Homework Assignment 6

Hopf algebras - Spring Semester 2018

Exercise 1

Let H be a bialgebra.

a) Show that H°P is a bialgebra. (Recall that for any algebra A we let A°P denote the
algebra with A% := {a°? | a € A} and a°Pb°? = (ba)°P for all a°P, bP € A°P.)

b) Show that HP is a bialgebra. (Recall that for any coalgebra C' we let C°°P denote the
coalgebra with C®P := {z°P | x € C'} and Ageop (2°P) = 25 P @27 for all 2P € C°°P.)

c) Show that if H is a Hopf algebra then so is H°P°P.

d) Show that if H is a Hopf algebra with a bijective antipode, then so are H°? and H°P.

Exercise 2

Let H be a Hopf algebra and (A,d) an H right comodule algebra. The elements of the
subalgebra
B={a€eA|lg®a =a®1}

are termed H-coinvariant. If the map
can: AQp A —> A®p H, 1y xyp Ry

is bijective, we say B C A is an H Galois extension and A is H-Galois.

Now, let A be an H left module algebra. Recall that the smash product A#H is an H
right comodule algebra via id ® A. Show that A C A#H is the subalgebra of H-coinvariant
elements and that A C A#H is an H Galois extension.

Exercise 3

Let k C L be a Galois extension with Galois group G = Auty(L). Clearly G operates on L,
making L a k[G] = (k%)* left module algebra and hence a k¢ right comodule algebra.
Show that k& C L is a k% Galois extension.



Exercise 4

Suppose that chark = p > 0 and let m,n > 1, a, § € k. Show that
H=k<t|t""=0>
is a commutative Hopf algebra with

A)=t@1+1@t+att" 7" + BtF" @ 7",

Describe the affine algebraic group Sp(H).



