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MENGER AND PRODUCTIVELY HUREWICZ SPACES IN
MODELS OF b =0b.

DUSAN D. REPOVS, LYUBOMYR ZDOMSKYY

ABSTRACT. This article is devoted to the interplay between produc-
tively Menger and productively Hurewicz subspaces of the Cantor space.
In particular, we show that in the Laver model for the consistency of the
Borel’s conjecture these two notions coincide and characterize Hurewicz
spaces. On the other hand, it is consistent with CH that there are
productively Hurewicz subspaces of the Cantor space which are not pro-
ductively Menger.

1. INTRODUCTION

This work may be thought of as a continuation of our earlier paper [9],
so we keep our introduction here short and refer the reader to that of [9].
Except for Theorem 1.1 and its proof at the end of Section 2, we consider
only zero-dimensional metrizable separable spaces, i.e., subspaces of the
Cantor space 2* up to a homeomorphism.

A topological space X has the Menger property (or, alternatively, is a
Menger space) if for every sequence (U, : n € w) of open covers of X there
exists a sequence (V, : n € w) such that each V, is a finite subfamily of
U,, and the collection {UV,, : n € w} is a cover of X. If in the definition
above we additionally require that {UV, : n € w} is a y-cover of X (this
means that the set {n € w: x & UV, } is finite for each z € X), then we
obtain the definition of the Hurewicz property introduced in [3]. However,
we shall actually use the following characterization of the Hurewicz property
established in [3] (see also [4, Theorem 4.3]): X C 2“ is Hurewicz if and
only if for every continuous f : X — w* the range f[X] is bounded with
respect to the eventual dominance relation <*.

One of the basic questions about a topological property is whether it is
preserved by finite products, which led to the following definitions intro-
duced in [7]: A topological space X is productively Hurewicz (resp. produc-
tively Menger), if X x Y is Hurewicz (resp. Menger) for all Hurewicz (resp.
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Menger) spaces Y. Since singletons are Hurewicz, productively Hurewicz
(resp. productively Menger) spaces are Hurewicz (resp. Menger). If b < g,
there are productively Menger spaces which are not even Hurewicz, see the
discussion at the beginning of [11, p. 10]. However, if b = 9, then produc-
tively Menger spaces are productively Hurewicz by [11, Theorem 4.8].

In this paper we show that the statement “b = 0 and classes of produc-
tively Hurewicz and productively Menger spaces coincide” is independent
from ZFC. More precisely, in one direction we use the key lemma of [5] in
the style of [6] and prove the following

Theorem 1.1. In the Laver model for the consistency of the Borel’s conjec-
ture, Hurewicz spaces are productively Menger (and hence also productively
Hurewicz) in the realm of subspaces of 2%.

Consequently, the product X XY of a Hurewicz space X and a Menger
space Y is Menger if it is Lindelof.

The theorem above is an improvement of [13, Theorem 1.1], as follows
from [11, Theorem 4.8].

The next result, whose proof relies on ideas from [11], shows that the
conclusion of Theorem 1.1 is not a consequence of CH, so also not of b = 0,
the latter being the assumption in [11, Theorem 4.8].

Theorem 1.2. The existence of a productively Hurewicz space which is not
productively Menger is consistent with CH.

We do not know whether the conclusion of Theorem 1.2 is actually a
consequence of CH. The space we construct in the proof of Theorem 1.2
answers [11, Problems 7.6,7.8] in the negative.

We refer the reader to [1] for the definitions of cardinal characteristics
we use, [2] for topological notions we use but not define, and to [9] for more
motivation behind the research done in this paper.

2. PRODUCTIVELY HUREWICZ SPACES IN THE LAVER MODEL
This section is mainly devoted to the proof of Theorem 1.1.

Definition 2.1. X C 2“ is said to satisfy property (1), if for every function
R assigning to each countable subset Q of X a Menger subset M (Q)NQ = ()
of 2¥ there exists a family Q C [X]* of size |Q| = w; such that X C

Ugea(29\ M(Q)). -

Let us note that under CH any X C 2“ satisfies (7).

The following lemma is the key part of the proof of Theorem 1.1. Its
proof is reminiscent of that of [6, Theorem 3.2]. We will use the notation
from [5] with only differences being that smaller conditions in a forcing
poset are stronger, i.e., carry more information about the generic filter, and
the ground model is (nowadays standardly) denoted by V. We shall work
in V[Gy,], where G, is P,,-generic and P, is the iteration of length ws
with countable supports of the Laver forcing, see [5] for details. For oo < wo
we shall denote G, NP, by G,, For a Laver tree T' C w<“ we denote by
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T(0) its root. If s € T, s > T(0), then we denote by Sr(s) the family of all
immediate successors of s in 7.

As usually, V* means “for all but finitely many”.

A subset C' of wy is called an wy-club if it is unbounded and for every
a € wq of cofinality wy, if C'N « is cofinal in o then o € C.

Lemma 2.2. In the Laver model every X C 2“ with the Hurewicz property

satisfies ().

Proof. Let M be such as in the definition of (). By a standard closing-off
argument there exists an w;-club C' C wy such that for every a € C' the
following conditions are satisfied:

e X NVIG,] € V[G,];

e For every @ € [X]*NV[G,] and every continuous map ¢ : M(Q) —
w* coded in V[G,], there exists h € w* NV[G,] such that h £* ¢(y)
for any y € M(Q); and

e For every F € [2¥]* N V[G,] disjoint from X there exists a G set
O D E coded in V[G,] such that O N X = 0.

The existence of a (Gs-set required in the last item above is a well-known
consequence of the Hurewicz property, see, e.g., [4, Theorem 5.7].

Let us fix o € C. We claim that X C ([Jyq(2¥ \ M(Q)), where Q =
[X]“ N V]G], which would complete our proof.

Suppose that, contrary to our claim, there exists p € G, and a P, -
name g such that p forces X to be Hurewicz and & € X'\ Uoeq(22\ M(Q)).
By [5, Lemma 11] there is no loss of generality in assuming that o = 0.
Applying [5, Lemma 14] to a sequence (a; : ¢ € w) such that a; = & for all
i € w, we get a condition p’ < p such that p’(0) <, p(0), and a finite set Uy
of reals for every s € p/(0) with p'(0)(0) < s, such that for each s as above
the following property is satisfied:

(D)ps Yn € wV*t € Spoy(s) (P'(0): ' I [L,we) IF Fu € Uy (& | n=wu | n)).

Repeating the argument from the proof of [13, Lemma 2.3], namely the
part before equation (5) there, we could, passing to a stronger condition, if
necessary, assume that U; C X for all s € p/(0) such that p'(0)(0) < s. For
this the third assumption on ordinals o € C' is crucial.

Claim 2.3. If s € p/'(0), p'(0)(0) < s, u € Us, and ng € w are such that
there is nor < p'(0)s "p' | [1,ws) forcing & [ ng = u [ ng, then (1), s is still
satisfied when Uy is replaced with Uy \ {u}.

Proof. Suppose that (1), s with U \ {u} instead of Us fails for for some
n € w. There is no loss of generality in assuming that n > ny. This means
that the set

T={teSyo(s) : pO) P I[1Lw)lf el \{u}(@In=v]n)}
is infinite. For each t € T find r, < p'(0); "p’ | [1, w2) such that
relF Yo e U\ {u} (& [ n#v [ n).
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Let t; € T be such that
P0), P [ [Lws) IFIweUs (@ [n=0v|n)).

From the two formulas displayed above it follows that r;, -2 [ n = u | n,
and hence also 7, IF 2 [ ng = u | ng because n > ngy, which is impossible
by our assumption. O

For a subset K of 2* we denote by O, (K) theset {z€2¥:z[n=y[n
for some y € K}.

Claim 2.4. For every s € p'(0), p'(0)(0) < s, and every t € Sy ()(s) there
exists U, C U, such that
o (1), is still satisfied when Uy is replaced with Uy; and
o for every n € w and all but finitely many t € Sy (s) we have
U C O,(Usy).

Proof. Fix n € w. Then by (1), s there exists A € [T]<“ such that
(1) P0), " p I [L,wa) Ik Fu€ Ugun=2i/|n)

for every t € T'\ A. Note that (1) implies that if t € T\ A, w & O,,(Uy), and
r < p'(0);"p' | [1,ws), then r forces w [ n # & [ n. Applying Claim 2.3 we
conclude that (1), , is satisfied for t € T'\ A if we replace U; with U;NO,,(Us).

Applying the same argument recursively for every n € w we can get an
increasing sequence (A, : n € w) of finite subsets of T" with | J,,., An =T
such that (1), is satisfied for ¢ € T'\ A, if we replace U; with U; N O,,(Us).
It remains to set U/ = U, for all t € Ay and U] = U; N O, (Us) for all
t € Ani1 \ A, and note that these U, are as required. O

Claim 2.5. Let K C 2 be compact, and for every i € w let (Ul :m € w)
be a sequence of finite subsets of 2“ such that

Vi € wVn € wV'm € w (U, C O,(K)).

Then for every i € w there exists m; € w such that K U U, Upsm, Un, 5
compact.

Proof. Tt suffices to choose m; such that U’ C O;(K) for all m > m;, the
standard details are left to the reader. O

After three auxiliary claims above we are in a position to proceed with
the proof of Lemma 2.2. Combining Claims 2.4 and 2.5 we can get a Laver
condition T" <, p'(0) and U] C Uy, for every splitting node ¢ € T such that

(i) letting p” =T "p' | [1,ws2), we have p” € G, and (1), is satisfied
for all splitting nodes t € T' = p”(0);

(i7) For every s > T(0), n € w, and all but finitely many ¢ € Sr(s) we

have U/ C O,/(U}); and

(i1) K :=U{U, :t € T, T(0) <t,|t| < m} is a compact subset of 2 for

all m € w. (Note that K, = 0 for m < mg := |T{0)| = [p'(0)(0)].)
Set Qx = U, e, m € [X]¥ and consider the map ¢ : 2\ Q, — w* defined
as follows:
o(z)(m) =min{n € w: z & O,(K,)}.



PRODUCTIVELY MENGER VERSUS PRODUCTIVELY HUREWICZ 5

Since K, is closed and z ¢ K,,, ¢ is well-defined. The second item describ-
ing properties of ordinals in C' yields h € w* NV such that h £* ¢(y) for
any y € M(Q.). It follows that

piEie X\ |J@\M@Q)=Xn[]MQ) cXnMQ.,
QeQ QeQ
and hence
(2) p'IF R £ ().
On the other hand, recursively removing finitely many immediate successors

of every splitting node s of T' = p”(0), using (i) and (i7), we can get a Laver
tree T" <y T such that

3) T, ' | [Lwn) - 3u € UL (& 1 h(m) = u | h(m))

for all m > mg, s € T"Nw™, and t € Sy (s). Equation (3) gives T} "p' |
[1,wa) IF & € Opy(K,) for all m, s, t as above, and therefore

TP I [1,wa) IFVYm > mg (& € Opmy(Kn)),
or, equivalently,
T p' | [1,ws) IFYm > mg (¢(2) > h(m)),

which together with 77" p’' | [1,ws) < p” contradicts (2) and thus finishes
our proof. O

The next lemma demonstrates the relation between (1) and products
with Menger spaces.

Lemma 2.6. Suppose that b > wy,. Let Y C 2“ be a Menger space and
X C 2% a Hurewicz space satisfying (1). Then X XY is Menger.

Proof. Fix a sequence (U, : n € w) of countable covers of X X Y by clopen
subsets of 2¢ x Y. For every ) € [X]¥ using that @) x Y is Menger, we
can find a sequence (V9 : n € w) such that V¥ € [U4,]< for all n € w and
QXY Cc W :=N,co Upnsm UVE. Then (2¢ x Y)\ W is Menger being an
F,-subset of the Menger space 2 x Y, and it is disjoint from Q x Y, and
hence its projection M (@) onto the first coordinate is a Menger subspace
of 2% disjoint from Q.

Since X satisfies (), there exists Q C [X]“ of size |Q| = w; such that
X C Ugeq(2\ M(Q)). Since |Q| < b, there exists a sequence (V, :
n € w) such that V,, € [U,]<* for all n € w, and for every @ € Q there
exists m(Q) € w such that V9 C V, for all n > m(Q). We claim that
X xY C U, UVn- Indeed, given (z,y) € X x Y, find Q € Q such that
x ¢ M(Q). This implies (x,y) € W2, and hence there exists n > m(Q)
with (z,y) € UV?, consequently (z,y) € UV, because V¥ C V,, which

n?

completes our proof. O

Finally, we can prove the characterization of Hurewicz subspaces of 2%
which holds in the Laver model and implies Theorem 1.1.

Proposition 2.7. In the Laver model, for a subspace X of 2* the following
conditions are equivalent:
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1) X is Hurewicz;

2) X satisfies (T);

3) X is productively Menger; and
4) X is productively Hurewicz.

(
(
(
(

Proof. The implication (1) — (2) is established in Lemma 2.2. The implica-
tion (2) — (3) is proved in Lemma 2.6 and thus requires only b > w;. And
finally, (3) — (4) follows from [11, Theorem 4.8(2)] because b = d holds in
the Laver model, while (4) — (1) is obvious. 0

Finally, by nearly the same argument as at the end of [9] we can prove
that Theorem 1.1 follows from Proposition 2.7. Again, we present its proof
for the sake of completeness. A family F C [w]“ is called a semifilter if for
every ' € F and X Cw, if |[F'\ X| < w then X € F.

The proof of the second part of Theorem 1.1 uses characterizations of the
Hurewicz and Menger properties obtained in [12]. Let u = (U, : n € w) be
a sequence of subsets of a set X. For every z € X let Ij(z,u, X) ={n € w:
x € Uy,}. If every I(z,u, X) is infinite (the collection of all such sequences
u will be denoted by As(X)), then we shall denote by Us(u, X) the smallest
semifilter on w containing all I4(z,u, X). By [12, Theorem 3|, a Lindelof
topological space X is Hurewicz (Menger) if and only if for every u € A4(X)
consisting of open sets, the semifilter U(u, X') is Hurewicz (Menger). The
proof given there also works if we consider only those (U, : n € w) € Ay(X)
such that all U,’s belong to a given base of X.

Proof of Theorem 1.1. Suppose that X is Hurewicz, Y is Menger, X x Y
is Lindelof, and fix w = (U, x V,, : n € w) € Ay(X X Y) consisting of open
sets. Set u = (U, : n € w), v=(V,, : n € w), and note that v € A;(X) and
v € Ag(Y). It is easy to see that

Us(w, X xY)={ANB: AeclUs(u,X),Becl(v,Y)},

and hence Us(w, X xY") is a continuous image of U (u, X ) xUs(v,Y"). By [12,
Theorem 3] Us(u, X) and Us(v,Y') are Hurewicz and Menger, respectively,
considered as subspaces of 2¥, and hence their product is a Menger space by
Proposition 2.7. Thus Us(w, X x Y') is Menger, being a continuous image of
a Menger space. It now suffices to use [12, Theorem 3] again, in the other
direction. a

3. PRODUCTIVELY HUREWICZ SPACES IN MODELS OF CH

In this section we prove Theorem 1.2.
Suppose that CH holds in the ground model V and fix Y = {y, : a <
wy} C [w]* such that

yg C* yq for all 8 > a;

Yar1 C Yo for all a;

Yo \ Yat1 is infinite for all «; and

For every y € [w] there exists a with y, €* y, where each element
of [w]* is identified with its increasing enumerating function.
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Thus Y is an unbounded tower in the terminology of [8].

In what follows we shall work in V'[G], where G is Fn(wy, 2)-generic over
V. Here Fn(w,2) is the standard poset adding w; many Cohen reals over
V.

It is well-known that ¥ = {y, : @ < wy} is Menger in V[G], see, e.g.,
[10, Theorem 11]. Moreover, Y is also unbounded in V[G] since Cohen
reals preserve the unboundedness of ground model unbounded sets. Fix an
enumeration [w|* = {z, : @ € wy} and for every « pick z, € [y,]* such that
To D Yarts [Ya \ Tal = |Ta \ Yatr1| = w, and 24 <* (Yo \ Ta)-

Since x5 C yg C* Yar1 C T, for any a < f, we conclude that {z, : o <
wy } is an unbounded tower as well, and hence X := {z, : @ < wy} U [w]<¥
is productively Hurewicz' by [7, Theorem 6.5(1)]. Now, Theorem 1.2 is a
direct consequence of the following

Observation 3.1. X xY is not Menger, and therefore X is not productively
Hurewicz.

Proof. Let & be the coordinate-wise addition modulo 2 in 2¢] i.e., the stan-
dard operation turning 2“ into a topological group. We shall show that
X @Y is not a Menger subspace of 2. Since no dominating subset of [w]
is Menger (see, e.g., [4, Theorem 4.4]) and z, <* Yo \To = Yo B T4, it remains
to check that X @Y C [w]“. This is done through a routine consideration
of z, @ yp for all possible a, 3 below.

1. a < . In this case 4 \ Yat1 C* Ta \ Ys C To @ ys, and Ty \ Yat1 1S
infinite by the choice of z,.

2. o= f. Then y, \ To = To D Y, is infinite by the choice of z,.

3. a > f. In this case z, C Yo C* ys and y, \ z, is infinite. Thus, yz\ 2,
is infinite as well, and the latter difference is included into z, ® ys. O
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