finite exponential moments imply E[ξ 2 ] < ∞ we get due to [15] that τn =
1/2 ). All in all this shows that Step 1 is completed in O(n) steps. The
O(n1/2 ) and ϕ−1
n = O(n
remaining steps stay unchanged, so that the proof is finished.
Proof of Theorem 1.5. Subsequently we go through each step in Algorithm 2.1 and explain how the
expected runtime of O(n) is achieved. For Step 1 see Lemma 2.5. Let us next investigate Step 2.
Let A(ρA ) < t0 < ρR . The probability that ΓR(t0 ) produces a k-sized object is given by
P(|ΓR(t0 )| = k) =

rk tk0
,
k!R(t0 )

k ∈ N.

Since ΓR(t0 ) runs in expected constant time, the expected time until an object of size k ∈ N0 is
drawn is computed via the geometric waiting time

`−1
rk tk0
k!R(t0 )
rk tk0 X
` 1−
=
.
f (k) =
k!R(t0 )
k!R(t0 )
rk tk0
`≥1
P
Let Wn denote the total waiting time until Step 2 is completed and set Ξn = 1≤i≤n ξi . Then
using the equivalent representation of Tn in (2.1) we deduce


#
"
X
X



E[Wn ] = E
f d+
= E
f (ξi ) Ξn = n − 1 = nE f (ξ1 ) Ξn = n − 1 .
Tn (v)
v∈Tn

1≤i≤n

The condition in (2.1) involving St can be omitted in the conditional expectation as it does not
influence the value of the sum over f (ξi ), 1 ≤ i ≤ n. Due to Lemma 3.1 we obtain with Lemma 3.2
and Equation (3.1)
 X

P(Ξn−1 = n − k − 1)
f (k)P(ξ = k)
E f (ξ1 ) Ξn = n − 1 =
P(Ξn = n − 1)
k≥1


X R(t0 )  A(ρA ) k
.
= O
A(ρA )
t0
k≥1

Since t0 > A(ρA ) the previous expression is O(1). This immediately gives us E[Wn ] = O(n) as
desired. Finally, generating a uniform permutation of [n] in Step 3 takes O(n) steps, see for example
[26, Alg. P (Shuffling)].

4

Applications

Due to space limitations we only present an application of our results to the class of series-parallel
graphs (which is a special case of subcritical classes of connected graphs). The other examples will
be treated in detail in a future journal version of this work. Nonetheless, it is far from obvious how
to assemble from Algorithm 2.1 a sampler for Galton-Watson trees conditioned on the number of
nodes whose outdegree lies in a given set. Thus, for completeness, we devoted Section C in the
Appendix to this problem.
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4.1

Subcritical classes of connected graphs

Let us first recall a few basic notions from graph theory. A subgraph of a graph G is called a block
of G if is is maximal such that it is either (isomorphic) to an edge or if it is 2-connected otherwise.
Then we call a class G block-stable if it contains the graph that is isomorphic to a single edge and
that has the property that a graph belongs to G if and only if all of its blocks belong to G. Block
stable classes are ubiquitous, and include, for example, classes that are specified by excluding a
finite list of minors.
It is well-known, see for example [12], that any block stable class C of connected graphs satisfies
the relation
C • ' X · (SET ◦ B 0 ◦ C • ),
where B denotes the class of 2-connected graphs in C together with the graph that is isomorphic
to an edge and X contains a single vertex. Here, the combinatorial construction ’·’ means forming
the Cartesian product, ’◦’ stands for substitution at nodes and ’SET’ for forming a set of objects.
The pointed class C • contains all objects in C together with one distinguished vertex and the
derived class B 0 contains all objects in B with one of the vertices being replaced by a special
placeholder-atom neither bearing a label nor contributing to the size. For a thorough treatment of
such combinatorial constructions we refer to [21, 5]; moreover, we have included for completeness
a brief but formal description in the Appendix. This decomposition of connected graphs follows
directly from the decomposition into blocks, that enables us to describe a graph in terms of a
tree and associated subgraphs of higher connectivity. What is important here is that block stable
classes are isomorphic to enriched trees AR with R = SET ◦ B 0 ; this observation is not new and
was exploited also elsewhere [31, 37, 38].
From the description of block stable classes of connected graphs we immediately obtain the
relation
C 0 (x) = exp(B 0 (xC 0 (x)))
for the corresponding exponential generating functions. We will study here the particular case in
which the composition of the generating functions is subcritical, meaning that the largest value that
xC 0 (x) can attain, where x is at most the radius of convergence of C, lies strictly within the disc
of convergence of B 0 .
Definition 4.1. Let C be a block stable class of connected graphs and B the corresponding class of
2-connected graphs together with the graph that is isomorphic to an edge. Let ρC and ρB denote the
radii of convergence of C(x) and B(x). We say that C is subcritical if ρB > ρC C 0 (ρC ).
Subcritical graph classes have been studied from various viewpoints and include many important
classes like trees, outerplanar and series-parallel graphs, but exclude also others, like planar graphs.
From an analytical viewpoint, in the subcritical case the behavior of C near its singular points is
not dictated by the behavior of B, but it is rather a consequence of the composition B 0 (xC 0 (x));
this is in stark contrast to critical compositions (where necessarily ρB = ρC C 0 (ρC )), where there is
an explicit interplay. From a combinatorial viewpoint subcritical classes are very much tree-like,
in the sense that the blocks are typically small, the largest one having at most logarithmic size in
the size of the graph. This makes it possible to study subcritical classes rather abstractly without
explicitly fixing B, and by now there are many results that address the local as well the global
structure of ’typical’ members of such classes [16, 6, 17, 30]. Here we extend this list of results by
providing samplers for outerplanar and series-parallel graphs; many other classes for which there is
a decomposition of the 2-connected graphs can be treated analogously.
In order to apply our main fact we begin with the following fact, which is a simple consequence
of the definition of subcritical classes.
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Fact 4.2. Let C be subcritical. Then C has the properties (A) and (B) in the definition of a tame
class of enriched trees.
So, what remains to verify for the classes at hand are the properties (C) and (D) in the definition
of tame enriched trees. In particular, we have to show that (SET ◦ B 0 )k can be computed in time
eo(k) and that we have a Boltzmann sampler for (SET ◦ B 0 ). We show this for the particular
case of series-parallel graphs, as they have the most complex description; in all other cases (for
example, outerplanar graphs) we proceed qualitatively similar, albeit not as complex. Due to space
limitations we restrict the presentation here to series-parallel graphs.
Series-Parallel Graphs In the case of series-parallel graphs we will use the following property of
the associated class B 0 , see for example [6, 12].
Lemma 4.3. Let X be the class of graphs consisting of a single graph that is an isolated vertex,
X2 the class consisting of a single graph that contains exactly two isolated vertices, and e the class
consisting of a single graph that is an isolated edge, where the size of it is defined to be zero. Then
the class B 0 has the decomposition
0
0
0
B 0 + B(rm)
' e × X + B(r)
+ B(m)
,
0
where B(rm)
⊆ B 0 and


0
0
0
B(r)
' X2 · (e + P)2 · D, B(m)
' X · e · SET≥2 (S) + SET≥3 (S) , B(rm)
' X · P · S,
and
D ' e + S + P, S = (e + P) · X · D, P = e · SET≥1 (S) + SET≥2 (S).
With this lemma at hand it is straightforward to compute determine Rk = (SET ◦ B 0 )k in eo(k)
steps; this can be actually performed in an almost linear number of steps by the combinatorial
0
Newton iteration in [33]. Moreover, we can derive a Boltzmann sampler for B 0 + B(rm)
from the
general principles for the construction of Boltzmann samplers from [19]. In addition to that, since
0
0
B(rm)
⊆ B 0 , we obtain a sampler for B 0 by rejection: if the sampled graph is in B(rm)
, we reject
it with probability 1/2 and repeat the experiment, see also [24] for related constructions. Finally,
constructing a sampler for R = SET ◦ B 0 can also be done by using the general principles in [19].
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[10] M. Bodirsky, É. Fusy, M. Kang, and S. Vigerske. Boltzmann samplers, Pólya theory, and cycle
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A Combinatorial Classes and R-enriched trees
A.1

Combinatorial Classes

In this section we recall some background information about combinatorial classes. A comprehensive
survey of the theory is given in the books [21] and [5]. A (combinatorial) class is given by a countable
set C equipped with a size function |·| : C → N0 such that Cn := |{C ∈ C : |C| = n}| is finite for all
n ∈ N0 . Elements of C are called objects or structures and any object in Cn is said to be comprised
of n atoms or to be of size n. We call C labelled if each atom of an object in C bears a distinct label.
For convenience, let the label set of any C ∈ Cn be given by {1, . . . , n}. If we want to stress out
a different labelling, we simply write C ∈ C[U ] describing an object C ∈ C|U | labelled according to
the finite set U . For any bijection σ : U → V between finite sets U, V and C ∈ C[U ] we write σ.C
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for the object obtained by replacing the label `v ∈ U of each atom v of C by σ(`v ) ∈ V . Clearly the
resulting object is in C[V ]. For coherence we assume that C ∈ C[U ] implies that σ.C ∈ C[U ] for any
bijection σ : U → U . The (exponential) generating series of C is the formal power series defined by
C(x) :=

X

|Cn |

n≥0

xn
.
n!

Example A.1. Consider the class A of rooted labelled unordered acyclic connected graphs, in short
Cayley trees. In the graph setting atoms are called vertices or nodes. For example we see in Figure
1 some T ∈ A5 with labels in {1, . . . , 5}. Applying the bijection σ mapping 1 to a, 2 to b and so
on, we retrieve an object σ.T in A[{a, b, c, d, e}].

Figure 1: Relabelling T under the bijection σ.

A.1.1

Basic Classes

The basic combinatorial classes are the empty class ∅, the atomic class X , the set class SET,
the cycle class CYC and the sequence class SEQ. Let Sn be the symmetric group containing all
permutations of [n] and write (a1 , . . . , an ) ' (b1 , . . . , bn ) if one of the two sequences is obtained by
cyclically shifting the indices of the other. Then the basic classes are defined by, letting n ∈ N0 ,
• |∅n | = 1n=0 ,
• |Xn | = 1n=1 ,
• SETn = {{1, . . . , n}},
• CYCn = {(σ(1), . . . , σ(n))' : σ ∈ Sn } and
• SEQn = {(σ(1), . . . , σ(n)) : σ ∈ Sn }.
The respective generating series are computed to be
∅(x) = 1,
A.1.2

X (x) = x,

SET(x) = exp(x),

CYC(x) = log

1
1−x

and SEQ(x) =

1
.
1−x

Constructions

Given classes A and B there are several ways to construct more complex classes.
Pointing The collection of elements (A, a) where A ∈ A and a is a distinguished atom (the root)
in A forms the pointed class A• . Since |A•n | = n|An | we obtain
A• (x) = x

∂
A(x).
∂x
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Derivation Let ? denote a special label such that any atom bearing this label does not contribute
to the total size of the object at hand. The derived class A0 is given by the collection of objects in
A where the largest label is replaced by ?, i.e. A0n−1 := A[{1, . . . , n − 1, ?}] for all n ∈ N. Hence
the generating series is computed to be
A0 (x) =

∂
A(x).
∂x

Product The product class A · B contains all tuples (A, B) with A ∈ A and B ∈ B relabelled with
labels in {1, . . . , |A| + |B|}. The size function is defined by |(A, B)| = |A| + |B|. The generating
series is
(A · B)(x) = A(x)B(x).
Substitution For this construction we assume B0 = ∅. An object in the substitution class A ◦ B is
comprised of an A-object whose atoms are replaced by B-objects. In other words, A ◦ B contains
all equivalence classes of sequences of the form
A ∈ A[{P1 , . . . , Pk }], Bi ∈ B[Pi ], 1 ≤ i ≤ k,
P
where k ≥ 0 and P1 , . . . , Pk is a partition of {1, . . . , 1≤i≤k |Bi |} with |Pi | = |Bi | for 1 ≤ i ≤ k.
The equivalence relation “'” terms two sequences (A, B1 , . . . , Bk ) and (A0 , B10 , . . . , Bk0 ) isomorphic
if A = A0 and for any permutation σ : {1, . . . , k} → {1, . . . , k} such that σ.A = A it holds that
Bσ(i) = Bi0 for 1 ≤ i ≤ k. Hence any M ∈ P
A ◦ B possesses a core structure A and components
B1 , . . . , Bk . The size is then given by |M | := 1≤i≤k |Bi |. The respective generating series fulfils
(A, B1 , . . . , Bk )' ,

(A ◦ B)(x) = A(B(x)).
We also write A ◦ B = A(B).

A.2 R-enriched trees
The theory of this subsection is extensively treated in [5, Chapter 3]. Enriched trees are rooted
labelled unordered trees, where the offspring set of each vertex is decorated with an additional
structure. More precisely, let A be the class of rooted labelled unordered trees (the Cayley trees
from Example A.1 where one distinct node is chosen as a root) and R be an arbitrary combinatorial
class. The class of R-enriched trees AR contains all sequences
(T, (Rv )v∈T ),

T ∈ T , Rv ∈ R[Pv ], v ∈ T,

where Pv is the label set of the offspring of vertex v ∈ T and the sequence (Rv )v∈T is canonically
ordered, for example in breath first search appearance of v ∈ T . As any R-enriched tree is comprised
of a root to which an R-structure is attached whose atoms are replaced by R-enriched trees, we
obtain the functional equation
AR = X · R(AR ).
This is a combination of the product and substitution construction and so we get for the generating
series
AR (x) = xR(AR (x)).

(A.1)

Note that AR consists at least of the root in X so that the substitution construction is well-defined.
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Example A.2. Letting R be one of the basic combinatorial classes, we retrieve basic models of trees.
Note that we consider the labelled setting which may feel a bit unnatural when considering trees
embedded in the plane since nodes are on the one hand identified by their ordering and in addition by
the labels they bear. For example, rooted ordered trees possess no non-trivial automorphisms which
is why every unlabelled tree of size n leads to n! labelled trees. But for the sake of understanding
the construction of enriched trees, we deem the following simple examples to be helpful.
• By choosing R = SET no additional structure is imposed on the offspring set of each vertex,
so that we obtain that ASET = A.
• When R = SEQ the offspring of each vertex is given an ordering and we obtain that ASEQ =
T , the class of rooted labelled ordered trees.
• By cyclically ordering the offspring of each vertex (that is considering R = CYC) we obtain
the class ACYC = P of rooted labelled plane trees.

Figure 2: An R-enriched tree observed locally at some node v and its offspring labelled
by {`1 , `2 , `3 } paired with the R-object Rv , where Rv = (`3 , `2 , `1 ) ∈ SEQ[{`1 , `2 , `3 }] or
(`2 , `1 , `3 )' ∈ CYC[{`1 , `2 , `3 }].

A.3

Boltzmann Random variables

The Boltzmann framework for the labelled framework was introduced in [19]. Given a class C and
a parameter y > 0 such that C(y) < ∞ we define the corresponding Boltzmann random variable
ΓC(y) by
y |C|
P(ΓC(y) = C) =
,
C ∈ C.
C(y)|C|!
The random variable ΓC(y) is taking values in the entire space C. Set Cn := (ΓC(y) | |ΓC(y)| = n).
Since objects of the same size have the same probability we obtain that Cn induces the uniform
distribution on Cn , i.e.
1
P(Cn = C) =
,
C ∈ Cn , n ∈ N0 .
|Cn |
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B

Proof of Lemma 3.1

In the following we first recall results concerning simply generated trees discussed thoroughly in [25]
and then proceed to the proof of Theorem 3.1. Denote the class of rooted unlabelled ordered trees
by Te . Note that Te is obtained by taking equivalence classes under relabelling in T , the labelled
version discussed in Example A.2. Let ω = (ωk )k≥0 be a real-valued non-negative sequence and for
any given finite ordered tree T in Te define its weight by
Y
ω(T ) :=
ωd+ (v) .
v∈T

In order to receive non-trivial objects it is useful to assume ω0 > 0 and ωk > 0 for some k ≥ 2.
Define by Tn the n-sized random tree with distribution
P(Tn = T ) =

ω(T )
,
Zn

where T ∈ Ten , Zn =

X

ω(T 0 ).

(B.1)

T 0 ∈Ten

We only consider values for n such that the so-called partition function Zn is strictly greater than
0. If ω is a probability weight sequence we notice that Tn is the size-constrained Galton-Watson
tree with this distribution. Thus simply generated trees are a generalization of Galton-Watson
trees. However, due to the technique of tilting sequences, it is often possible to view Tn as a
Galton-Watson tree if ω is not a probability sequence. In what follows we clarify in which cases it
is possible to transform ω to a probability sequence such that the distribution of Tn is not altered
and in addition the underlying offspring distribution is critical, meaning that the mean is 1, and of
finite variance.
P
Denote the radius of convergence of Φ(x) := k≥0 ωk xk by ρ. Further set
xΦ0 (x)
and
ν := lim Ψ(x) ∈ (0, ∞].
x→ρ
Φ(x)
P
The generating function Z(x) = n≥1 Zn xn of the partition function is recursively given by Z(x) =
xΦ(Z(x)) and has radius of convergence
Ψ(x) :=

ρZ =

τ
,
Φ(τ )

where τ = Z(ρZ ).

(B.2)

When ν > 1 or 0 < τ < ρ the modified sequence
πk :=

ωk τ k
Φ(τ )

(B.3)

is a probability sequence with mean 1 and finite exponential moments. The same modification
can be done for 0 < ν ≤ 1 with the result that (πk )k≥0 has either mean 1 but infinite variance
(ν = 1) or mean strictly smaller than 1 (ν < 1). If ν = 0 it is not possible at all to define a
probability sequence equivalent to ω. In this work we stick to the condition ν > 1 or 0 < τ < ρ
which corresponds to the case (Ia) in [25]. With this at hand, we are able to prove Lemma 3.1.
Proof of Lemma 3.1. Let Tn (ω) be the simply generated tree of size n with weight sequence ω =
(rk /k!)k≥0 defined in (B.1), i.e.
P(Tn (ω) = T ) =

ω(T )
,
Zn

where ω(T ) =

Y rd+ (v)
X
,
Z
=
ω(T 0 ), T ∈ Ten .
n
d+ (v)!

v∈T
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T 0 ∈Ten

(B.4)

Then the generating function Z(x) of the partition functions (Zn )n≥0 is recursively given by Z(x) =
xR(Z(x)). Let (AR )n be the collection of objects in AR of size n. Since AR = X · R(AR ) we know
by (A.1) that AR (x) = xR(AR (x)) by which we deduce
AR (x) = Z(x)

|(AR )n |
= Zn ,
n!

and

n ∈ N0 .

(B.5)

We conclude that due to (B.2) the radius of convergence ρAR of AR (x) (or equivalently Z(x)) is
given by
τ
ρAR =
,
where τ = AR (ρAR ).
R(τ )
Assumption (A) immediately implies that 0 < τ < ρR and we deduce that (πk )k≥0 as defined in
(B.3) is the probability distribution with mean 1 and finite exponential moments such that the
distribution of Tn (ω) is not altered by switching to (πk )k∈N0 . Further we observe that this is also
the distribution of ξ given in (1.1), i.e.
πk =

rk τ k
rk A(ρA )k
=
= pk ,
R(τ )k!
R(A(ρA ))k!

k ∈ N0

and hence the claim is verified.

C

Galton–Watson trees conditioned on the number of nodes whose outdegree lies in a given set

Throughout this section we fix a proper subset Ω $ N0 satisfying 0 ∈ Ω. See Remark C.3 below
for comments on this assumption. We let Ωc := N0 \ Ω denote its complement. Let ζ be a random
non-negative integer satisfying
P(ζ ≥ 2) > 0,

P(ζ = 0) > 0,

and P(ζ ∈ Ω) > 0.

(C.1)

We would like to generate a tree AΩ
n that is distributed like a ζ-Galton–Watson A tree conditioned
on having n vertices with outdegree in Ω. That is, letting LΩ (·) denote the number of vertices with
outdegree in Ω, we set AΩ
n = (A | LΩ (A) = n). Of course, we only consider integers n for which this
is well defined, that is, where P(LΩ (A) = n) > 0. Furthermore, in order to obtain a procedure that
samples in linear time, we assume that
E[ζ] = 1

and

E[(1 + )ζ ] < ∞

for some  > 0.

(C.2)

We also assume that the weight P(ζ = k) may be computed in time exp(o(k)) for each k ≥ 0, and
that the probability P(ζ ∈ Ω) is also given.
We could take a naive approach and sample independent copies of A until the event LΩ (·) = n
takes place. However, it is known (see Kortchemski [28, Thm. 8.1]) that
P(LΩ (A) = n) ∼ cn−3/2

(C.3)

for some constant c > 0. Hence the expected number of copies we would have to sample is Θ(n3/2 ).
Moreover, the expected time for generating a single independent copy of A and determining whether
√
it satisfies LΩ (·) = n is Θ( n), assuming that we may sample an independent copy of ζ in constant
time. Thus, with the naive approach we arrive at a Θ(n2 ) complexity for generating AΩ
n . This
performance is not optimal, hence our motivation for describing a generator that accomplishes this
in expected linear time.
18

The procedure we are going to describe is based on the fact that rooted trees satisfying LΩ (·) = n
correspond bijectively to n-vertex R-enriched trees for a specific class R, see [20, 34]. Since we may
generate R-enriched trees in expected linear time via Algorithm 2.1, and since the transformation
to a plane tree with LΩ (·) = n also takes expected linear time, we will arrive at generator for AΩ
n
that runs in expected time O(n). To be fully precise, we will use a straight-forward extension of
Algorithm 2.1 to weighted species, because AΩ
n is not (necessarily) uniform among all plane trees
A with LΩ (A) = n. Instead, it assumes such a tree A with probability proportional to a certain
multiplicative weight given by
P(AΩ
n = A) =

Y
P(A = A)
1
=
P(ζ = d+
A (v)).
P(LΩ (A) = n)
P(LΩ (A) = n)

(C.4)

v∈A

Consequently, the random n-vertex R-enriched tree corresponding to AΩ
n is not (necessarily) uniform. Instead, it assumes an enriched tree corresponding to A with the same probability that
AΩ
n assumes A. Furthermore, again to be fully precise, Algorithm 2.1 is formulated for labelled
structures. The plane trees we generate here are asymmetric unlabelled structures. That is, it
is irrelevant whether we consider them as labelled or unlabelled, since they have no non-trivial
symmetries. Thus, we may safely ignore labels in this section. Algorithm 2.1 still applies.
Let us start with the description of the weighted species R in question. For each integer
k ≥ 0 we let Rk denote theP
collection of all tuples R = (y, x1 , . . . , x` ) satisfying ` ≥ 0, y ∈ Ω,
c
x1 , . . . , x` ∈ Ω − 1, and y + `i=1 xi = k. To each such tuple R we assign a weight γ(R) by
γ(R) = P(ζ = y)

`
Y

P(ζ = xi + 1).

(C.5)

i=1

It was shown in [20, 34] in a more general context that an ordered rooted tree A with LΩ (A) = n
corresponds bijectively to a pair (T, β) of an ordered rooted tree T with n vertices, and a map β
that assigns to each inner vertex v ∈ T a structure β(v) ∈ Rd+ (v) . Here A is constructed from T by
T
a blow-up procedure that replaces a vertex v ∈ T and the edges to its children by a tree constructed
from β(v) as illustrated in Figure 3.

Figure 3: Blow-up procedure of a vertex v (red) having 5 children and decoration β(v) =
(2, 2, 0, 1).
This correspondence
is weight-preserving in the sense that the weight P(A = A) of the tree A
Q
equals the weight v∈T γ(β(v)) of the decorated tree (T, β). Furthermore, the random decorated
tree (Tn , βn ) corresponding to the random tree AΩ
n has the property, that Tn is distributed like a
ξ-Galton–Watson tree conditioned on having n vertices, with the random integer ξ ≥ 0 given by
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its probability generating function
!−1

!
ξ

E[z ] =

X

P(ζ = k)z

k

1−

X

P(ζ = k)z

k−1

.

(C.6)

k∈Ωc

k∈Ω

Conditional on Tn , each decoration βn (v) gets drawn from Rd+

Tn (v)

with probability proportional

to its γ-weight, independently from the rest. See [34, 38] for detailed justifications.
Our strategy for generating AΩ
n in expected time O(n) is to generate the R-enriched plane tree
(Tn , βn ) according to Algorithm 2.1 and apply the blow-up procedure. In order to verify that
this works we have to do two things. First, we have to check that the weighted analogues of the
conditions of Algorithm 2.1 are met. Second, we have to check that the expected time for applying
the blow-up procedure to (Tn , βn ) is O(n). Note that there is a subtle difficulty in the second step,
because if P(ζ = 1) > 0 the number of vertices of AΩ
n may be arbitrarily large and the blow-up
procedure may take arbitrarily long. Hence we really have to bound the expected
P duration.
Let us start by verifying the conditions of Algorithm 2.1. Setting |Rk |γ = R∈Rk γ(R) for each
k ≥ 0, the ordinary generating series of the species R is given by
X
R(z) :=
|Rk |γ z k .
(C.7)
k≥0

Condition (C.2) entails that R(z) has radius of convergence ρR > 1. For any parameter t > 0 with
R(t) < ∞ we define a Boltzmann sampler ΓR(t) with distribution
P(ΓR(t) = R) =

γ(R)tk(R)
,
R(t)

R∈

G

Rk

(C.8)

k≥0

for k(R) ≥ 0 the unique integer with R ∈ Rk(R) .
Algorithm C.1. A Boltzmann sampler ΓR(t):
1. Generate a random integer y with probability generating function E[(zt)ζ , ζ ∈ Ω]/E[tζ , ζ ∈ Ω].
2. Generate a random integer ` following a geometric distribution with parameter P(ζ ∈ Ωc ).
That is, its probability generating function equals (1 − P(ζ ∈ Ωc ))/(1 − zP(ζ ∈ Ωc )).
3. For each 1 ≤ i ≤ ` generate
a random integer xi ≥ 0 with probability generating function
P
c
−1
k−1 .
given by P(ζ ∈ Ω )
k∈Ωc P(ζ = k)(zt)
4. Return (y, x1 , . . . , x` ).
For any integer k ≥ 0 (satisfying |Rk |γ > 0) we may condition ΓR(t) on returning an element
from Rk . The element generated in this way is drawn with probability proportional to its γ-weight
from Rk . Since all coordinates of a tuple from Rk are at most k, we may fix some K ≥ k and work
with a truncated version Γ≤K R(t) instead. That is, Γ≤K R(t) uses truncated versions (y | y ≤ K)
and (xi | xi ≤ K) instead, and conditioning Γ≤K R(t) on producing an element from Rk also yields
a random element that gets drawn with probability proportional to its γ-weight. Furthermore,
constructing Γ≤K R(t) only requires knowledge of P(ζ ∈ Ω) and the probabilities P(ζ = i) for
0 ≤ i ≤ K. We assumed that P(ζ ∈ Ω) is given and that P(ζ = i) may be computed in eo(i)
steps. Hence constructing Γ≤K R(t) requires eo(K) preprocessing time. Running a single instance
of Γ≤K R(t) only requires constant time. Moreover, P(Γ≤K R(t) ∈ Rk ) ≥ P(ΓR(t) ∈ Rk ), hence
generating a random element from Rk using Γ≤K R(t) is at least as fast as using ΓR(t).
We may now state our final algorithm for sampling AΩ
n.
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Algorithm C.2. A generator for AΩ
n that runs in expected time O(n).
1. Use Algorithm 2.3 to sample a Galton-Watson tree Tn with offspring distribution ξ conditioned
on having n vertices.
2. Let K := ∆(Tn ) denote the maximal outdegree of Tn . For a fixed 1 < t0 < ρR repeatedly call
for each v ∈ Tn the sampler Γ≤K R(t0 ) until it produces an object βn (v) from Rd+ (v) .
Tn

3. Perform the blow-up procedure illustrated in Figure 3 on (Tn , βn ) to produce the tree AΩ
n.
Here’s a justification why Algorithm C.2 runs in expected time O(n):
Proof. The expression of E[z ξ ] in Equation (C.6) allows us to compute P(ξ = k) in eo(k) steps
for any k ≥ 0, since we assumed P(ζ = k) to be computable in in eo(k) steps. Furthermore,
using E[ζ] = 1 it follows from Equation (C.6) that E[ξ] = 1, see [34, Thm. 6] for details on the
calculation. Moreover, ξ has finite exponential moments. Thus, Algorithm 2.3 produces the tree
Tn in expected time O(n). Calculating the maximum degree K := ∆(Tn ) also takes O(n) steps.
The unique generating series AR (z) with AR (z) = zR(AR (z)) satisfies [z n ]AR (z) = P(LΩ (A) = n).
By Equation (C.3) it follows that it has radius of convergence ρAR = 1 and hence AR (ρAR ) = 1.
We observed above that ρR > 1. Thus, as justified in the proof of Thm. 1.5, we may generate
the decoration βn in expected time O(n) by repeatedly running Γ≤K R(t) for each vertex v ∈ Tn
until we generate an element from Rd+ (v) . As for the blow-up procedure, the time required for
Tn

performing the blow-up of a vertex v ∈ Tn with decoration βn (v) = (y, x1 , . . . , x` ) is bounded by
O(d+
Tn (v) + `). Recall that the outdegrees of a tree with n vertices sum up to n − 1. Summing over
the n vertices of Tn , the total time for performing all blow-up operations is hence bounded by a
constant multiple of n plus the sum of n independent copies of a geometric random variable. Taking
the expectation, it follows that the expected time for performing the blow-up is O(n). Hence the
total expected time for generating AΩ
n using Algorithm C.2 is O(n).
Remark C.3. Throughout, we assumed that 0 ∈ Ω. Rizzolo’s [34] methods may be used to generalize
the procedure so that this assumption is no longer necessary. However, the decorations and the
blow-up procedure are far more technical in the case 0 ∈
/ Ω. We leave the details of to the reader,
because all applications of the present section to models of combinatorial structures considered below
are already covered by the special case Ω = {0}.
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