COIDEALS AS REMAINDERS OF GROUPS
DISTINGUISHING BETWEEN COMBINATORIAL
COVERING PROPERTIES

GIOVANNI MOLICA BISCI, DUSAN REPOVS, AND LYUBOMYR ZDOMSKYY

ABSTRACT. In this paper we construct consistent examples of subgroups
of 2 with Menger remainders which fail to have other stronger combina-
torial covering properties. This answers several open questions asked by
Bella, Tokgoz and Zdomskyy (Arch. Math. Logic 55 (2016), 767-784).

1. INTRODUCTION

All topological spaces will be assumed to be Tychonoff. For a space X
and its compactification bX the complement bX \ X is called a remainder
of X.

The study of the interplay between covering properties of Tychonoff
spaces and those of their remainders takes its origin in the seminal work
of Henriksen and Isbell [18]. Being highly homogeneous objects, topological
groups restrict the properties of their remainders in a special, strong way,
unlike general topological spaces. The study of this phenomenon in our
context was started by Arhangel’skii [1, 2] and further pursued in his joint
works with Choban, van Mill, and others, see [3, 4, 6, 5] and the references
therein.

This motivated the study in [8] of topological groups whose remainders
have combinatorial covering properties which lie between the o-compactness
and Lindelof property. Recall from [28] that a space X is said to be Menger
(or has the Menger property) if for any sequence (U,, : n € w) of open covers
of X one can pick finite sets V,, C U, in such a way that {{JV, :n € w} is
a cover of X. A family {W,, : n € w} of subsets of X is called an w-cover
of X, if for every F' € [X]|<¥, the set {n € w : F C W,} is infinite. The
property of Scheepers is defined in the same way as the Menger property,
the only difference being that we additionally demand that {|JV, : n € w}
is a w-cover of X. It is immediate that

o-compact = Scheepers = Menger = Lindelof.
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Through a sequence of reductions it was proved in [8] that there exists a
Scheepers ultrafilter if and only if there exists a topological group G such
that SG \ G is Scheepers and not o-compact if and only if there exists a
topological group G such that all finite powers of SG'\ G are Menger and are
not o-compact. Here, P(w) is as usually identified with the Cantor space
2% via characteristic functions, and subsets of P(w) are considered with
the subspace topology. Thus the existence of a topological group G such
that 5G \ G is Scheepers (resp. has all finite powers Menger) and not o-
compact is independent from ZFC: Such a group exists under 9 = ¢, and its
existence yields P-points, see [8] and the references therein. Furthermore,
it was proved in [8] that the existence of a topological group G such that
(BG\ G)? is Menger but not o-compact is independent from ZFC as well.

Since the same approach does not allow to solve the question whether
consistently every Menger remainder of a topological group is o-compact!,
it was asked in [8] whether the Scheepers and Menger properties can be
distinguished by remainders of topological groups at all, and whether a
Menger remainder of a topological group can have a non-Menger square. In
case of a negative answer outright in ZFC this would give the consistency
of all Menger remainders of topological groups being o-compact, simply by
applying the aforementioned results. However, we provide here two alter-
native proofs that both of these questions have consistently the affirma-
tive answer, by constructing counterexamples using different approaches,
see Theorems 2.5, 3.1, and Corollary 2.6. Our topological groups are ac-
tually non-meager P-filters on w, hence metrizable, 0-dimensional, totally
bounded, and hereditarily Baire by [25]. Since the Menger property is pre-
served by finite products of metrizable spaces in the Miller model [31] and
coincides with the Scheepers property under u < g by [30] (this inequality
holds in the Miller model by [11, Theorem 2| combined with the results of
[12]), filters like in Theorems 2.5 and 3.1 cannot be obtained in ZFC. The-
orem 3.2 is a variation of Theorem 3.1 motivated by the question whether
the density 1 filter can be diagonalized by a (proper) poset adding no dom-
inating reals.

As discussed above, Theorem 2.5 (stating that there exists a filter F
such that among other properties, both F and F* are Menger, and hence
F cannot be meager by [30, Prop. 2|), cannot be proved in ZFC. In section 4
we investigate how far the assumptions on F can be weakened so that it is
still impossible to get such a filter in ZFC. In this context let us recall that
there are Menger non-meager filters in ZFC, see [27]. On the other hand,
the existence of a filter F in ZFC such that F* is Menger is unknown and
constructing such a filter without additional set-theoretic assumptions (if
it is possible at all) would be extremely difficult: If F* is Menger then F
is non-meager and P, see Corollary 2.4, and it is a famous open problem
to construct a non-meager P-filter in ZFC. In Theorem 4.3 we show that
consistently there are no Menger filters F such that F* is Menger as well.

IThis question remains open also after this work.
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Let us note that the properties of Menger, Scheepers, having Menger
square, etc., are preserved by perfect maps in both directions. This im-
plies that if one of the remainders of a space X has one of these covering
properties, then all other also have it, see the beginning of [8, § 3] for more
detailed explanations.

All undefined topological notions can be found in [15]. For the definitions
and basic properties of cardinal characteristics used in this paper we refer
the reader to [9].

2. MAIN RESULT

We need to recall some standard as well as introduce some ad-hoc nota-
tion and terminology. A family H C [w]“ is called a semifilter if for every
HeH,new,and X D H\n we have X € H. For a set F C P(w) and
n € w we denote by (F), the set {(F': F € [F|="}, and (F) stands for

{X Cw:3ndY € (F),(Y\nC X)}.

F is said to be centered if (F), C [w]* for all n € w, i.e., if the intersection
of any finite subfamily of F is infinite. In this case, (F) is the smallest free
filter on w containing F. Let us note that if F is compact then so is (F),
for any n € w, being a continuous image of F". Similarly, by (F)s we shall
denote the smallest semifilter containing F, i.e.,

(Fls={XCw:3IFeFincwF\nCX)}

For a family F of subsets of P(w) (i.e., F C P(P(w))) we define the ().-
saturation of F as the smallest subfamily F; D F of P(P(w)) such that
(UF)n € Fy for any F' € [F1]<¥ and n € w. It is easy to write the ().-
saturation of a family F in a precise way, thus proving that the ().-saturation
of an infinite F has the same cardinality as F, and it consists of compact
subsets of ((JF) if each F € F is compact. We say that F is ().-saturated if
it coincides with its ().-saturation.

Given families F,H of subsets of w, we denote by F A H the family
{FNH : F € F,H € H}. Again, if 7, H are compact, then so is F AH. For
F,H C P(w) we define the (F, A)-saturation of H as the smallest subfamily
H; D H of P(P(w)) such that F A'H € H; for any F € F and H € H;.
Again, it is straightforward to write the (F, A)-saturation of H in the precise
way, thus proving that it is a subfamily of P({({JF) A |JH) of size at most
max{w, |F|, |H|}, and it consists of compact sets if so do F and H. We call
H to be (F, A)-saturated if it coincides with its (F, A)-saturation.

The next easy auxiliary fact is probably well-known.

Lemma 2.1. Let F be a family of compact subsets of [w]* of size |F| <
min{d,t} and ¢ : w — w a monotone surjection. Then there exists Z C w
such that

o ZINFl =|w\¢ ' [Z)NFl=w
for all F € |JF.

Proof. Let (k, : n € w) be the strictly increasing number sequence with
ko = 0 such that ¢=1(n) = [kn, kny1)-
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For every F € F let hx : w — w be a strictly increasing function such
that [hz(n),hz(n+1))NF # () for all F € F and n € w. Since |F| <0,
there exists a strictly increasing h € w* such that

Ir={new: ([hn), h(n+1) Nhzw]| > 2)}

is infinite for all F € F. Without loss of generality we may assume that
hlw] C {k, : n € w}, and hence for every (infinite) I C w there exists (an
infinite) Z C w such that (J,;[h(n), h(n+ 1)) = ¢~ [Z].

Since |F| < ¢t there exists I C w such that [I N Iz| = |Ix\ I| = w for all
F € F. We claim that

), htn+1))nF| =] | [bn),h(n+ 1)) N F| =w

nel new\l
for all F' € |JF. Indeed, let us find F € F containing F' and pick n € INIx.
Then there exists m € w such that [h(n), h(n + 1)) D [hx(m), hr(m + 1)),
and hence
0 # FN[hz(m), hr(m+1)) C FO[h(n), h(n+1)) € FN|J[1(n), h(n+1))NF.

nel

The case of w \ I is analogous. U
Remark 2.2. Lemma 2.1 holds for any finite-to-one surjection ¢ from w to

w. Indeed, let us fix any such ¢ and find a bijection 6 : w — w such that
¢ o 0 is a monotone surjection Then Lemma 2.1 yields Z C w such that

(606) (21N 671 [F]| = |(w\ (606) 1 (2]) N6 [F] =
for all F € |JF, i.e.,
06200 07 )| = | 21 N6 = w

and thus also
T ZINFl=[(w\ ¢ Z)NF|=w

for all F' € [JF because 6 is a bijection. 0

A semifilter F is called a P-semifilter if for every sequence (F,, : n € w)
of elements of F there exists a sequence (K, : n € w) such that K,, € [F,,|<
foralln ewand |, , Kn e F. U Ft ={X Cw:VFe F(XNF #0)}is
a P-semifilter, then we also say that F is a PT-semifilter. Each semifilter
F on w gives rise to the semifilter F(<*) on [w]<“ \ {} generated by the
family {[F]<“ \ {0} : F € F}. If F is a filter we shall call F* the coideal
of F.

Next, we put together several known facts about Menger semifilters es-
tablished in [14] and [17] and get a potentially useful characterization.

Theorem 2.3. Let F be a semifilter on w. Then the following statements
are equivalent:
(1) F is Menger;
(2) For every sequence (K, : n € w) of compact subsets of F*t there
exists an increasing sequence (m, : n € w) € w* with the property

Uneo (I NYmy,) € FF for any (I, :n € w) € [],c, Kan:
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(3) For every sequence (K, : n € w) of compact subsets of F*t there
exists an increasing sequence (m, : n € w) € w* with the property
Uneo (Kn N [mn,l,mn)) € Ft for* any (K, : n € w) € [],c, Kn;
and

(4) F<¥) is a P*-semifilter.

Proof. The equivalence (1) < (4) was established in [14, Claim 2.4], and
its proof works verbatim also for semifilters. The implication (1) — (3)
was obtained in [14, Prop. 3.4], its proof again works for semifilters without
any changes, while (3) — (2) is straightforward. Thus it remains to prove
(2) — (4). Let (E, : n € w) be a sequence of elements of (F(<“))*. For
each n set K, = {X Cw:Ve € E,(XNe#0)} and note that K, C F*: If
KNF =0 for some K € K, and F € F, then there is no e € E, N [F]<¥,
which contradicts our choice of E,,. Let (m,, : n € w) be as in (2). We claim
that (J,c, Bn N P(my,) € (F<))F, which will imply (4). Indeed, otherwise
there exists F' € F such that e\ F' # () for each e € E,, NP(m,) and n € w.
Thus
K, = U{e\F:eE E,,e Cm,}U(w\m,) €K,

for all n. However,

FﬂU(Knﬂmn):FﬂUU{e\F:eEEn,eCmn}:

new new
= U(FﬂU{e\F:eEEn,eCmn}) =0,
new
and hence | J{K, Nm, :n € w} ¢ FT, which contradicts (2). O

Corollary 2.4. FEach Menger semifilter is P+.

Theorem 2.3 will be crucial for the proof of the following fact, which is
the main result of the paper.

Theorem 2.5. (vt =0 = c). There exists a filler G on w such that
(1) G and G* are Menger;
(2) For every finite-to-one surjection ¢ : w — w there exists X C w such
that o~ X], 07w\ X] € GT.
Proof. Let us fix the following enumerations:

o {(K¥:n € w):a< c=: the family of all sequences of compact
subsets of [w]*;
e {¢p, : a < c}=: the family of all finite-to-one surjections from w — w.
By recursion over a < ¢ we shall construct a sequence ((F,,H,) : o < ¢)
such that

(a) Fa,H, are families of compact subsets of [w]¥ of size < ¢ with Fy =
Ho = {{w}};

(b) |JFa, is centered and F,, is ().-saturated;

(¢) Fo € Fow NHy and H, C H, for any a < of;

(d) UHs C€ (UFa)™, and H,, is (F,, A)-saturated,;

2We set here m_; = 0.
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(e) If U, Ky € (UFa), then there exists an increasing number se-
quence (mg : n € w) such that Foi1 3 Ky, where Ko = { U, o, (KN

(f) I Upeo Ko & (UFa), then there exists K, € (J
{w\ Ko} € Harrs

(9) If U,c, o € (UHa)s, then there exists an increasing number se-
quence (1% : n € w) such that Ho11 3 L,, where £, = { U, o (K, N
12): (K, in € w) € e, Ko}

(h) If U,c, K& & (UHa)s, then there exists L, € |J
{w \ La} S Fa—i—l;

(7) There exists Z, C w such that {¢,'[Z.], ¢, w \ Za]} € Haxt1-

K& such that

new

K& such that

new

First, let us assume that we have constructed a sequence ((F,,Hqa) : a0 < ¢)
satisfying (a)-(j). We claim that

= (J{UFa:a<c})

is as required. It follows that G equals

G == J{UHa:a <)

Indeed, G; C G* follows directly from (d). To prove that G C G; let us
fix any X ¢ G;. Let a < ¢ be such that % = {X} for every n € w and
note that (% : n € w) satisfies the premises of (h). Therefore there exists
Lo € Upeo Ko = {X} (ie., Ly = X) such that {w\ Lo} € Foyq, and hence
w\ X € G which yields X ¢ G™.

Next, we shall establish that both G and G are Menger. Let (IC,, : n €
w) be a sequence of compact subsets of G and « be such that £ = K¢
for all n € w. It follows that (J,., K5 C (UF.). Indeed, otherwise by
(f) there exists K, € |J, ¢, Ky such that {w\ K.} € Haq1, and therefore
w\ K, € G*, which contradicts K, € G. Thus (K% : n € w) fulfills the
premises of (e), which yields an increasing sequence (m, : n € w) € w¥
with the property |, (K, N'm,) € G for any (K, : n € w) € ], ., Ks.
Applying Theorem 2.3, we conclude that G* is Menger.

To see that also G is Menger let us consider a sequence (I, : n € w)
of compact subsets of Q’+ and find a such that £* = Kf for all n € w.
It follows that (J, ., Ko C ((UHa)s. Indeed, otherwise by (h) there exists
Lo € U, Ko such that {w\ Lo} € Fas1, and therefore w \ L, € G, which
contradicts L, € GT. Thus (K% : n € w) fulfills the premises of (g), which
yields an increasing sequence (I, : n € w) € w* with the property [, (KnN
l,) € GF for any (K, : n € w) € [[,e,Ka. Applying Theorem 2.3, we
conclude that G is Menger.

Finally, we show how to construct a sequence as above satisfying (a)-
(7). Limit stages are straightforward, so suppose that we have already
constructed ((Fg,Hg) : 5 < «) satisfying (e)-(j) for all § < «, (a), (b) and
(d) for all B < a, and (c) for all § < 5/ < a. Two cases are possible.
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D). Uneo K € (UF4). Then for every H € H, we can find an increasing
sequence (m* : n € w) € w* such that

KnHNmt\n)#0

for every K € (K%),, H € H, and n € w. Such an m* exists because
of the compactness of the involved sets and H C |JH, C ((JFa4)*. Since
|Ho| < 0, there exists an increasing sequence (m? : n € w) € w* such that
H{new:mM <m2}| =w for all H € H,. Set

Ko={|JK.nmg): (K,:new)e[[Ks},
new new
and F,1 to be the ().-saturation of F,U{/C,}. Since |F,41| < ¢, Lemma 2.1
yields Z,, C w such that {¢,[Z.], ¢, {w\Za]} € (UFas1)". We define H, g
to be the (F,41, A)-saturation of

Ho U {{¢a"[Za],w \ 65 '[Za]}}-

We are left with the task of checking that conditions (a)-(j) are satisfied.
Indeed, (a), (¢), and (e)-(j) hold immediately by the construction, in case
of (f) and (h) because of the premises being violated.

Proof of (b), (d) for a4+ 1: By (b) and (d) for « it suffices to prove that
(Ka)r NH C |w] for any H € H, and k € w. Let us fix

{(K,:new)i<k}c]]Ks
new

and H € H, and find n > k such that m? < m®. Then (,., K € (K2),
and therefore -

@%ﬂKﬁLﬂHﬂ(m;{\n)CﬂKZﬂHﬂ(mg\n)C

i<k i<k

C (ﬂU{KfLﬂmZ‘:nEw}ﬂH)\n

i<k
which proves (b) and (d) for a + 1 and thus completes this case.

2). Unew K & (UFa). Two subcases of 2) are possible.

20). Unew ICO‘ Z (UHa)s- It follows that there exists L, € [J,,,, K% such
that w \ L, € <U H.)s € (UFa)™t, which allows us to define F,1 as the
().-saturation of F, U {{w \ Lo}}. Lemma 2.1 yields Z, C w such that
{0 Za); 03t [w \ Za)} € (UFas1)™. Let Hoiq be the (Foi1, A)-saturation

Ho U{{85 " [Zalw \ 65" [Za]}}-
Conditions (a)-(c), and (e)-(j) hold for av+ 1 immediately by the construc-
tion, in case of (e) and (g) because of the premises being violated, and for
(f) we can simply take K, to be L,. Regarding (d) for a + 1, by (b) and
(d) for « it suffices to prove that Fy N Fy N (w \ L) N X is infinite for
any Fy, Fy € [UF, and X € {¢,'[Z.),w \ ¢,'[Za]}, which again has been

guaranteed in the course of the construction above.
21). Unew Kn € (UHa)s- In this case we set Foqq = F,.
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For every F € F,41 we can find an increasing sequence {7 : n € w) € w®
such that
KNFN(IZ\n)#0
for every K € K% and F' € F. Such an [ exists because of the compactness
of the involved sets and K2 C ((JHa)s € (UFa)*. Since |F,| < 0, there
exists an increasing sequence ([% : n € w) € w* such that |[{n € w: 7 <

19} = w for all F € Foyq. Set
Lo={|JK.NIE): (K, new) e [][Ks}.

new new
Lemma 2.1 yields Z, C w such that {¢;'[Z.], 05w \ Za]} C (JFas1)™
From (.., Ko ¢ ((UFa) it follows that there exists K, € |, K;, such that
{w\ K,} € (UF,)". Finally, we define H,41 to be the (F,,1, A)-saturation
of

Ho U {{0,'[Za], {w \ ¢, [Za],w \ Ko} } U{La}.

It is straightforward to check that conditions (a)-(j) are satisfied, the only

slightly non-trivial step being £, C {{JFa+1)", which can be proved analo-

gously to (but more easily) “(Kn)r A H C [w]¥ for any H € H, and k € w”
in case 1).

This concludes our proof, since all possible cases have been considered.

O

In the proof of the following corollary we shall use the classical result of
Hurewicz [21] (see also [22, Theorem 4.3]) stating that X C P(w) is Menger
if and only if f[X] is not dominating for any continuous f : X — w.

Corollary 2.6. If a semifilter H satisfies condition (2) of Theorem 2.5,
then H? is not Menger and H is not Scheepers. In particular, there is no
continuous surjection from H onto H2.

Proof. Suppose that H? is Menger, then so is H x (~ H), where ~ H =
{w\ H : H € H}, because ~ H is homeomorphic to H. Therefore X :=
Hx (~H)N{(X,X): X Cw} is also Menger being a closed subspace of
H x (~ H), and hence so is H N (~ H) as the projection of X to the first
(as well as the second) coordinate. Let us note that H N (~ H) consists of
infinite co-infinite subsets of w, and hence the map h : H N (~ H) — w¥,
h(X)={ne X :(n+1) ¢ X}, must have a non-dominating range.

On the other hand, given a strictly increasing z € w* with x(0) = 0,
let us consider the monotone surjection ¢ : w — w such that ¢~'(n) =
[z(n),z(n + 1)) for all n. It follows that there exists Z C w such that
¢ 'Z] € HN (~ H), and it is easy to see that h[¢p[Z]] C z[w]. Thus for
every x as above there exists X € H N (~ H) with h(X) contained in the
range of z, which clearly yields a dominating continuous range of HN(~ H)
and thus leads to a contradiction.

Now, suppose that H is Scheepers and consider the clopen cover O =
{O : k € w} of H, where Op, = {X C w: k € X}. By [7, Theorem 2]
(see the equivalence of items 1 and 4 there) there exists a disjoint sequence
(O, : n € w) of finite subsets of O such that for every finite H' C H there
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exists n with #' C |JO,,. Let s, € [w]<¥ be such that O,, = {Oy : k € s,,}
and consider the finite-to-one surjection ¢ : w — w such that ¢=*(n) = s,
for all n € w. It follows from the above that for every finite H' C H there
exists n € w such that H N's, # () for all H € H'.

On the other hand, using Theorem 2.5(2) pick Z C w be such that
H :={¢7'[Z],w\ ¢7'[Z]} C H and note that there is no n € w such that
both sets

¢~ [Z]Nsn = ¢~ [Z]N¢7 (n) and (w\¢7'[Z])Ns, = (W\¢~'[Z])Ne™" (n)
are non-empty, a contradiction. Il

Let us note that the proof of Corollary 2.6 could be actually extracted
from that of [8, Lemma 3.1], but we have nonetheless presented it for
reader’s convenience. Since every Menger subspace of P(w) has Menger
square and is Scheepers in the Miller model, Theorem 2.5 cannot be proved
in ZFC, as follows from Corollary 2.6.

Since each filter has a structure of a topological group, Theorem 2.5
combined with Corollary 2.6 answers [8, Question 1.8] in the affirmative,
the coideal G being the needed counterexample. Another motivation for
Corollary 2.6 comes from [26] where it was proved that each filter on w is
homeomorphic to its square. According to [26, Prop. 8], this result fails for
semifilters, and the counterexample is a Borel comeager semifilter. However,
until now no both non-meager and non-comeager semifilter F which is not
homeomorphic to its square was known, and Theorem 2.5 combined with
Corollary 2.6 now gives a consistent example of coideal like that.

For curiosity we exclude below one more possibility for spaces related to
filters G satisfying Theorem 2.5 to be homeomorphic.

Corollary 2.7. If a filter G satisfies Theorem 2.5, then G x G is not
homeomorphic to to G.

Proof. G* is Menger by [26] (see also [14, Claim 5.5] for a simpler proof),
whereas (G x G7)? can be mapped continuously onto (GT)? and hence is not
Menger. U

3. EXAMPLES BY FORCING

This section was inspired by [16, § 4] as well as [24, § 6]. More precisely,
one can obtain a filter G such as in Theorem 2.5 by countably complete
forcing, namely let P be the poset consisting of conditions p = (F,H) such
that

(7) Fis a countable collection of compact subsets of [w]“ such that | JF
is centered;
(77) H is a countable collection of compact subsets of [w]* such that
F CH;
(i5) JH C (UF)™.
A condition (Fq, Hy) is stronger than (Fo, Ho) (and written (Fy, H;) < (Fg, Ho))
if F1 D) FO and H1 D Ho.
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Theorem 3.1. Let G be a P-generic filter, G = J{UUF : 3H ((F,H) € G)},
and H =J{UH : 3IF ((F,H) € G)}. Then G is a filter, H = G*, and both
G and H are Menger. Moreover, for every surjection ¢ : w — w there ezists

X C w such that 7' [X], ¢ w\ X] € GT.

We leave the proof of Theorem 3.1 to the reader, as it is more or less a
kind of a repetition of that of Theorem 2.5, with the only difference being
that now everything we need would happen “generically”, i.e., the set of
suitable conditions is dense, while for Theorem 2.5 we had to “manually”
guarantee all that by going over appropriate enumerations.

Instead, we shall address a similar poset tailored to analyze the density
1 filter Z* on w consisting of those Z C w such that lim,, ., |Zg”| =1.Ttis
a well known open problem whether there exists a proper poset adding no
dominating reals but adding an infinite subset of w almost included into all
ground model elements of Z*, see, e.g., [19, Question 2.12]. This motivated
us to introduce the following poset.

Let Q be the set of conditions (F,H, ) such that

(7) Fis a countable collection of compact subsets of [w]* such that | JF
is centered;
(i7) H is a countable subset of [w]* and € : H — (0, 1]; and
(7i1) For every F' € (F) and H € H there exists X € [w]* such that

lim,,¢ x ‘FQ"‘ =1 and liminf,cx ‘anﬂ > e(H).

A condition (Fy, Hy,e1) is stronger than (Fo, Ho, £0) (and written (Fq, Hy,e1) <
(Fo, Ho,€0)) if F1 D Fo, H1 D Ho, and g = &1 [ Ho. Clearly, Q is countably

closed.

Theorem 3.2. Let G be a Q-generic filter and G = | J{UF : IHI((F, H,¢) €
G)}. Then G is a filter, Z* C G, and G is Menger.

Proof. To see that G is a filter note that for any (F,H,e) € Q and finite
F C (UF) we have (FU {{(\F}},H,e) € Q, and hence the set of all
conditions in @Q whose first component contains {(|F} as an element, is
dense below (F, H, ).

The fact that Z* C G, follows from the observation that for any T &
Z* and (F,H,e) € Q, we have that (FU {{T}},H,e) € Q. Indeed, if
for some F € (F), H € H, and X € [w]* we have lim,cy [£22

1 and liminfn€X|W| > e(H), then also limnex|m| = 1 and
lim inf,,ey [EODOA > (),

Thus we are left with the task of showing that for every sequence (IC,, :
n € w) of compact subspaces of G there exists an increasing sequence
(m, 1 n € w) € w” such that for every (K, : n € w) € [],., K, we
have | J, o, (i N'my,) € G. Let (Fo, Ho,€0) € G be such that (Fo, Ho, €o) IF
Unew £ € G- We claim that there exists (Fi,H1,e1) € G such that
Uneo Kn € (UF1). Indeed, given any condition (F,H,e) < (Fo,Ho, <o)
two cases are possible.

1. There exists K € (U, Cn) such that w \ K € H, or there exists
d > 0 such that for every F' € (F) there exists X € [w]¥ with properties
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lim,,e x ‘FS"‘ = 1 and liminf,cx w > 0. In this case (F,H U {w\
K}, ehIFK ¢ G, wheree' | H=cand e'(w\ K) =0 if w\ K ¢ H. The
latter leads to a contradiction.

2. For every K € (J,c, Kn) we have w\ K ¢ H, and for every § > 0
there exists F' € (F) such that for every X € [w]¥ with lim,¢cx |an| =1 the
following holds:

|FN(w\ K)Nnl =
n

(1) Vine X

Let us note that if for some § > 0 an element F' € (F) is a witness for
Equation 1, then any smaller F' € (F) is also one. Given any F' € (F)
and K € (|U,c, KCn), let us construct a decreasing sequence (Fj : i > 1) of
elements of (F) such that Fy = F and

|F; Nn |Fiﬁ(w\K)ﬂn|<1

2) VX “ (i =1=WV X -).
0 el (B0 1 e x BREAOR
Equation 2 implies
Fin F,NnKN 2

(3) VXE[w]w(limﬁzlév*neXM21——,).

neX n n 2
Let us fix now any H € H and for every i find X; € [w]” such that
lim,e x, |an| = 1 and IFzﬂnﬂ > e(H) — 1 for all n € X;. This is pos-
sible by 1tem (i) of the definition of Q. Removing finitely many elements

of X;, if necessary, by Equation 3 we may assume that W > 1 — %

for all n € X;. Now let (n; : i € w) € w¥ be an increasing sequence
such that n; € X; and X(F,H,K) = {n; : i € w}. It follows that
mﬂ >e(H)— 1 and M >2—1/@' for all i € w. Since F; C F for
all 7, we have that m > E(H) 1 and M > 1—2/i and therefore
EQEOHOm > ¢(H)—2 for all i € w. Thus (FU{IC :n €w}l, H,e) € Q, where
for each F € (F), He H, and K € (U, cuic,) the infinite set X (F, H, K) is
such as required in (ii7) for N K and H.

Summarizing, we have proved that for any (F,H,e) < (Fo, Ho,c0) we
have (FU{K, : n € w},H,e) € Q, and thus there exists (Fy,Hi,e1) € G

with UnEw ICn C <U F1>
Let us now fix (F,H,e) < (F1,H1,e1) and enumerations (H; : i € w) of
H as well as (F; : 1 € w) of F. Set

Li={y:velyruxr*

and by recursion over ¢ construct an increasing number sequence (m; : i € w)
such that for every L € £; and j < i there exists n; € [m,;_1, m;) such that

|er7| >1—1and ‘mH_ﬂn]' > e(H;)(1 — 1). This is possible by (iii) and
the compactness of L;. Lettlng

K:{U(Kimmi) (K i e w) EH’Ci}a

S 1EW
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we claim that (F U {K},H,e) € Q. Indeed, let us fix k € w and a family
{Y, s <k} C K, where Y, = |, (Kis N'm;) for some K;, € K;. Also,
let us fix a family {R, : s < k} C U, Fs and set R = ., Rs. Then for
every i > 2k + 1 and s < k we have that -

YV ={R,: s <k}U{K;;:s<k}e [U]-"j UU/C]-]S,
J<i J<i
and therefore for every and j < i there exists n; € [m;_1,m;) such that
_|ﬂ);ﬁnj| >1—1and —‘ym?m"ﬂ > e(H;)(1 —1). Since
J

J

(4) ﬂymnjCﬂ{Rs:SSk}ﬂﬂ{YSISSk}ﬂnj7

(because K; sNm; C YsNm;, for all s < k), we conclude that (4i7) is satisfied
for (F U {K},H,¢e), and hence it is a member of Q. Thus for arbitrary
(F,H,e) < (F1,Hi,e1) we have (FU{K}, H, ) € Q, and hence there exists
(Fo, Ha,e2) € G with K € Fy, which yields K C G. It remains to apply
Theorem 2.3. U

It is well-known and easy to see that the filter Z* cannot be extended
to any P*-filter, and hence the Menger co-ideal G from Theorem 3.2 does
not contain any P-point, and hence also no Menger ultrafilter. We do not
know whether such examples can be obtained in ZFC, see Section 5 for more
questions related to Z.

4. IMPOSSIBILITY RESULTS

Here we show that Theorem 2.5 cannot be proved without additional set-
theoretic assumptions, see Theorem 4.3 below. Following [8] for a semifilter
F we denote by Pz the poset consisting of all partial maps p from w X w
to 2 such that for every n € w the domain of p,, : k — p(n, k) is an element
of ~ F ={w\ F : F € F}. If, moreover, we assume that additionally
dom(p,) C dom(p,y1) for all n, the corresponding poset will be denoted
by P%. A condition ¢ is stronger than p (in this case we write ¢ < p) if
p C q. For filters F the poset P% is obviously dense in Pr, and the latter
is proper and w*-bounding if F is a non-meager P-filter [29, Fact VI.4.3,
Lemma VI.4.4]. This result has the following topological counterpart proved
in [8]. Recall that a poset P is called w”-bounding if (w*)" is dominating
in VP,

Lemma 4.1. If F* is a Menger semifilter, then both Px and P% are proper
and w*-bounding.

We shall need the following game of length w on a topological space X: In
the nth move player I chooses an open cover U,, of X, and player II responds
by choosing a finite V,, C U,. Player II wins the game if {J,., UV. = X.
Otherwise, player I wins. We shall call this game the Menger game on X.
It is well-known that X is Menger if and only if player / has no winning
strategy in the Menger game on X, see [20] or [28, Theorem 13].

For a relation R on w and z,y € w* we denote by [z R y] the set {n :
x(n) Ry(n)}. The next lemma improves [8, Lemma 4.3].
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Lemma 4.2. Suppose that F is a semifilter such that F C F* and F7 is
Menger. Let x be P%-generic, Q € V]z| be an w*-bounding poset, and H
a Q-generic over Vix]. Then in V]x x H| there is no Menger semifilter G
containing F such that G C G and G is Menger.

Proof. Suppose that a semifilter G € V[x % H| as above exists. Throughout
the proof we shall identify x with Ux : w x w — 2. Suppose to the contrary,
that such a G exists. Set z;(n) = x(j,n). Since G C G, G cannot contain
two disjoint elements, and hence for every j there exists €; € 2 such that
X = x;l(ej) € G*. Without loss of generality we may assume that there
exists an infinite 7' C w such that ¢; = 1 for all j € T". Since P% * Q is
w“-bounding we can get an increasing sequence (ji : k € w) € V such that
for every k € w there exists ¢, € [jx, jrs1) NT.
Given k € w, for every s € w/*+1 set

Ues ={X Cw : s[jrr1] C X}

Then {Uy,s : s € Ty}, where Xy = [[,;, . (X;\ 1), is an open cover of G
for every k,l € w, because each Y € G has infinite intersection with each X.
We shall define a strategy © for player I in the Menger game on G as follows.
O(0) = {Ups : s € Xop}. If I replied with some finite subset Vy of O(0), I
finds 1(0) € w such that this reply is contained in {Uy, : s € h(0)* N g0}
and his next move is then ©(Vy) := {Uy s : 5 € X1 p0)}. And so on, i.e., after
k many rounds player [ finds h(k) € w above h(k — 1) (here h(—1) := 0)
such that the reply of II is contained in {Uy, : s € (k)™ + NEy pp-1)} and
his next move is then

@(Vo, o ,Vk> = {Z/{k+173 S E Ek-}-l,h(k)}-

Since G is Menger, O is not winning, and hence there exists an increasing
sequence h € w¥ € V]z * H| such that

(5) G | J{ Ut s s € B(EYH N S} 1 b € w)

Next, we shall define a strategy T for player I in the Menger game on G*
as follows. T(0) = {Uos : s € Soo}, where Si; = Hj<jk+1 (w\(dom(pj)ul))
for all k,1 € w. If II replied with some finite subset Vy of Y(@), I finds
lo € w such that this reply is contained in {Uy s : s € h(lp)’*} and his next
move is then Y(Vy) := {Uis : s € Sipay}- And so on, ie., after & many
rounds player I finds [, € w above [;_; such that the reply of I] is contained
in {Uys: s € hy(ly)’*+1} and his next move is then

T<V0, - ,Vk> = {L{HLS e Sk+1,h(lk)}-

Since T is not winning, there exists an increasing sequence (ly : k € w) (we
set also [_; = 0 for convenience) such that

(6) Q+ C U U {L{k,s 18 € h(lk)j]Hl N Sk,h(lk,l)}-

kew
Let hy € V Nw* be an increasing function such that hy(k) > h(k) for all
k€ w, apd <p,_q') € xxHa condition forcing all the above to happen.
Let also h, ty, G, Yiy, 7, tj, X;, T, ... be P% * Q-names of the objects in
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V [z * H] considered above. Consider the condition p' € P% below p defined
as follows:

p; =p; U{{n,0) :n € hy(li) \ dom(p;)}
whenever j € [j,jrs1) and k € w. Thus (p',q) forces Equations 5 and

6. Thus (p', ) forces the following: If for every k € w and s € h(k)7+ N
Zk,h(kﬂ) we pick js € jg41, then

(7) {s(js) : s € h(k)s+1 N Sk k€ w} € G*; and
if for every k € w and s € h(i},)7+1 N Sk,h(l'k_l) we pick j. € jgi1, then
(8) {s(j.) : s € ()7 N Sk,h(l'k_ﬂ’ kew} e G.

Given a P% x Q-generic filter z! x H' containing (p', ¢), we shall work in
V[z'xH'] in what follows. For abuse of notation we shall again use notations
for the evaluations with respect to z' * H' of all names considered above,
obtained simply by removing “”, i.e., h := h*'*H' etc. This way letting
gL =t for each s € h(lx)’+* N Sk, ), the set B’ defined in Equation 8
belongs to G. For every k € w and s € h(k)7+1 N Xy p—1) Set Js = b,
where m(k) = min{m : [, > k}. The set B defined in Equation 7 for
this choice of j,’s belongs to G, and hence BN B’ # (). Thus there exist
koK' e w, s’ € h(ly)¥+ N Sy na,_ ), and s € h(k)*+1 N B -1y such that

(9) $(tm(ry) = 8'(trr)-

Since s(tm)) € h(k)\h(k—1) and s'(t)) € h(l) \ h(lr—1), from Equation 9
we conclude that h(k)\ h(k—1) C h(lp) \ h(lp—1), and hence k&' = min{m :
l;m > k}, which yields &' = m(k). Recall that s(t,x)) € Xi,,,,, and therefore

On the other hand,
(11) Tty ((tm)) = Tt (8 (b)) = 21, (8 (Emry))
because p%m(k) C zy,,,, and

S (tmk)) € Mlm(ry) C ha(lmry) C dom(l?imw),
the last inclusion following from ¢, € [Jm(k), Jmk)+1) and the definition
of p'. Recall that §'(tmu)) & dom(ptm(k>) by the definition of Sy pu,, ) =
Sm(k) (1), Which implies that ptlm(k) (s’(tm(k))) = 0 by the definition of
pt. Thus Tt (s(tm(k))) = Tt (s’(tm(k))) = 0 by Equation 11, which is
impossible by Equation 10. This contradiction completes our proof. U

The next theorem improves [8, Theorem 4.5] and is the main result of
this section.

Theorem 4.3. It is consistent that there is no semifilter G on w such that
G C G* and both G,G* are Menger.
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Proof. Let us assume that V = L holds® in V and consider a function
B : wy — H(ws), the family of all sets whose transitive closure has size
< wq. Let <PQ,Q5 : B < a < wsy) be the following iteration with at most
countable supports: If B(«) is a Po-name for P for some semifilter F such
that IFp, “F C F* and F, F* are Menger”, then Q, = B(a). Otherwise
we let Qa be a P,-name for the trivial forcing. Then P,, is w*-bounding
forcing notion with wy-c.c. being a countable support iteration of length ws
of proper w“-bounding posets of size w; over a model of GCH. Now, using
the suitable diamond in V for the choice of B together with a standard
reflection argument, we can guarantee in addition that for any PP,,-generic
filter G over V' and semifilter F € V[G] such that F C F* and F, F" are

Menger, the following holds:
The set {a : Fp = (FNVIGNP,]) € VI[GNP,], Fo C
Ft, Fa, Fi are Menger in V[G NP,), and QGFe = P}a} is
stationary in ws.

Now, a direct application of Lemma 4.2 implies that F,, cannot be enlarged
to any semifilter & C U™ in V[G] such that U, U™ are Menger, which con-
tradicts the fact that F is such an enlargement. U

5. OPEN QUESTIONS
Theorem 2.5 together with Corollaries 2.6 and 2.7 motivate the following

Question 5.1.

e Is there a ZFC example of a non-meager filter F such that F* is
not homeomorphic to (F1)??
e Is 7 x F* homeomorphic to F* for every non-meager filter F?

In light of Theorem 3.2 it is natural to ask the next question. Let us
recall from [14] that for a filter F the Mathias forcing associated to it adds
no dominating reals iff F is Menger, so the following question is especially
interesting when F is not an ultrafilter.

Question 5.2. Let F be a filter such that F* is Menger. Is there a (proper)
poset adding no dominating reals and adding an infinite pseudointersection
of 7 What about the Mathias forcing associated to F*7

Theorem 4.3 leaves open one possibility whose inconsistency we are un-
able to establish.

Question 5.3.

e Is there a ZFC example of a filter F such that F* is Menger?
e Is there a ZFC example of a semifilter F C F* such that F' is
Menger?

The first item of the question above has been mentioned to us by Mikotaj
Krupski in private communication and is related to his work [23]. By |8,

31t suffices to assume 2¥ = w1, 290 = wo, and Ofsewn:cf(§)=w; )} S€€ [29, Theorem 5.13].
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Lemma 3.1] the negative answer to the second item of Question 5.3 im-
plies that consistently every Menger remainder of a topological group is
o-compact.
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